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A Study on the Errors in the Free-Gyro Positioning and Directional System
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Abstract - This paper is to develop the position error equations including the attitude errors, the errors of nadir and ship’s heading,
and the errors of ship’s position in the free-gyro positioning and directional system. In doing so, the determination of ship’s position
by two free gyro vectors was discussed and the algorithmic design of the free-gyro positioning and directional system was introduced
briefly. Next, the errors of transtormation matrices of the gyro and body frames, ILe. attitude errors, were examined and the attitude
equations were also derived. The perturbations of the errors of the nadir angle including ship’s heading were investigated in each stage
from the sensor of rate of motion of the spin axis to the nadir angle obtained. Finally, the perturbation error equations of ship’s position
used the nadir angles were derived in the form of a linear error model and the concept of FDOP was also suggested by using covariance

of position error.
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1. Introduction

A free - gyro positioning system is to determine the
position of a vehicle by using two free gyros. It is an
active positioning system like an inertial navigation system
(INS) in view of obtaining a position without external
source. However, the FPS is to determine its own position
by using the nadir angle between the vertical axis of local
geodetic frame and the axis of free gyro, while an INS is to
do it by measuring its acceleration.

INS

measurement units (IMU’s), both accelerometers and gyros,

In general the comprises a set of inertial
the platform on which they are mounted, including the
stabilization mechanism if so provided, and the computer
that performs the calculations needed to transform sensed
accelerations and, in some mechanizations, angles or
angular rates into navigationally useful information such as
position, velocity and attitude. Therefore it is a very
complicated structure.
On the other hand,

directional system consists of a set of two sensors of gyro

the free-gyro positioning and

axis motion rate and three sensors of the body frame, two
free gyros, and the computer that calculates navigational
information, position, etc. It is comparatively simpler than
the INS.

¥ Corresponding author, tgjeong@hhu.ac.kr 051)410-4246

Park & Jeong (2004) investigated how to determine the
gyro vectors of two free gyros and the position of a vehicle
by using the gyros. The errors in the FPS were
investigated broadly by Jeong (2005). And the algorithmic
design of free gyroscopic compass and positioning was
suggested by measuring the earth’s rotation rate on the
basis of a free gyroscope (Jeong & Park, 2006; Jeong &
Park, 2011).

Meanwhile,

system is thought to have its own errors. This paper is to

the free-gyro positioning and directional

analyze such errors theoretically. Firstly, the errors of
transformation matrices of the gyro and body frames, i.e.
attitude errors, will be examined and the attitude equations
be also derived. The perturbations of the errors of the nadir
angle including ship’s heading will be investigated in each
stage from the sensor of rate of motion of the spin axis to
the nadir angle obtained. Finally, the perturbation error
equations of ship’s position used the nadir angles will be
derived in the form of a linear error model and the concept
of FDOP will be also suggested by using covariance of
position error.

Before the errors involved are discussed, the overview of
the free-gyro positioning and directional system will be

presented.
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2. Overview of free-gyro positioning and
directional system

2.1 Determination of ship's position

The nadir angle, 6, is given by an arbitrary position and
gyro vector as shown as equation (1).

cos  =—u, cos ¢ cos (A +w,t) Q)
—u,cos ¢sin (A +w,t)—u,sing

Here, w, is the (presumably uniform) rate of Earth rotation,
A the geodetic longitude, ¢ the geodetic latitude and ¢ the
time. And u,, u, and u, are the components of the gyro
vector, ¢', whose superscript indicates the inertial frame.

If we use two gyro vectors of ¢, = [u u,,] and

az? Wayp
9y = [t Uy w,.] in (1), we can determine the position
(¢, A) of a vehicle by using two corresponding nadir angles
0, and 6,.

Meanwhile the azimuth of the gyro vector from the north,

«, is represented by equation (2):

E
tana = FZ , (2)

where,
Np=—u,sin¢cos (A+w,t)

—wu,sin ¢sin (A +w,t)+u, cos ¢
Ep=—u,sin(A+w,t)+u,cos (At+w,t).

’

Once determining the position, we can also obtain the
azimuth of a gyro vector by using Eq. (2). Park and Jeong
(2004) already suggested the algorithm of how to determine
a position.

Fig.l1 shows the measurement quantities in the local

navigation frame.

