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We consider a reverse supply chain with a production facility and a recovery facility, and address the joint
control of production and disposal decisions for sustainable operations. Demands are satisfied from on-hand
inventory of serviceable products, replenished via manufacturing or remanufacturing. Sold products may be
returned after usage and each returned product is disposed of or accepted for recovery. Accepted returned
products are converted into serviceable products after remanufacturing process. Formulating the model as a
Markov decision process, we characterized the structure of the optimal production and disposal policy as two
monotone switching curves under a special condition. Three types of heuristic policies are presented and their

performance is numerically compared.
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1. Introduction

Remanufacturing is not only an important step toward sus-
tainability, but is also economically beneficial for firms.
Therefore, many firms implement collection channels for used
product return and integrate corresponding remanufacturing
strategies with their regular production system (Li et al., 2013).
Considering the economic benefits from a cheaper remanufac-
turing, it might be also cost-effective in some industries to
consider disposing of returned items, since an increase in the
inventory of returned products may be too costly (Teunter and
Vlachos, 2002; van der Lann et al., 1996a). This research is a
step toward rationalizing such decisions. In this paper, we
generate insights into how production of new products and

disposal of returned items can be effectively coordinated in a
hybrid production system with manufacturing and remanufac-
turing. Such coordination will provide financial incentives for
firms to move toward sustainable operations.

This paper considers a single type of product stocked in
order to meet random demand from customers who may
return products after usage. Demands are satisfied from on-
hand inventory of products, replenished via manufacturing or
remanufacturing. Unmet demand is lost. Product returns occur
randomly and each returned item is disposed of or accepted
for recovery. Accepted ones are converted into products and
are as good as newly produced ones. The assumption of the
equal quality is valid in some real cases. For example, Zhou
et al. (2011) considered a large energy company which pro-
vides service on meters and transformers for private houses
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and commercial buildings and recovers all failed meters/
transformers. In this case, customers are indifferent between
a new product and a remanufactured one.

Although there has been substantial research into the
production planning and inventory management in a hybrid
system, relatively few papers have addressed the product re-
covery with a disposal option. Heyman (1977) presented a
continuous inventory review model with zero lead times for
remanufacturing and procurement processes. Under Poisson
demand and return processes, the optimality of a single pa-
rameter disposal policy is shown. Simpson (1978) studied a
periodic inventory review model where unmet demand is
backlogged and zero lead times are assumed for purchase and
recovery processes, and show that a three-parameter policy is
optimal to control manufacturing, remanufacturing, and dis-
posal. Inderfurth (1997) studied the effect of deterministic
replenishment and remanufacturing lead times on the optimal
policy, and show that the policy identified in Simpson (1978)
is also optimal for identical deterministic lead times. van der
Lann et al. (1996a) studied a continuous inventory review
model with Poisson demand and returns in which the number
of remanufacturable products is limited to a level. van der
Lann et al. (1996b) show, based on a numerical study, that
there is an advantage of making disposal decisions based on
both remanufacturable and serviceable inventory levels rather
than only based on the remanufacturable inventory level.
Using simulation, Teunter and Vlachos (2002) showed that

disposal option can result in a significant cost reduction only
when an item is very slow moving, the recovery rate is high,
and remanufacturing is almost as expensive as manufacturing.

Detailed literature reviews for inventory management of a
hybrid production system are summarized in <Table 1>. We
classify the references using the following characteristics : 1.
Inventory review (periodic or continuous), 2. Production and
remanufacturing lead time (stochastic, constant, or zero), 3.
Type of inventory holding (serviceable, remanufacturable),
4. Type of unit costs (production, remanufacturing, disposal),
5. Type of control (production, disposal), 6. Identification of
optimal policy (yes or no), 7. Stockout treatment (backlog or
lost sales).

