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PROPERTIES OF HYPERHOLOMORPHIC FUNCTIONS
ON DUAL TERNARY NUMBERS

Hyun Sook Jung a and Kwang Ho Shon b, ∗

Abstract. We research properties of ternary numbers with values in Λ(2). Also,
we represent dual ternary numbers in the sense of Clifford algebras of real six di-
mensional spaces. We give generation theorems in dual ternary number systems in
view of Clifford analysis, and obtain Cauchy theorems with respect to dual ternary
numbers.

1. Introduction

In quaternion algebras, Brackx [1], Deavours [3] and Sudbery [17] obtained some
results of quaternion variables. Brackx, Delanghe and Sommen [2] and Gürsey and
Tze [5] researched general theories of quaternions. Naser [12] investigated hyper-
conjugate harmonic functions on Clifford analysis. And Nôno [13, 15] obtained
properties of hyperholomorphic functions of a quaternion variable and domains of
holomorphy by the existence of hyper-conjugate harmonic functions. Nôno [14]
represented one quaternion variable z = x0 + ix1 + jx2 + kx3 by a pair z = z1 +
z2j of two complex variables z1 = x0 + ix1 and z2 = x2 + ix3, and established
the identification T ∼= C2 between the quaternion field T and the complex space
C2. And Nôno [16] introduced the notion of hyperholomorphy of quaternion valued
functions f(z) = f1(z)+f2(z)j of a quaternion variable z = z1+z2j in C2 and proved
that any complex valued harmonic function f1(z) in a domain of holomorphy D in C2

has a hyper-conjugate harmonic function f2(z) such that f(z) is hyperholomorphic
in D. In 2006, Gürlebeck and Viet [4] obtained some results for complete systems of
monogenic rational functions. And Kula and Yayli [8] investigated properties of dual
split quaternions and screw motion in Minkowski three-space. We [6, 7] obtained
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some properties of regeneration in complex, quaternion and Clifford analysis and
researched the properties of solutions of inhomogeneous Cauchy-Riemann system of
quaternions and Clifford analysis in ellipsoid. In 2012, we [9] investigated properties
of hyperholomorphic functions in Clifford analysis. In 2013, we [10, 11] researched
properties of hyperholomorphic functions and hyper-conjugate harmonic functions
of octonion variables, and regularities of functions with values in C(n) of matrix
algebras. The main purpose of the present paper is to give generation theorems
in ternary numbers and dual ternary numbers in view of Clifford analysis. A dual
ternary number is described as a ternary number with dual numbers as coefficients.
Dual numbers are written in the form z = a + εb, where ε is the dual identity that
commutes with e1, e2 and has the property ε2 = 0 (ε is nilpotent).

2. Preliminaries

The skew field T ∼= R3 of ternary numbers a =
∑2

j=0 ejxj is a three dimensional
non-commutative real field generated by three bases e0 = id., e1 and e2 are as
follows:

e2
1 = e2

2 = −1.

We identify the element e1 with the imaginary unit
√−1 in the complex number

system. The algebra

Λ(2) := {a =
2∑

j=0

ejxj | xj ∈ R; j = 0, 1, 2} ∼= T

is a non commutative subalgebra of R3. We can identify Λ(2) with R3. We let

(1) a =
2∑

j=0

ejxj and b =
2∑

j=0

ejyj .

Let Ω be an open subset of R3 , U(a) = Σ2
j=0ejuj(a) and V (b) = Σ2

j=0ejvj(b) be func-
tions defined on Ω with values in Λ(2), where a = (x0, x1, x2), b = (y0, y1, y2) in (1),
uj(a) and vj(b) (j = 0, 1, 2) are real valued functions with variables x0, x1, x2, y0, y1

and y2. We consider that the numbers y0, y1 and y2 are related numbers with respect
to the numbers x0, x1 and x2, respectively. And also, we consider the functions v0, v1

and v2 are related functions with respect to the functions u0, u1 and u2, respectively.
We consider the following differential operators:

∂

∂A
:=

∂

∂x0
− e1

∂

∂x1
− e2

∂

∂x2
,

∂

∂B
:=

∂

∂y0
− e1

∂

∂y1
− e2

∂

∂y2
,
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∂

∂A∗
=

2∑

j=0

ej
∂

∂xj
,

∂

∂B∗ =
2∑

j=0

ej
∂

∂yj
.