E,
a
N N,

4

pe
_.»*" Gyro vector
/"”’ DI/

D
Fig. 1 Measurement quantities in the local

navigation frame

2.2 Relation between ship’'s heading and azimuth
of gyro vector

As Jeong & Park (2006) mentioned, the north component
of the earth’s rotation rate is w,cos¢. Fig. 2 shows that the

angular velocities of the fore-aft and the athwartship
components are given by equation (3) (Titterson, et al.,
2004), where v is ship’s heading. And it also shows that ¢
is the azimuth of a gyro vector from ship’'s head.

N — o, cosgsiny ¢ Forward
N /

4
Rightward

a=wy+¢

Fig. 2 Relation between ship's heading
andazimuth of a gyro vector

Wy = W, COS PCoSY (3)
Wy, = W, 0S¢ Sin

By taking the ratio of the two independent gyroscopic
measurement, the heading,, is computed by (4).

1 YNy

1 =tan~ (4)

Wyy

Meanwhile assuming that a gyro vector is ( away from
ship’s head, its azimuth from North is represented by Eq.
(5). Therefore the angular velocity of the horizontal axis of
a gyro, wy, is given by equation (6) on the navigation

frame or local geodetic frame.

a=1+¢ )

Wy =—w,Cos ¢sina 6)

Equation (6) shows that if the north component of the
earth’s rotation rate can be known on the navigation frame,
the nadir angle of a gyro vector, @, is obtained by (7), by
integrating Eq. (6) incrementally over a time interval.

ty
0= [yt ™

ty

- 330 -



Tae-Gweon Jeong

2.3 Algorithmic design of free-gyro positioning
and directional system

Fig. 3 and Fig. 4 show the algorithmic design of free

gyTos
mechanization two sensors for sensing the motion rate of

positioning  system  mechanization. In  this

the spin axis are mounted in the free gyro. Three sensors
for sensing the motion rate of the platform are mounted in

orthogonal triad. From the sensors in the gyro frame, the
spin motion rate, ), , is obtained and from the ones in the
body frame, u)?/b, is also detected. By using the sum, wg/g,
of the rates from the free gyro and the ones detected from
the body sensors, the transformation matrix, C(f , and its
inverse are determined. Therefore the spin motion rate,
wlg/g, sensed from the free gyro is transformed into a)ﬁ-’/g by

using the matrix, Cg}'.

“y

Free gyro C n
two sensors b
[oN
Sore—aft:o
athwart : o,

downward : o,

Heading

@Dy
Y = arctan ——
wA\',\‘

Fig. 3 Free gyro positioning and directional system
mechanization (1)

Body
sensor triad

v Height

o I TR o A

Sore—aft: o, - -
’ Azimuth  from fore — aft
! athwart : 0, | " o
i'g S = I @, dt
dovnward : o, -
+ Heading

Horizontal angular velocity + @y,

i _ lyr = tan ™ —2

Dy =\ O+ O, @Dy

= Azimuth from north l

Nadir angle

Position Azimuth

= J:"m Lt #, A a

Heading
y=a-¢

Fig. 4 Free gyro positioning and directional system
mechanization (2)

Meanwhile the rate of the earth’s rotation, wj,,, and the
rate of the vehicle movement, w},,, are added to make w}), .

Here w},, is given by:
Wy, = [/.\COqu, -, —}\Sinqb]T,

and wyy, is also expressed as:

= [(Mrw,)cos g, —¢, — (Atw,)sing] "

By using the matrix, C”, it will be transformed into
wﬁ;’/n, which is subtracted from the sensed rate from the
body, w?/b. As a result, o, s 1s generated. By using this, the

C?, are

n o

transformation matrix, C;', and the inverse of it

obtained. And the rate of w,, is transformed into wyy, by

g7
using the matrix of .

n

For ship’s heading, by using the matrix of C!, w/), is

b
e/n

changed into w which is subtracted from w?/g, and wp is

calculated. Finally, using the transformation matrix, C;', we

can get the spin motion rate in the NED frame, w,, where
wy = [w]\'wiyvazvz]# As a result, the ship’s heading, ¢,
is calculated by using the components of the spin motion
rate according to equation (4).

Next for ship's position, let’s look into the nadir angle
(Fig. 4). The motion rate of the spin axis in the navigation
frame, o), is given by w; = [w,,,w,,w;,]". The azimuth
of the gyro vector from the ship’s head, ¢, can be obtained
by integrating w;,. Then the azimuth of the gyro vector
from the North, «, is obtained.

The horizontal angular velocity, w,,, and the tilting rate,
wy, of the spin axis are calculated. And the nadir angle of
the gyro vector, 0, can be obtained by integrating wy.
Finally we can get the ship’s position expressed by (¢, ),
using equation (1).