Our model contributes to this stream of research in several
ways. First, we coordinate decisions of when to produce a new
product and dispose of a returned item based on the levels of
both serviceable and remanufacturable inventories. Second,
we identify the optimal policy under a continuous inventory
review. Previous studies with continuous inventory review
have mainly tried to find optimal parameters for given policies
rather than characterizing the optimal policy. This is partially
due to the complexity of the underlying control problem when
lead times are stochastic. Heyman (1977) and Inderfurth
(2001) identified the optimal policy under a continuous
inventory review. But Heyman (1977) did not consider lead
time and Inderfurth (2001) assumed constant lead time. Third,
we develop effective and implementable heuristic policies

Table 1. Summary of literature survey (PR = periodic review, CR = continuous review, M = manufacturing,
R = remanufacturing, D = disposal, #, = serviceable inventory, H,= remanufacturable inventory,
B = Dbacklog, L = lost sales, Exp = Exponential random variable, Dis = Discrete random variable)

Articles Invento: Lead Time . Unit Stock
(indexed by the first reVieWry Stochastic| Constant | Zero Holding cost Control OIP . out
author) PRICR M| R | M|R|M|R|#|& M|R|D|M|D|"?B[L
DeCroix, 2006 (0] 0|0 O/l0|O0|O0O]|]O|]O|O0O|] O |O
Fleischmann, 2003 (0] O 0] O O
Heyman, 1977 O OO0 |O 0] 0] O| O |O
Inderfurth, 1997 0] OO O/l0|0|O0O]|]O|]O|O|] O |O
Inderfurth, 2001 O 0|0 O/l0O|O0O|O0O]O|]O|0O]| O
Mahadevan, 2003 (0] O] O OO0 O O
Muckstadt, 1981 O O (@) O O
Simpson, 1978 (0] OO0l 0|0|0O0]|O OO0 O |O
Teunter, 2002 (0] 0|0 Ol0O|lO0O|O0O|O0O]|]O]|O 0]
Teunter, 2004 (0] OO O|O O O
van der Laan, 1996a (0] Exp| O O] O 0|0 O
van der Laan, 1996b (0] Exp| O O|O0O|]O0O]O0O|O|O]|O O
van der Laan, 1997 (0] O] O (0] O] O O
van der Laan, 1999a O | Dis | Dis Oj]O0Oj]O0O|lO|]O]|O O
van der Laan, 1999b (0] O] O OO0 |O (0] O
van der Laan, 2006 (6] O| O O]l O0]0]|O0O O O
Wei, 2009 (0] 0|0 Ol0O|lO0O|O0O|O]|]O]|O 0]
Our model O |Exp|Exp 0O/ 0j]O0OJ]O]O]O]O| O O
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which provide firms with a simple tool to achieve higher
profits while encouraging the use of sustainable operations.

The remainder of the paper is organized as follows. In
Section 2, we present our model. Analysis of the optimal policy
is given in Section 3. In Section 4, we implement a sensitivity
analysis on the optimal policy. In Section 5, we present a
computational study of the optimal and heuristic policies.
Finally, we conclude in Section 6.

2. Model Assumptions and Problem
Formulation

Demands for a single product arrive according to a Poisson
process with rate ;. If demand is satisfied from on-hand
inventory, a revenue of R is generated. Hereafter, we refer to
the on-hand inventory as serviceable inventory. Each unmet
demand due to stockout is lost. The production time of a new
item is exponentially distributed with mean p; *. Arrival of
returned products follows a Poisson process with rate \,.
Similar to the production process, recovery is performed item
by item (i.e., no batching). The remanufacturing time is
exponentially distributed with mean 4, '. Holding costs are
assessed at rate h; and h, for each unit in serviceable and
remanufacturable inventory, respectively. We assume that
hy = hy. Unit production and remanufacturing costs are c,,
and ¢, respectively. Disposing of a returned product incurs ¢,
where ¢, < 0 implies a salvage value.

Although the return process may be affected by the previous
sales, we assume that demand process does not influence the
rate of return. If there are large quantities of sold products in
the market, the independence assumption will be reasonable.
It can also serve as a reasonable approximation in solving
many practical problems by yielding easily implementable
control policies. See Fleischmann (2000) for detailed justi-
fication of the independence assumption.

At each epoch of a demand arrival, a product return, a
production completion, or a remanufacturing completion, a
control policy specifies whether or not to produce a new item.
Upon a product return, a decision must be made regarding
whether to dispose of or accept it. A state is described by the
vector (x,,z,) where z; and x, represent the serviceable

and remanufacturable inventory level, respectively. We denote
the state space by I".

The goal of this paper is to identify a joint production and
disposal control policy that maximizes the long-run average
profit. To this end, we formulate our model as a discrete-time
Markov Decision Process (MDP) problem with a transition
rate y= A\, + A, + py + po. The properties and insights
provided in this paper can be useful for understanding and
addressing more realistic models with non-exponential distri-
butions where it is not tractable to identify the optimal policy.