Then, the operator

∂2

∂A∂A∗
=

2∑

j=0

∂2

∂xj
2

is the usual real Laplacian ∆a, which is a typical elliptic differential operator with
constant coefficients on R3 with respect to the variables x0, x1 and x2. And consider
differential operators:

D :=
∂

∂x0
− e1

∂

∂x1
− e2

∂

∂x2
+ ε(

∂

∂y0
− e1

∂

∂y1
− e2

∂

∂y2
) =

∂

∂A
+ ε

∂

∂B
,

D∗ =
∂

∂x0
+ e1

∂

∂x1
+ e2

∂

∂x2
+ ε(

∂

∂y0
+ e1

∂

∂y1
+ e2

∂

∂y2
) =

∂

∂A∗
+ ε

∂

∂B∗ .

Then, we have the following for dual ternary operators:

DD∗ = D∗D =
2∑

j=0

∂2

∂xj
2

+ 2ε(
2∑

j=0

∂2

∂xj∂yj
) =

2∑

j=0

∂2

∂τj
2 ,

where
∂

∂τj
=

∂

∂xj
+ ε

∂

∂yj
(j = 0, 1, 2).

Definition 1. Let Ω1 be an open subset of R3. A function U(a) =
∑2

j=0 ejuj(a) is
said to be hyperholomorphic in Ω1 if

(a) uj(a) (j = 0, 1, 2) are continuously differentiable in Ω1;
(b) ∂

∂A∗ ¯ U(a) = 0 in Ω1.

Equation (b) of Definition 1 operates on U(a) as follows:

∂

∂A∗
¯ U = (

2∑

j=0

ej
∂

∂xj
)¯ (

2∑

j=0

ejuj)

:=
∂u0

∂x0
+ e1

∂u1

∂x0
+ e2

∂u2

∂x0
+ e1

∂u0

∂x1
− ∂u1

∂x1
+ e2

∂u0

∂x2
− ∂u2

∂x2

=
∂u0

∂x0
− ∂u1

∂x1
− ∂u2

∂x2
+ e1(

∂u1

∂x0
+

∂u0

∂x1
) + e2(

∂u2

∂x0
+

∂u0

∂x2
).

The above equation (b) of Definition 1 for U(a) is equivalent to the following
system of equations:

(2)
∂u0

∂x0
=

∂u1

∂x1
+

∂u2

∂x2
,

∂u1

∂x0
= −∂u0

∂x1
,

∂u2

∂x0
= −∂u0

∂x2
.
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Theorem 1. Let U(a) be a hyperholomorphic function in a domain Ω1 of R3 and
let

k1 = dx1 ∧ dx2 − e1(dx0 ∧ dx2) + e2(dx0 ∧ dx1).

Then for any domain G ⊂ Ω1 with smooth boundary bG have
∫

bG
k1 ¯ U(a) = 0,

where k1¯U(a) is the dot product of ternary numbers of the form k1 on the function
U(a).

Proof. By the rule of the multiplication of ternary numbers, we have

k1 ¯ U = (dx1 ∧ dx2 − e1(dx0 ∧ dx2) + e2(dx0 ∧ dx1))(u0 + e1u1 + e2u2)

= u0dx1 ∧ dx2 + e1u1dx1 ∧ dx2 + e2u2dx1 ∧ dx2 − e1u0dx0 ∧ dx2

+u1dx0 ∧ dx2 + e2u0dx0 ∧ dx1 − u2dx0 ∧ dx1.

Therefore, we have

d(k1 ¯ U) = (
∂

∂x0
dx0 +

∂

∂x1
dx1 +

∂

∂x2
dx2)(k1 ¯ U)

=
∂u0

∂x0
dx0 ∧ dx1 ∧ dx2 + e1

∂u1

∂x0
dx0 ∧ dx1 ∧ dx2 + e2

∂u2

∂x0
dx0 ∧ dx1 ∧ dx2

− e1
∂u0

∂x1
dx1∧ dx0∧ dx2 +

∂u1

∂x1
dx1∧ dx0∧ dx2 + e2

∂u0

∂x2
dx2 ∧ dx0 ∧ dx1

− ∂u2

∂x2
dx2 ∧ dx0 ∧ dx1

= (
∂u0

∂x0
− ∂u1

∂x1
− ∂u2

∂x2
) dx0 ∧ dx1 ∧ dx2 + e1(

∂u1

∂x0
+

∂u0

∂x1
)dx0 ∧ dx1 ∧ dx2

+ e2(
∂u2

∂x0
+

∂u0

∂x2
)dx0 ∧ dx1 ∧ dx2.