Next, using equation (2), we can also obtain the azimuth
of the gyro vector, «, and ship's heading, ', which are
modified by iteration. And ship’s position is also corrected.
In addition if only we know the northward component of

ship’s speed, we can also obtain the height, h.
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3. PERTURBATION FORM OF ERROR
EQUATIONS

This paper derives the error equations of the position and
attitude by using linear error model forms (Jekeli, 2001;
Roger, 2007).

3.1 Gyro frame and body frame error equations

Gyro frame error equations can be derived by the
transformation matrix, C;. The estimated or computed

matrix of it is represented by (8):

Ct=(I-5)C?, 8

where = is a skew-symmetric matrix, which is equivalent

to the vector, £= [{T@W{z]]’, and is given by:

0 —& ¢,
—§ & 0

The differentiation form of Cq” can be represented by the

following.
C{Jb: Cgb 2, ©)

The error matrix of Cgb is also given by:

b_ b b
600 - Cfi - Cl;q : (10)
== Cq
Taking the derivative of (10) yields
b = = b
§Cg === Cgb g Cgb 11)
=—Z(¢,-E& Cy“Qg/y
The error equation of equation (9) is given by:
sci=o(cr e, 12

— b b
=0Cy §%),+ G/ o0y,

where the perturbation in angular rate, 6%, , denotes the

error in the computed value, 5!21,% , and is expressed as:

50 =)~ (13)

Substituting (13) into (12) and equating (12) with (11),

we can get

—5C)—E C %y, = 6C;H,+ CJoe%y,. (1)

Substituting (10) into (14) and arranging it yields:

—==—CP o0, CF. (15)

This is equivalent to the vector form given by:

E=— Clou),, (16)

where dwj,, is the error in the rotation rate of the gyro

frame relative to the body frame. This is separated by:

_ b
wiy, = wly = Gluwyy, 17)

An error of this equation will be represented by:

8wy, = 8wy, — (CF Zul,+ CPout,) . (18)

Substituting (18) into (16) and rearranging it gives

f=— wi.’/b XE— C’gbéwt;’/g +6w?/b. (19)
Equation (19) shows the error dynamics of the gyro frame
attitude.

Similarly, we can get the error equations of the body

frame attitude as the following (20).

Sl Xy = G Sl + 6, (20)
Here « is the error angle of body frame attitude given by
7= [V4:7,57.]". This can be represented equivalently by

the skew—symmetric matrix, I.

0 =7
I'=|~ 0 —, (21)

In addition, the error of the rate of motion of the

navigation frame, dwj,, is expressed as:

SAcos ¢ — (}\+ wp)&;ﬁsingzb
—6¢
SAsing— (5\+w€)6¢cos¢

5(‘0?/ n =
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3.2 Perturbations of error equations for nadir

angle and ship’s heading

In Fig. (3), the rate of motion of the spin axis in the

navigation frame, w?/g is given by;
w:iz/y =G Cé) u)g/g‘

We can get the error of this equation by using the

differential operator, ¢.

)y = (1 G+ G 2) €ty + G € b,

7

(22)

Here 0w, = [0w, 6wy, 6w,.] "
The error of the azimuth of the gyro vector from ship’s
head, 6¢, and that of the north, da, are represented by:

t
§§=/ dw,, dt,
1y

dov =6¢+ 01 . (23)

The error of the horizontal rate of the spin axis, dw;, is

expressed as:

wy, 0wy, +wLy6wLy

[ 2 2
W, +wLy

(24)

Owp =

And also the error of the tilting rate of the spin axis,

0wy, 1s obtained as:

Owy =— 0wy SIna— w;;C0S a dcx . (25)

Finally, the error of the nadir angle of the gyro vector,
60, is given by:

by
00 = / Owdt .
t

Meanwhile the error of ship’s heading is obtained as the

(26)

following.
The error of the rate of the motion of the spin axis in the

body frame, dw), is expressed as:

Swp == Z Cywl), + Ch dw), (27)

- C’fz)(FwZ/n + 0wy, : )

e/n

And the error of the rate of the motion of the spin axis

in the navigation frame, dw,, is given by:

dowy=—IClw,— (le'f/n + dw! ) ,

e/n

+G (Cgb 5wtg/y - EC;w?/y)

(28)

where 0wy = [0wy, Swy, dwy.| . Therefore the error of ship’s

heading, 0, is represented by:

Wiy &UNg — Why dwy,

o= (29)

wh,, sec?t)

Fig.5 shows the error dynamics in the navigation frame
we discussed so far.