Let v(z; x,) be the optimal profit function in state (z,, ).
We define the value iteration operator 7"on v as :

Tv(ml,x2)=%[*(xlh]+z2h2) (l)
A {(R+ (e~ Lay)1 (2, > 0) +olz,e,)1(z, =0)}
+,u1max{— CM-H)(xl+1,x2),v(x11x2)}

+u2{(v(m1 +1,xy— 1) —CR)l(z2 >0) +v(m17az2)1(:p2 =0)}
+)\2max{v(xl,x2+1),v(a:17:r:2) —CD}]

where 1(a) = 1 if a is true, otherwise, 0. In (1), — (z,h, +
wyhy)/v is the average holding costs of z; units and x,
units until the next state transition. The terms multiplied by
A; and )\, represent the sales revenue and transition gene-
rated with a demand arrival and the cost and transition asso-
ciated with a product return. The terms multiplied by 1, and
115 implies the costs and transitions associated with a produc-
tion completion and a recovery completion. Then, the
optimality equation of our MDP model can be written as

g+v(1'];1'2) = TU(:L'],I’Q)

where ¢ is the optimal average profit during the expected

state transition time v~ .

3. Structure of the Optimal Production
and Disposal Policy Under the
Special Case

In this section, we characterize the structure of the optimal
production and disposal policy under the assumption of
hy = hy. When h; > h,, we could not complete the proof of
the existence of the optimal policy, although it is a more
practical assumption. The condition h, = h, guarantees that
it is always advantageous to convert the returned products into
the serviceable ones as long as x, > 0, that is, f(z, + 1,
1y)—cp = flay,o,+1). When hy > h,, however, the
above equation cannot be confirmed. One might think that it is
a better policy to postpone the remanufacturing until it is
required when h, > h,. For example, when z, is large
enough to cope with demand, the replenishment of serviceable
product via remanufacturing could not be cost-effective. This
indicates that the control of remanufacturing as well as pro-
duction and disposal will become important for more efficient
operation of a hybrid production system. We will cover this
issue in the future research.

To prove the structure of the optimal production and
disposal policy, we identify a set of structured profit func-
tions is preserved under the value iteration operator 7°
(Porteus, 1982). Define D,f i=1,2, on any real valued
function f :
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le(xlva) = f(x] + 1v$2)_f($17$2),
sz(%vxz) = f(3317352 + 1)_f(3517352)-

D, f (D,f) is the marginal value of having one more unit
in serviceable (remanufacturable) inventory. Let 7 be the set
of all functions defined on state space I" such that if f € F,
then

Dif(xi,xj) > Dif(a:i,a:j-i- 1),
i#7,1=1,2,7=1,2, (2)

Dif (wpx;+1) = Dif (x; + 1,z;),
i#ji=1,2,7=12, (3)

Dif(xhx]') = Dif(l‘i,"‘ 1a$j>,

i=j,i=1,2,j=1,2, 4)
le(xlva) < R, (5)
f(x1+1,{£2>_032f($1,$2+1). (6)

Equation (2) states that f is submodular, which implies that
the marginal benefit of holding one more unit of one inventory
decreases as the other inventory increases. Equation (3)
implies that the marginal value of having one more unit of one
inventory decreases faster in its inventory than in the other
inventory. Equation (4) says that f is concave in its coordi-
nates, which means that the incremental benefit with one more
unit of one inventory is decreasing in its inventory. Note that
(2) and (3) together imply concavity. Equation (6) says that it
is always advantageous to convert the returned product into
the serviceable one.

The following lemma guarantees that equations (2)-(6) are
preserved under 7. The proof of this and all subsequent
results are included in the Appendix.

Lemmal: If fEF, TfEF.

The following theorem identifies the structural properties
of the optimal policy :

Theorem 1.
(1) There exists an optimal average profit, g, and an optimal
profit function, v, which satisfy (1), and v € F.

(if) Let
Play) = max{z, v(z;z,) < vlz +1z,y) =y,
D(x,) = min{% (g zy+1) < vlapa,) _CD}

In state (z,2,), it is optimal to produce an item if 2, <
P(x,). When a product return occurs, it is optimal to
disposes of this return if x, > D(x,), otherwise, accepts it
for recovery.

(iii) P(x,) decreases in ..
(iv) D(x, ) decreases in .

