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Abstract

The quadratic inference functions (QIF) method proposed by Qu et al. (2000) and
the generalized method of moments (GMM) for marginal regression analysis of longitu-
dinal data with time-dependent covariates proposed by Lai and Small (2007) both are
the methods based on generalized method of moment (GMM) introduced by Hansen
(1982) and both use generalized estimating equations (GEE). Lai and Small (2007)
divided time-dependent covariates into three types such as: Type I, Type II and Type
III. In this paper, we compared these methods in the case of Type II and Type III in
which full covariates conditional mean assumption (FCCM) is violated and interested
in whether they can improve the results of GEE with independence working correlation.
We show that in the marginal regression model with Type II time-dependent covariates,
GMM Type II of Lai and Small (2007) provides more efficient result than QIF and for
the Type III time-dependent covariates, QIF with independence working correlation
and GMM Type III methods provide the same results. Our simulation study showed
the same results.

Keywords: FCCM assumption, GEE, GMM, longitudinal data, marginal model, QIF,
time-dependent covariate.

1. Introduction

In the marginal model, there is implicit FCCM assumption that the conditional mean of
the kth response, given Xi1, · · · , Xini , depends only on Xik.

E(Yit |Xi1, · · · ,Xini) = E(Yit |Xit) (1.1)

With time-stationary covariates, this assumption necessarily holds since Xit=Xik for all
occasions k 6= t. Also, with time-dependent covariates that are fixed by design of the study,
the assumption also holds since values of the covariates at any occasion are determined a
priori by study design and in a manner completely unrelated to the longitudinal response
(Fitzmaurice et al., 2004).
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However, when a covariate is time-dependent and stochastic, this assumption may not
necessarily hold. If the assumption is violated and a nondiagonal working correlation matrix
is used in GEE, biased estimates of regression coefficients may result (Pan et al., 2000). Thus,
it is important to check the FCCM assumption made in (1.1), namely, that the conditional
mean of the Yit, given the entire time-dependent covariate profile Xi1, · · · , Xini

, depends
only on the covariate value at the tth occasion, Xit.

Pepe and Anderson (1994) pointed out that when we use the GEE to do marginal re-
gression, either a diagonal working correlation matrix should be used, or FCCM assumption
needs to be validated. It means that they suggest using the independent working correla-
tion matrix as a “safe” analysis choice. However the using working independence correlation
matrix in GEE guarantees consistency, but entails a serious loss of efficiency in many cases
(Fitzmaurice, 1995).

The QIF method proposed by Qu et al. (2000) is an important and powerful alternative
to the GEE and it has several useful properties such as robustness, a goodness-of-fit test
and model selection (Song et al., 2009). The QIF does not require more assumptions than
does the GEE method, but yields a substantial improvement in efficiency for the estimator
of β when the working correlation is misspecified, and equal efficiency to the GEE when the
working correlation is correct.

Lai and Small (2007) proposed another alternative GMM for the marginal regression anal-
ysis of longitudinal data with time-dependent covariates. They classified the time-dependent
covariates into three types: Type I, Type II, Type III and showed that their GMM has ad-
vantages over the GEE with independence working correlation for Type II time-dependent
covariate.

These two methods are the methods based on GMM introduced by Hansen (1982) and
both of them use the GEEs.

In this paper, we compare these methods and interest in whether can improve the results
of GEE with independence working correlation for the time-dependent covariates. We show
that in the marginal regression model with Type II time-dependent covariates, GMM Type II
of Lai and Small (2007) provides better result than QIF and for the Type III time-dependent
covariates, QIF with working correlation matrix and GMM Type III methods provide the
same results.

This paper was organized as following: Section 2 describes classification of time-dependent
covariates by Lai and Small (2007), Section 3 shows a review of QIF by Qu et al. (2000),
Section 4 introduces the GMM by Lai and Small (2007), Section 5 illustrates the result of
simulation studies and final section is summary.

2. Classification of time-dependent covariates

The GEE assumes that the marginal mean µit = E(Yit|Xit) is a function of the covariates
through a link function g with g(µij) = X ′ijβ, and the variance of Yij is a function of the
mean var(Yij) = φV (µij), where φ is the dispersion parameter.

The GEE solves the equation

Sβ (β,W ) =

m∑
i=1

(
∂µi
∂β

)T
V −1i (Yi−µi) = 0 (2.1)
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where Vi=A
1/2
i Ri(α)A

1/2
i with Ai being the diagonal matrix of the marginal variances,

var(Yij) and Ri(α) being the working correlation matrix.
Using (2.1), Lai and Small (2007) classified time-dependent covariates into three types as

following:
Type I : A time-dependent covariate Xj as being of Type I if it satisfies

Eβ0

[
∂µis(β0)

∂βj
(Yit−µit(β0))

]
= 0, for all s, t, s ≥ t, s = 1, · · ·T, t = 1, · · ·T (2.2)

A sufficient condition for all covariates to be of Type I is that FCCM assumption holds. That
is, values Xitk of this covariate are independent of each Yit conditional upon the associated
Xit.