By the equation (2), we have d(k1 ¯ U(a)) = 0. By Stoke’s theorem, we have
∫

bG
k1 ¯ U(a) =

∫

G
d(k1 ¯ U(a)) = 0.

¤

3. Properties of Dual Ternary Numbers

Dual ternary numbers are constructed as the Clifford algebra of real six dimen-
sional space with a degenerate quadratic form. The base elements of dual ternary
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numbers can be identified with e1 and e2 of the ternary numbers and the dual iden-
tity ε. Then the dual ternary number z = x0 + e1x1 + e2x2 + ε(y0 + e1y1 + e2y2) is
written as

z =
2∑

j=0

ejxj + ε(
2∑

j=0

ejyj) = a + εb.

The conjugate number z∗, the absolute value |z| and the inverse z−1 of z = a + εb

are given by the following:

z∗ = x0 − e1x1 − e2x2 + ε(y0 − e1y1 − e2y2) = a∗ + εb∗,

|z|2 = zz∗ =
2∑

j=0

xj
2 + 2ε

2∑

j=0

xjyj =
2∑

j=0

ξj
2, z−1 =

z∗

|z|2 ,

where ξj = xj + εyj , a∗ and b∗ are conjugate numbers of a and b, respectively.

Definition 2. Let Ω be an open subset of C3. A function W (a, b) = U(a)+εV (b) =∑2
j=0 ejuj(a) + ε(

∑2
j=0 ejvj(b)) is said to be hyperholomorphic in Ω if

(a) uj(a) and vj(b)(j = 0, 1, 2) are continuously differentiable in Ω;
(b) D∗ ¯W (a, b) = 0 in Ω.

Equation (b) of Definition 2 operates on W (a, b) as follows:

D∗ ¯W = (
2∑

j=0

ej
∂

∂xj
+ ε

2∑

j=0

ej
∂

∂yj
)¯ (

2∑

j=0

ejuj + ε
2∑

j=0

ejvj)

= (
∂

∂x0
+ e1

∂

∂x1
+ e2

∂

∂x2
+ ε(

∂

∂y0
+ e1

∂

∂y1
+ e2

∂

∂y2
))

(u0 + e1u1 + e2u2 + ε(v0 + e1v1 + e2v2))

=
∂u0

∂x0
+ e1

∂u1

∂x0
+ e2

∂u2

∂x0
+ e1

∂u0

∂x1
− ∂u1

∂x1
+ e2

∂u0

∂x2
− ∂u2

∂x2

+ε(
∂v0

∂x0
+ e1

∂v1

∂x0
+ e2

∂v2

∂x0
+ e1

∂v0

∂x1
− ∂v1

∂x1
+ e2

∂v0

∂x2
− ∂v2

∂x2

+
∂u0

∂y0
+ e1

∂u1

∂y0
+ e2

∂u2

∂y0
+ e1

∂u0

∂y1
− ∂u1

∂y1
+ e2

∂u0

∂y2
− ∂u2

∂y2
)

=
∂u0

∂x0
− ∂u1

∂x1
− ∂u2

∂x2
+ e1(

∂u1

∂x0
+

∂u0

∂x1
) + e2(

∂u2

∂x0
+

∂u0

∂x2
)

+ε(
∂v0

∂x0
− ∂v1

∂x1
− ∂v2

∂x2
+

∂u0

∂y0
− ∂u1

∂y1
− ∂u2

∂y2

+e1(
∂v1

∂x0
+

∂v0

∂x1
+

∂u1

∂y0
+

∂u0

∂y1
) + e2(

∂v2

∂x0
+

∂v0

∂x2
+

∂u2

∂y0
+

∂u0

∂y2
)).
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Therefore, the equation (b) of Definition 2 for W (a, b) is equivalent to the following
system of equations:

∂u0

∂x0
=

∂u1

∂x1
+

∂u2

∂x2
,

∂u1

∂x0
= −∂u0

∂x1
,

∂u2

∂x0
= −∂u0

∂x2
,

∂v0

∂x0
+

∂u0

∂y0
=

∂v1

∂x1
+

∂v2

∂x2
+

∂u1

∂y1
+

∂u2

∂y2
,

(3)
∂v1

∂x0
+

∂v0

∂x1
+

∂u1

∂y0
+

∂u0

∂y1
= 0,

∂v2

∂x0
+

∂v0

∂x2
+

∂u2

∂y0
+

∂uo

∂y2
= 0.