The structure of the optimal policy is characterized by two
monotone stitching curves P(z,) and D(z, ). Part (ii) states
that if D;v > ¢, it is beneficial to increase z; by one unit.

It also says that if D,v <— ¢, it should dispose of a returned
item. Parts (iii) and (iv) state that it is optimal to keep less of
one inventory as the other inventory increases, which follows
from the submodularity of v. Since a returned item, once
recovered, is perfectly converted into a serviceable product, if
more units are stored in one inventory, it is cost-effective to
store less units of the other inventory.

4. Marginal Effects of Problem
Parameters on the Optimal Policy

Suppose that product returns are controlled by a threshold,
M. In other words, a product return is accepted for recovery
only when z, < M and, otherwise, disposed of. We then in-
vestigate how the system parameters affect P(x,). Consider
the following optimization problem :

U(x1a$2)+g:%[*z1h1*$2h2 )
A {(R+ (e~ Lay)1 (2, > 0) +olz,e,)1(z, =0)}
+u1max{— CAW"'U(I[Jl+1,IE2)7U(1’L$2)}

+u2{(v(w1 +1,2y—1) —cp)l(xy > 0) +v(z)25)1 (249 =0)}
A f (2w, +1) 12y < M)+ (f(zy,2,) —p)1(zy = M) }]

Then, using the same arguments as in Section 3, one can
show the existence of P(x,) as it is defined in Theorem 1.
We first present the effects of the cost parameters on P(x,) :

Theorem 2.

(a) If unit sales price R increases, then P(z,) increases.

(b) If unit manufacturing cost c,, increases, then P(z,)
decreases.

(c¢) If unit holding cost rate h, increases, then P(z,)
decreases.

The monotonicity of P(z,) with respect to the time rate
parameters is presented in the following theorem. Since the
results can be proven using the arguments similar to the ones
in Theorem 2, we omit the proof.

Theorem 3.

(a) If demand rate ), increases, then P(x,
(b) If manufacturing rate p, increases, then 7
(c) If recovery rate p1, increase, then P(z,
(d) If product return rate \, increases, then 72

increases.
x,) decreases.
decreases.
r,) decreases.

—~ — = ~—
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5. Numerical Study

P(x,) and D(x, ), determined by Theorem 1, are fairly com-
plex because they are characterized by state dependent thre-
shold levels. Since the number of system states grows expo-
nentially as z, and x, get larger, computing the optimal
policy becomes intractable. Hence, motivated by the prohi-
bitive inefficiencies associated with problems of large sizes,
we introduce the heuristic solution approaches. The heuri-
stics differ in the rule that uses z; and z, in determining
production and disposal controls. Also, unlike P(x,) and
D(z,) applied only to the MDP problem, the following heu-
ritics are applicable to the non-MDP problem with general
probability distributions.

The first heuristic is a base stock policy for the two-stage
production system (Veach and Wein, 1994) :

*In (z,,2,),anew item is produced when =, < Ha.

* If a product return occurs in (x,,x, ), then it is accepted
whenz, +z, < Hy+ Hy Whenz, +x, = Ho+ Hp,
each returned item is disposed of.

The optimality equation for the base stock policy is

v(m],z2)+g}4=l[*x]h1*x2h2 (8)
+A{(R+v(2, —1L,2,))1(2; >0) +o(z,z,)1(z, =0)}
+u1{(v(:r:1 +1,2,) —cy) 1z, < h@),v(zLxQ)l(ml :Hbl)}
+u2{(v(x1 +1,2y— 1) —cR)l (x2 >0) +v(:v1,x2)1(:v2 = O)}
+ | flxy, 2+ 1)1 (2, + 2, < Hy+ Hpy) + |]
(f(@pry) —cp)l(a, +ay = H;-FH}?)}

The second heuristic is a fixed buffer policy for the

two-stage production system (Veach and Wein, 1994) :

*In (x,,x,), a new item is produced when z, < H2Z.
« If a product return occurs in (., ), then it is accepted when
x, < Hj,.When z, = Hj,, each returned item is disposed

of.