Type II : A time-dependent covariate Xj as being of Type II if it satisfies

Eβ0

[
∂µis(β0)

∂βj
(Yit−µit(β0))

]
= 0, for all s,t, t = 1, · · ·T (2.3)

A sufficient condition for all covariates to be of Type II is that

f ((Xi,t+1, · · · ,Xi,T ) | Yit, Xit) = f ((Xi,t+1, · · · ,Xi,T ) | Xit)

For the Type II covariate, it satisfies that the response variable is independent of future
values of the covariate, conditionally upon current values. That is, for Type II covariates,
there may be delayed influences of past covariates upon future responses, but not vice versa.

Type III : A time-dependent covariate Xj as being of Type III if it satisfies

Eβ0

[
∂µis(β0)

∂βj
(Yit−µit(β0))

]
6= 0, for some s > t. (2.4)

Type III covariates may have feedback loops in which the response influences future values
of the covariate, so only the moment conditions associated with working independence hold
as following:

Eβ0

[
∂µit(β0)

∂βj
(Yit−µit(β0))

]
= 0, t = 1, · · ·T, j = 1, · · · , p. (2.5)

3. Quadratic inference function

The QIF is derived by approximating the inverse of the working correlation matrix by a
linear combination of several basis matrices which composed 0s and 1s:

R−1=

m∑
i=1

aiMi (3.1)

where M1, · · · ,Mm are known matrices and a1, · · · , am are unknown constant.
Substituting (3.1) into (2.1), consider the following class of estimating functions:

Sβ (β,W ) =

N∑
i=1

(
∂µi
∂β

)T
A
− 1

2
i (a1M1+ · · ·+amMm)A

− 1
2

i (Yi−µi). (3.2)
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Define the ‘extended score’ gN to be

gN (β) =
1

N

N∑
i=1

gi (β) =
1

N



N∑
i=1

(
∂µi

∂β

)T
A
− 1

2
i M1A

− 1
2

i (Yi−µi)

...

N∑
i=1

(
∂µi

∂β

)T
A
− 1

2
i MmA

− 1
2

i (Yi−µi)


. (3.3)

The vector gN contains more estimating equations than unknown parameters, the GMM
can be applied and define the quadratic inference function to be

QN (β) =g
′

NC
−1
N gN (3.4)

where CN= (1/N2)
∑N
i=1 gi(β)g

′

i(β).

The quadratic inference function estimator β̂ is then defined to be

β̂=arg minβQN (β) . (3.5)

The QIF estimator is obtained with no need to estimate the nuisance correlation param-
eter. Hence, the QIF method does not rely on whether an appropriate estimation of the
correlation parameter is available or not.

The QIF estimators are consistent, asymptotically normal, and equal or more efficient
than GEE estimators depending on working correlation matrix.

4. Generalized method of moments

The use of GMM to estimate the p-dimensional parameter β requires an r ≥ p vector
g(Yi, Xi,β) of “valid” moment conditions means of which is zero

Eβ0
[g(Yi, Xi,β)] = 0. (4.1)

Lai and Small (2007) proposed GMM method as incorporating all possible valid equations,
but no invalid ones.

For a Type I time-dependent covariate, there are T 2 valid moment conditions in (2.2), for
a Type II time-dependent covariate, there are T (T + 1)/2 valid moment conditions in (2.3)
and for a Type III time-dependent covariate there are T valid moment conditions in (2.5).
The valid moment conditions for each of the p covariates are combined into the vector g.
The sample version of (4.1) is

GN (β) =
1

N

N∑
i=1

g(Yi, Xi,β) (4.2)

The GMM estimator is β̂=arg min
β
QN (β), where QN (β) = G

′

N (β)WNGN (β) and WN is the

positive definite weight matrix. The GMM estimator has the same large sample properties
as QIF estimator.
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5. QIF and GMM for longitudinal data with Type II and Type III
time-dependent covariates

The FCCM assumption is violated in the case of Type II and Type III time-dependent
covariates. In our previous paper (Cho and Dashnyam, 2013), we showed that

• The QIF with independence working correlation is the same as GEE with independence
working correlation, so it provides an unbiased and consistent estimator in the case of
time-dependent stochastic covariates.

• The estimator of QIF with exchangeable or AR(1) working correlation cannot be
consistent and asymptotically normal because some of the extended score vector cannot
be valid moment conditions.

In summary, we say that the QIF with independence working correlation is the best choice
in marginal regression for longitudinal data with time-dependent stochastic covariates.

Lai and Small (2007) showed that their method can be more efficient than GEE with
independence correlation in the case of Type II and same efficient in the case of Type
III time-dependent covariates. The GMM method of Lai and Small (2007) uses only valid
moment conditions, so their method can be consistent and asymptotically normal even in
Type II and Type III. The consistency and asymptotic normality of the GMM estimator
rest on having valid moment conditions

6. Simulation study

Case of the Type II covariate:

Lai and Small (2007) and Diggle et al. (2002) considered the model of time-dependent
covariate vector Xi which is standardized AR(1) Gaussian process with autocorrelation
parameter ρ.

