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HYPONORMALITY OF TOEPLITZ OPERATORS ON
THE WEIGHTED BERGMAN SPACES

JONGRAK LEE AND YOUHO LEE*

Abstract. In this note we consider the hyponormality of Toeplitz
operators T, on the Weighted Bergman space A2 (D) with symbol
in the class of functions f + g with polynomials f and g of degree
2.

1. Introduction

A bounded linear operator A on a Hilbert space is said to be hyponor-
mal if its selfcommutator [A*, A] := A*A—AA* is positive (semidefinite).
Let D be the open unit disk in the complex plane. For —1 < a < oo,
the weighted Bergman space A2(ID) of the unit disk D is the space of
analytic functions in L?(ID, dA,), where

dAs(z) = (a+1)(1 — \z\Q)O‘dA(z).
The space L*(D, dA,) is a Hilbert space with the inner product

U Qo= / f(2)9(2)dAa(z)  (f. g € LA(D,dAy)).

If @ = 0 then A3(D) is the Bergman space A%(D). For any nonnegative

integer n, let
Fn+a+2)
n = " D R
en(?) \/r(n+ Ta+2) © €D

where I'(s) stand for the usual Gamma function. It is easy to check
that {e,} is an orthonormal basis for A2(D) ([10]). For ¢ € L>(D), the
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Toeplitz operator T, and the Hankel operator H, on A% (D) are defined
by

Tof = Palp-f) and H,f=(—-P)(p-f) (f€A%D),
where P, denotes the orthogonal projection that map from L?(DD, dA,)
onto A% (D). The reproducing kernel in A2 (D) is given by

1

for z,w € D. We thus have

Tohe) = [ P ),

for f € A2(D) and w € D.

The hyponormality of Toeplitz operators on the Hardy space H?(T)
of the unit circle T = 9D has been studied by C. Cowen [1], R.E. Curto,
I.S. Hwang and W.Y. Lee [2], [3], [5] and others [4]. Recently, in [7], the
hyponormality of T}, on the weighted Bergman space A% (D) was studied.
In [1], Cowen characterized the hyponormality of Toeplitz operator T,
on H?(T) by properties of the symbol ¢ € L>(T). Here we shall employ
an equivalent variant of cowen’s theorem that was first proposed by T.
Nakazi and K. Takahashi [8].

Cowen’s Theorem ([1], [8]). For ¢ € L>°(T), write
E(p) :={k e H* : ||k|lo <1 and ¢ — kp € H*(T)}.
Then T, is hyponormal if and only if £(y) is nonempty.

The solution is based on a dilation theorem of Sarason [9]. For the
weighted Bergman space, no dilation theorem (similar to Sarason’s the-
orem) is available. In [6], the first named author characterized the hy-
ponormality of T, on A%(D) in terms of the coefficients of the trigono-
metric polynomial ¢ under certain assumptions about the coefficients of
i on the weighted Bergman space when a > 0.

Theorem A ([6]). Let p(z) = g(z) + f(2), where f(z) = a1z + a22>
and g(z) = a1z + a_972. If a1as = a_1a—2 and a > 0, then

T, on A%(D) is hyponormal

arz(lazf® —las?) = 3(jaca? — |ar?) if |a_s| < a]

—
Ala—al* — lazl?) < la1f* — la—1/? if |ag| < la—s].
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In this note we consider the hyponormality of Toeplitz operators T,
on A2 (D) with symbol in the class of functions f + g with polynomials
f and g of degree 2. Since the hyponormality of operators is translation
invariant we may assume that f(0) = g(0) = 0. The following relations
can be easily proved:

(L1) Tory =To + Ty (0,9 € L);

(1.2) To=T5 (¢ € L)

(1.3) TpTy = Ty if ¢ or 4 is analytic.

The purpose of this paper is to prove the Theorem A for the Toeplitz
operators on A% (D) when —1 < a < 0.

2. Main result.

We need several auxiliary lemmas to prove Theorem 1. We begin
with:

Lemma 1. ([6]). For any s,t nonnegative integers,
s+ 1)l(s—t+a+2) Lot

poztsy — ) T+at2s—1+1) fezt
0 if s <t.
Write -
ki(z) := Z Conyiz T (1=0,1).
n=0

We then have:

Lemma 2. ([6]). For 0 <m <2 and i = 0,1, we have

O l=m. B 2 2n4+m+9)T(a+2)
(W) 1z kl(z)||§_§r(2n+m+i+a+2)
(i) || Pa(Z™k:i(2))]|2

i (2n+ )T 2n+i—m+a+2)T(a+2)
F'Cn+i+a+2)2T2n+i—m+1)

| Con+i | 2

‘62n+i|2 if m S )

n=0

oo . .

2 12T (2 — 2)I 2
Z(n—i—z) 2n+i—-m+a+2)T(a+ )‘62n+i|2 s
n=1

F'Cn+i+a+2)2T2n+i—m+1)
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We are ready for:

Theorem 1. Let o(2) = g(z) + f(2), where f(2) = a1z + a22? and
g(2) =a_1z2+a_ 222 Ifa1a3 = a_1a_3 and —1 < o < 00, then

T, on A%(D) is hyponormal
{ “(lagf? — la—al?) = 3(la—1|* — |a1]?) if |a_s| < |ag]
—
4la—af* = |azl?) < la1]* — a1 if |az| < la—of.