The optimality equation for the fixed buffer policy is
v(x],x2)+g}é=l[*:p]h1*$2h2 (9)
A {(B+v(z, = La,)1 (@, > 0) +o(z,w,)1(z, =0)}
+u1{(v(xl+17a:2)—cM)l(ml <H§) (z1x2) ( HQ)}
+/L2{(U(:L'1+1,:L'2—1)—CR)l(l'Q >0)+v(11,x2 }

A (@, + D1y < HE) +(f () - =)

The third heuristic uses two linear switching functions to
make production and disposal decisions as follows :

*In (z,,2,),anew item is produced when z, +z, < Hg.
« If a product return occurs in (., ), then it is accepted when

x, +x, < Hj . When z, + z, = H},eachreturned item

is disposed of.
The optimality equation for the third control policy is

1)(x1,$2)+gm:l[—xlhl (10)
+)\1{(R+v(w] *l,mg))l(zl >0)+v(z,, 332)1($1 :0)}
+u1{(v(azl +1,x2)*cl‘,) l(x1 +x, <H§) }

(

— x50,

($1V$2)1(1'1+12 HS)
U(131+17x2—1) cR)l(a:2>O)+
(1’1,332)1(1’2 =0) }
+)\2{f(1'1,x2+1)1(x1+x2 < Hy)+ }

(f(l’pl’z) =H}§)

+N2{

_CD)l(Z'l +,

Best values of (., H),), (H2, H2),and (7, HY)
to maximize g, , g, , and g, , respectively, are found using
a two-dimensional search on possible integer values of each
pair via the value iteration algorithm presented in the appen-

dix. Performance comparison between the optimal and heuri-
stic policies is reported in <Table 2> and <Table 3>. In these

. 9~ 9n,
tables, % are obtained from x100,i=1, 2, 3. We

set A\, =0.5, p, =0.6, u2g= 0.9, and A\, =0.25 in
<Table 2>, and R=100, hy =2, hy =1, cp =05, ¢); =
10, and ¢, = 3 in <Table 3>.

The average % differences of three heuristic policies over
the optimal policy show that the base stock policy and the
linear switching rule performs very well. This indicates that
the information of both z; and x, is very useful in deter-
mining production and disposal controls. )

Itis worth noting that (H§ , H, ), (Ho , Hy ), and (HS
HIZ’;{) are sensitive to the change of hy, ¢,;, A;, and \,. For
example, from <Table 2>, (Hg, H};), (H? Hz;), and
(H ‘53*, Hg) tend to decrease as h, increases, which leads to
less production of new items and more disposal of returned
items. It is also observed that as ¢, increases, H;, H,, and
H} are increasing, which means each heuristic accepts more
returned items. This makes sense because the product
recovery becomes more valuable in replenishing serviceable
1nventory 1f Cyr mcreases From <Table 3> as A, increases,
(Hb , H ) (Hs , H ) and (Hs , H3 ) tend to increase.
With increased A, the chance of enhancing sales revenue
also increases and thus serviceable inventory becomes more

valuable. Hence, the firm has an incentive to manufacture
more new products and accept more returned products In

1"
contrast, an increase in A, tends to decrease (HS, Hy),

(Hs ) HR ), and (H;i ) Hf?). When X, is increased, more
serviceable products can be stocked because of increased
returned products unless the control policy would be changed.
Therefore, the production and disposal thresholds must be
lowered to avoid excessive units in both serviceable and
remanufacturable inventory.
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Table 2. Comparison of the optimal and heuristic policies : Cost parameters