500, @y, + B, @y,

N

Fig. 5 Error dynamics of free gyro positioning and
directional system

3.3 Error equations of ship’s position

For a development of the position error equation, we
differentially perturb egn. (1), assuming that the earth rate
is a constant, and then derive the perturbations of errors
resulting in a linear model. The differential perturbation of

eqn. (1) is given by eqn. (30):

c0s ¢ cos (A+w, ) bu, +cos gsin (A+w,t)bu
+sin¢du, —sin 60
+cos¢ [u, cos (A+w, t)+u, sin(A+w,t)]w, it
= [u, singcos (A+w, t)+u, sin gsin (A +w,t)—u, cos ¢]dp
+ [u, cos@sin (A+w, t)—wu, cos pcos (A+w, )] A

(30)

Y

Now, let two gyro-vectors be gﬁ, = [u,,m Ugy uaz} T and

gf,: [ubx Uy UbZ]T. And the corresponding nadir angles of
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0,and 6, are given. The perturbation matrix is arranged by
eqn. (31).

Zy|_ | Pa M| [6¢
2= Lo el 13

Here,

Z, = 08 ¢ cos (A +w, t)du,, +cos gsin (A +w,t)du
+sin¢ou,, — sind,dd,
+c0s¢ 1,008 (A +w,t)—u,, sin (A +w,t)|w, ot

ay
Z,= cos ¢ cos (A +w, t)duy, +cos gsin (A +w, t)du,, |
+sin ¢ éuy, — sin,00,
+cos¢ [, cos (A +w, t)—wy, sin (A +w,t) | w, &
@, = u,, singcos (A +w,t) ,
+u,,sin¢sin (A +w,t)—u,. cos ¢

@, =uy, sin ¢ cos (A +w,t) ,
+uy,sin ¢ sin (A +w, t)—u,, cos ¢

M, = u,, cos ¢sin (A+w,t)—u,,cos pcos (A +w,t),
M, = 1w, cos ¢sin (A +w,t)—u, cos ¢pcos (A +w,t)

(31

ay

This matrix can be written in the matrix-vector form,

AZ=UAz S Az=V'AZ, (32)

where,

ae= (9] o= [B g age|%
NE =|e, M , an “lz

have been introduced. The covariance matrix for eqn. (32)
is given by:

T

cov(Ax)=0 teov(AZ) (Wﬁl) (33)

The assumption may be made that the sensor and time
errors show a random behavior resulting in a normal
distribution with expectation value zero and variance, af.
Therefore, measured sensor and time values are linearly

independent or uncorrelated. The cov(AZ) is represented
by:
cov(AZ)=d"1, (34)

where 7 is the unit matrix.
Substituting eqn. (34) into egn. (33) yields

cov(Az)= W_laf[(![/_l) = O’le_l (W_l) r
= a? (WTWY1 =g Q,

S

(35)

where @, =(v"p) ",

The cofactor matrix, @, (Hofmann-Wellenhof B. et al,
2001)
contributed by the gyro vectors of ¢’ and g,. The elements

iIs a 2 x 2 matrix where two components are

of the cofactor matrix are denoted as:

Q, = [%@ q‘“] . (36)

Apx Dr

In the cofactor matrix the diagonal elements are used for
FDOP which is the geometry of two free gyros.

FDOP= /¢, +q,, .

(37

Therefore the error of a position in the free-gyro

positioning and directional system, fd,, is given by:

fd, = FDOPx ¢,. (33)

From eqn. (38) the fd, can be computed easily. If in this

case two-dimensional error distribution is close to being
circular, the probability is about 0.63(Kaplan , 2006).

4. Conclusions

First of all, this paper dealt with the determination of
ship’'s position by free gyros and its algorithmic design
briefly. Next, the errors of transformation matrices of the
gyro and body frames, i.e. attitude errors, were examined
and the attitude equations were also derived. The
perturbations of the errors of the nadir angle including
ship's heading were investigated in turn. Finally, the
perturbation error equations of ship’'s position used the
nadir angles were derived in the form of a linear error
model and the concept of FDOP was also suggested by
using covariance of position error.

However, the free-gyro positioning and directional
system has still many problems to be solved. First the
error of a position is experimentally verified. Especially the
sensor errors will have to be investigated. In addition, the
additional drift needs to be investigated, which occurs when

a free gyro is suppressed by the measures which prevent
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gimbals lock and tumbling. The alignment in the system
also needs to be examined.

All these will be dealt with in the next papers.
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