We add the following condition of integrability:

(4)
∂v0

∂x0
=

∂v1

∂x1
+

∂v2

∂x2
,

∂v1

∂x0
+

∂v0

∂x1
= 0,

∂v2

∂x0
+

∂v0

∂x2
= 0.

We let

dxy = dx0 ∧ dx1 ∧ dx2 ∧ dy0 ∧ dy1 ∧ dy2.

Theorem 2. Under the condition of integrability (4), let W (a, b) be a hyperholo-
morphic function on a domain Ω of C3 and

k2 = ˆdy0 − e1
ˆdy1 + e2

ˆdy2 + ε( ˆdx0 − e1
ˆdx1 + e2

ˆdx2),

where ˆdxj is the dxj-removed form on dxy, and ˆdyj is the dyj-removed form on dxy

(j = 0, 1, 2). Then for any domain G ⊂ Ω with smooth boundary bG,
∫

bG
k2 ¯W (a, b) = 0,

where k2 ¯ W (a, b) is the dot product of ternary numbers of the form k2 on the
function W (a, b).

Proof. By the rule of the multiplication of ternary numbers, we have

k2 ¯W = ( ˆdy0 − e1
ˆdy1 + e2ŷ2 + ε( ˆdx0 − e1

ˆdx1 + e2
ˆdx2))(u0 + e1u1 + e2u2

+ε(v0 + e1v1 + e2v2))

= uo
ˆdy0 + e1u1

ˆdy0 + e2u2
ˆdy0 − e1u0

ˆdy1 + u1
ˆdy1 + e2u0

ˆdy2 − u2
ˆdy2

+ε(v0
ˆdy0 + e1v1

ˆdy0 + e2v2
ˆdy0 − e1v0

ˆdy1 + v1
ˆdy1 + e2v0

ˆdy2 − v2
ˆdy2

+u0
ˆdx0 + e1u1

ˆdx0 + e2u2
ˆdx0 − e1u0

ˆdx1 + u1
ˆdx1 + e2u0

ˆdx2 − u2
ˆdx2).



HYPERHOLOMORPHIC FUNCTIONS 135

Therefore,

d(k2 ¯W ) = (
∂

∂x0
dx0 +

∂

∂x1
dx1 +

∂

∂x2
dx2

+ε(
∂

∂y0
dy0 +

∂

∂y1
dy1 +

∂

∂y2
dy2))(k2 ¯W )

= ε(−∂u0

∂y0
dxy +

∂u1

∂y1
dxy +

∂u2

∂y2
dxy +

∂u0

∂x0
dxy − ∂u1

∂x1
dxy − ∂u2

∂x2
dxy

+e1(
∂u0

∂x1
dxy +

∂u1

∂x0
dxy − ∂u1

∂y0
dxy − ∂u0

∂y1
dxy)

+e2(
∂u2

∂x0
dxy +

∂u0

∂x2
dxy − ∂u2

∂y0
dxy − ∂u0

∂y2
))

= −ε((
∂u0

∂y0
+

∂u1

∂x1
+

∂u2

∂x2
− ∂u1

∂y1
− ∂u2

∂y2
− ∂u0

∂x0
)dxy

+e1(
∂u1

∂y0
+

∂u0

∂y1
− ∂u1

∂x0
− ∂u0

∂x1
)dxy

+e2(
∂u2

∂y0
+

∂u0

∂y2
− ∂u2

∂x0
− ∂u0

∂x2
)dxy).

By the equations (3) and (4), we have d(k2 ¯W (a, b)) = 0. By Stoke’s theorem, we
have ∫

bG
k2 ¯W (a, b) =

∫

G
d(k2 ¯W (a, b)) = 0.

¤
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