Proof. By Theorem A, we may assume that —1 < o < 0. Fori =0, 1,
put

K; = {ki(z) c A2(D) : ki(2) = §C2n+iz2n+i}.

Then a straightforward calculation shows that T}, is hyponormal if and
only if
(2 — H Hy) (o () + B (2)), (Fo(2) + ha(2)) 20

for all k; € K; (1 =0,1).

(2.1)

Also we have that
(B (o (=) + 1 (), (ko =) + B (2)))

(2.2) - <H7k;0(z), H?ko(z)>a + <H7k0(z), H?kl(z)>a

+ (B (2), Hyho(2)) + (Hha(2), Hhi(2))

«

and

(H Hylko(=) + ki(2)), (ko(=) + R (2) )
(2.3) - <H§k0(z), Hgkg(z)>a + <H§k0(z),Hgkz1(z)>a

+ <H§k31(2), H§k0(2)>a + <H§k1(2)a H§k1(2)> :

(67

Substituting (2.2) and (2.3) into (2.1), it follows from Lemma 2 that

T, : hyponormal

— <(H}H7 — HZHg)(ko(2) + k1(2)), (ko(2) + kl(z))> >0

[0}

1
= S (1TRIE — 1lgkil12 + | Pal@kI 2 — | Pa(FRIIZ) > 0.
=0
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Therefore it follows from Lemma 2 that T}, is hyponormal if and only if

1 > I'2n+2)
(Ja1|* = la-1]?) W’CO’QJFZ(W

(2n)T(2n) | ’2+§: ['(2n + 3)
J— c R ——Ss
@n+a+1)T2n+a+1) )" T\ T@n+a+4)

(2n+a+2 21" 2n+a+2)>‘02n+1’ }+(|G;2‘ ‘CL_2| ) F(O[+4)|CO|

. Z( I'(2n + 3) (2n — 1)2(2n)2T'(2n — 1) > i

T2n+a+4) (2n+a+1)22n+a)2T(2n+ )

I'(2n+4)
2 P s,
T(a+5) +5 el +Z< T(2n+a+5)

(2n)%(2n +1)°T'(2n) ) \62n+1|2} >0,

CCn+a+1)2@n+a+2)2T2n+a+1)

or equivalently

(|a1|2_|a_1|2){ [(a+3) |CO|2+Z< n+a+3)
n?I'(n)
_(n+a+1)2f(n+a+1)>‘c”’2}+(|a2‘2_‘a—2‘2>
1
I'(n+3 ['(n+3)
X{Z% P(n+a +4’"‘2+Z< T(n+a+4)

(n—1)2020(n — 1) ) !cn!2} ~o.

(2.4)

C(n+a)(n+a+1)2T(n+a)
For n € N, define (, by

Mot2) L)
. T(nta+3) (n+a+1)°T'(n+a+1)
Ca(n) T I'(n+3) (n—1)2n2T(n—1)

T(ntatd)  (nt+a)2(n+a+1)2T(nta)
A direct calculation gives that

(n+ao)n+a+1)(a+1)
4n? +4(a+2)n+2a

Ca(n) =
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Write ( \( )
r+a)z+a+1
= RT).
@@= o s D20 @GR
Then we have that
¢ (@) = - (a4 1)z% + (2a% + ba)z + (o + 4% + %a),

(222 4+ 2(a+ 2)z + «)?

which implies that (,(x) is strictly decreasing function when o > 0. But
—2a2%—504+v—9a2—18a when —1 < a <

Ca(z) has a relative maximum z =

2(a+1)
0. Put &k, := 720‘27502‘@;;)9“27180‘, then the maximum value of (,(n) is

max{(a([ka]), Ca([ka] + 1)}. If 0 < kq < 1, then

maX{Ca(0)7<oz(1)} = maX{a 3 (a + 1)(0& +4)} = ot 3.

2 S8a+ 12 2
Let ko > 1. Since (4 (ko) is relative maximum,
Calka) = max{a([ka]), Ca([ka] +1)}-
It follows from —1 < a < 0 that
k2 + ko —a® — 22> 0.

Therefore
Ca(k:a): (ka+a)(ka+04+3> Slga—i-?)
4k2 + 4(a + 2)kq +2a0 — 2 2
Hence
a+3

(2'5) maX{Ca([ka]L Ca([ka] + 1)} < 9
Let |a_2| < |az| and hence |a;| < |a—1|. Observe that

. 1
(2.6) Jim Go(n) = 7
and
@7) a+3 S (a+1)(a+4)

2~ 6(a+2)
Therefore (2.4), (2.5) and (2.7) give that T}, is hyponormal if and only
if

2(|azf* — la—2f*) > (o + 3)(la—1]* — |ar ).
Let |as| < |a—o| and hence |a_1| < |a1|. Since (o(n) > 1, it follows from
(2.4), (2.5), (2.6) and (2.7) that T, is hyponormal if and only if

A(la—al® — lazl?) < (Ja1|* = |a—1]?).
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This completes the proof. O

1]
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