Yit = γo + γ1Xit + γ2Xit−1 + bi + eit (6.1)

Xit = ρXit−1 + εit (6.2)

where bi, eit, εit are mutually independent, bi ∼ N(0, 1), eit ∼N(0, 1) and εit ∼ N(0, 1−ρ2)
Xi0 ∼ N(0, 1) and Xit ∼ N(0, 1). This model implies

E(Yit|Xi1, · · ·Xin) =γo+γ1Xit+γ2Xit−1 (6.3)

but yields the marginal mean
E(Yit|Xit) =βo+β1Xit (6.4)

where βo=γ0 and β1=γ1+γ2∗ρ. So FCCM assumption is violated. Furthermore,

E [Xis(Yis−E(Y it|Xit))] =


0 for s ≥ t(
γ2ρ

t−s−1−γ2ρt−s+1
) 1

1−ρ2
for s < t

So the covariate is Type II time dependent covariate. In this case, by simulation study of
Lai and Small (2007), their GMM Type II method is unbiased and is substantially more
efficient than GEE with working independence matrix (almost twice as efficient).



882 Gyo-Young Cho · Oyunchimeg Dashnyam

We did simulation study using this model with the same coefficients as Lai and Small
(2007). Simulation number is 500 and each data set contains N=100 subjects with t=6 time
measurements. We consider three estimators: 1) GEE or QIF with independence working
correlation (GEE-ind/QIF-ind), 2) QIF using AR(1) working correlation (QIF-AR(1)), 3)
QIF using exchangeable working correlation (QIF-exch). Although current version of QIF
can handle four kinds of working correlation structure, QIF with unstructured working cor-
relation use adaptive QIF which used variance matrix of responses instead of basic matrices
(Qu et al., 2003). So unstructured working correlation is not compared.

The simulation results are shown in Table 6.1. QIF with independence working correlation
is the same efficient as GEE with working independence correlation and QIF with AR(1) and
exchangeable working correlation cannot be efficient than GEE with independence working
correlation.

Table 6.1 Results of simulation study for the model which has a Type II time-dependent
covariate. The bias, mean squared error (MSE) and ratio of MSE of GEE independence to

MSE of estimator (SRE) for the parameter β1 in (6.4)

Estimator Bias MSE SRE
GEE-ind/QIF-ind -0.003 0.013 1

QIF-AR(1) -0.003 0.014 0.987
QIF-exch -0.003 0.091 0.151

If this results are compared to Lai and Small’s results, the GMM Type II method can
provide more efficient estimator than QIF with independence working correlation in the
case of the Type II time-dependent covariates.

Case of the Type III covariate:

Lai and Small (2007) considered the model with Type III time-dependent covariate

Yit=βXit+κYi,t−1+uit (6.5)

Xit=γYi,t−1+vit (6.6)

where ui1, · · · , uiT , vi1, · · · ,viT are mutually independent mean zero normal random variables
with variances σ2

u for ui1, · · · , uiT and σ2
v for vi1, · · · ,viT and (Yit, Xit) is stationary.

The marginal mean model is

E(Yit|Xit)=

[
β+ (κγ)

(
β2σ2

u+σ2
v

γ2σ2
u+σ2

v−2σ2
vβκγ−σ2

vκ
2

)]
Xit ≡ θXit (6.7)

The response Yit has a feedback effect on the covariate process Xit and consequently Xit

is Type III time-dependent covariates. In this case GMM Type III method by Lai and Small
(2007) is the almost same with GEE independence.

By our simulation results using this model, QIF with independence working correlation
showed better result than QIF with AR(1) and exchangeable working correlation and the
same result as GEE with independence working correlation.

Table 6.2 Results of simulation study for the model which has a Type III time-dependent
covariate. The bias, mean squared error (MSE) and ratio of MSE of GEE independence

to MSE of estimator (SRE) for the parameter θ in (6.7)

Estimator Bias MSE SRE
GEE-ind/QIF-ind 0.001 0.002 1

QIF-AR(1) 0.002 0.002 0.984
QIF-exch -0.005 1.308 0.001
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Comparing our simulation results with simulation results of Lai and Small (2007), we can
say that for the Type III time-dependent covariate, QIF with working independence and
GMM Type III methods have the same results.

7. Summary

In this paper, we compared QIF and GMM methods in the case of Type II and Type III
in which FCCM is violated.

For the marginal regression model with Type II time-dependent covariates, GMM Type
II of Lai and Small (2007) provides better result than QIF with independence working
correlation and for the Type III time-dependent covariates, QIF with independence working
correlation and GMM Type III methods provide the same results.

We did simulation study using the models which are discussed by Lai and Small (2007).
The results of our simulation study were compared to the simulation results of Lai and Small
(2007) and the simulation study verified our conclusion.
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