Base stock Fixed buffer Linear switching

Bl ) e en | ar) o9 9, | HY | HY | % 9, | HD | HE | % 9, | H | 2| %

H s R 0 2 s | g 0 5 s R 0
1 (100 2 | 1 |5]10| 3 |3705|3702| 3 | 2 | 008|368 | 3 |2 |05 |3701 |4 |5 ]0.11
2 |125 4891 | 4875 | 4 | 2 | 033 | 4851 | 4| 2 | 0822|4888 | 4 | 6 | 0.06
3 150 60.83 1 60.73 | 4 | 2 | 016 | 6052 | 4 | 2 | 051 | 60.78 | 4 | 6 | 0.08
4 1175 7275 17271 4 | 2 | 005 ]7253| 4|2 0307268 | 4| 6 | 0.10
5 1100/1.5| 1 | 5|10] 3 [3862| 385 | 4|2 |03 |[3836| 4 |2 |067]| 386 | 4| 6 |0.05
6 2 37.05 1 37.02 | 3 | 2 008|368 | 3|2 ]051|370l | 4| 5011
7 2.5 3579 3571 | 3 | 2 | 022 (3543 | 3 | 2 | 1.01 | 3569 | 3 | 5| 0.28
8 3 346 [ 3445 | 3 | 1 | 043 | 3413 | 3 | 1 | 1.36 [ 3453 | 3 | 4 | 0.20
9 |100| 2 |0.5] 5 |10| 3 | 3721 |37.17 | 3 | 2 | 011 |[37.02| 3 | 2 | 051 |3715] 4 | 5 |0.16
10 1 37.05 13702 | 3 | 2 |0.08 368 | 3 |2 | 051|370l | 4| 5] 0.1l
11 1.5 36.89 | 3687 | 3 | 2 | 005| 367 | 3 |2 ]052]|3687| 4| 5005
12 2 3675 13672 | 3 | 2 | 008 | 3654 | 3|2 ]057 (3673 4] 5005
13100 2 | 1|2 |10]|3 3782|3777 | 3 |3 |013 3764 | 3 | 2 | 048 |3774 | 4 | 6 | 0.21
14 4 373 [ 3726 | 3 | 2 | 011 [ 3712 3 | 2 | 048 [ 3724 | 4 | 5| 0.16
15 6 36.8 [ 3678 | 3 | 2 |0.05] 366 | 3|2 |054 3678 4|5 |0.05
16 8 3635 13629 | 3 | 2 |017 [3607| 3|2 |077 3633 | 4| 5 | 0.06
171000 2 | 1 | 5|8 |3 3757|3751 | 3|2 |016 3732 |3 | 2| 067 |3755| 4| 5]0.05
18 11 36.81 | 3677 | 3 | 2 | 011 3663 | 3|2 ]049 3674 4| 5019
19 14 36.12 | 36.07 | 3 | 3 | 0.14 | 3594 | 3 | 2 | 050 | 3601 | 3 | 6 | 0.30
20 17 3544 13537 | 3 | 3 {1020 |3525| 3 | 3 |054|3535| 3| 6 | 025
21100 2 | 1 | 5|10 1 |3712 3708 | 3 | 2 | 011 | 3689 |3 |2 |062)| 371 | 4| 5005
22 23708 | 3705 | 3 | 2| 008 3687 |3 |2 |057|3706 | 4|5 |0.05
23 3 137.05|37.02| 3 |2 |008|368 | 3| 2|05 |3701l 4|5 ]|0.11
24 4137.02 13699 | 3 |2 |008 368 | 3|2 ]049 3697 | 4| 5]0.14
Average % of optimality gap 0.14 0.6 0.13

Table 3. Comparison of the optimal and heuristic policies : Time parameters
Base stock Fixed buffer Linear switching

ALl H | B | A g g PR 9y PR 9, Y

h s 7 0 H S R 0 1 s i 0
1 1035/ 06|09 |025]| 2539 | 2537 | 2 | 2 | 0.08 | 2488 | 2 | 1 | 2.0l | 2526 | 3 | 4 | 0.51
2 1045 3331 | 3321 | 3 | 2 | 030 ] 329 | 3 1 | 1053324 | 3 | 5021
3 10.55 40.88 | 4074 | 4 | 2 | 034 | 406 | 4 | 2 | 0.68 | 4085 | 4 | 6 | 0.07
4 10.65 48.09 | 4795 | 5 | 2 | 029 | 479 | 5 | 3 | 040 | 4807 | 5| 7 | 0.04
5105/055]09 ]025| 3678 | 36.67 | 3 | 2 | 030 | 3653 | 3 | 2 | 068 | 36.76 | 4 | 5 | 0.05
6 0.65 3734 | 373 | 3 | 2 | 011 | 3712 | 3 |2 |05 (3722 ] 3 | 5032
7 0.75 3782 | 3773 | 3 | 2 1024 | 3753 | 3 |1 0773772 |3 |5 ]026
8 0.85 38.17 | 3803 | 3 | 2 | 037 | 37.87 | 3 1 1079|3807 | 3 | 51026
9 105]06]|0.6[025] 3626 | 3615 | 3 | 2 | 030 |3602| 3|2 ]066)|3613 |4 | 5036
10 0.8 36.84 | 368 | 3 | 2 | 011 | 3665 | 3 |2 |05 368 | 4| 5] 0.08
11 1 3722 | 3719 | 3 | 2 | 008 | 37.02 | 3 | 2 | 054 | 3716 | 4 | 5 | 0.16
12 1.2 3747 | 3744 | 3 | 2 | 008 | 3727 | 3 | 2 | 053 | 3744 | 3 | 5 | 0.08
13/105]06 09|01 | 358 | 3584 | 4 |2 |011|358 | 4|3 ]011 ]| 3587 | 4| 6 | 0.03
14 02 ] 3677 | 3662 | 4 | 2 | 041 | 3657 | 3 | 2 | 0541|3675 | 4 | 6 | 0.05
15 033733 3729 | 3 | 2 | 011 | 369 | 3 | 1 | 115| 3718 | 4 | 5 | 040
16 04 | 3766 | 3753 | 3 | 2 | 0353699 | 3 |1 |178]3743 | 3 | 5 | 0.6l
Average % of optimality gap 0.22 0.8 0.22




446 Eungab Kim

6. Conclusions

This paper studied the joint control of production and disposal
decisions for a hybrid system with a disposal option. When
both holding cost rates of serviceable and remanufacturable
inventories are equal, we showed that the optimal joint deci-
sions are controlled by two monotone switching curves. In
addition, when a disposal control is a threshold rule, we showed
that the optimal production switching curve is monotonically
affected by the changes in system parameters. From the in-
ventory policies for forward supply chain models, we deve-
loped three heuristic policies. Numerical experiment demon-
strated that the heuristics defined by both serviceable and
remanufacturable inventories are effective.

One can extend the model into a situation where the quality
of remanufactured product is not the same as that of a new
product. In such a situation, a portfolio of new and remanu-
factured products will become important because the remanu-
factured product reduces the sales of the new product when
sold on the same market. Another important future direction is
to consider situations where the product return intensity is
varied by the compensation given to customers and there is a
random yield in the remanufacturing process due to the
uncertain quality of the returned items.
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<Appendix A>

We denote by P, V, D,and A the optimal actions in state (z,, z,) where P, N, D, and A respectively represent Produce,
Do not produce, Dispose of, and Accept. Define

T f(xy,2y) = (R+ f(z, — 1,25))1(z; > 0)+ f(zy,25)1 (2, =0),
Tzf(xl,x )= max{ cA[+f(a:1+1 ), f(xlﬁxg)},
Tof (xy,2y) = (f(x, + Loy —1)—cp)l(zy > 0)+ f(zy,29)1 (25 =0),
T4f($17$2) max{f ch173152"‘1) f(xl’xQ)_CD}'

Then, the value iteration operator 7" on f can be written as

1

Tf($17$2): ;[_xlh] —x2h2+/\]T]f(:r],z2)+u1 Tzf(xl,x2)+u2T3f(:cl,:c2)+A2T4f(x1,x2)].

Proof of Lemma 1 :
(i) Since D, f (xy,1y) — Dyf (21,200 + 1) = Dyf (x1,25) — Dof (2, + 1,2,), we show the case with s = 1 and j = 2.
Let A"= D, T,f (x,2y) — D, T}.f (z, 25+ 1).
First, we show A* > 0, k=1,2,3, 4.
A'>0by(QQ)ifz, >0and A'=0ifz, =0.
A*=>0by(2)ifxy, >0and A*= D, f(z,,0)— D,f(z, +1,0) = 0 by (4)if 2, = 0.
To show A? > 0 and A® > 0, consider production and disposal controls in (z; + 1,2, ), (z,2,),
(z,+ 1,25+ 1),and (z,,2,+1):

* Cases (P, N, -+, - )and (-, - ,P,N) are excluded by (4), (P, -, - ,N) by (3),
and (- ,V, - ,P)and (v, - , P, - ) by (2).
Cases (V, N, N, N) and (P, P, P, P) follow by (2).
For (V,P,N,P), (N,P,N,N),and (P,P,N,P),
A= flay + 1) — (f(@y + L) —ey) = [f (@) + Loy +1) = (f (@, + 1Lz, +1) — ¢, )] = 0.

* Cases (4,D, -, - )and (-, - ,A4,D) are excluded by (2), (D, - ,A4, - )and (- ,D, - ,A4) by (4),
and (D, -, - ,A4)by (3).
Cases (A4,A4,A4,4) and (D, D, D, D) follow by (2).
For (4,4,D,D), (D,A,D,D),and (4,4,D,A),
At> fla,+ Loy +1)—flo,zy,+1)—[(f(z, + 1,29+ 1) —cp) — (f(zy, 29+ 1) —cp)] = 0.
Therefore, 7D, f (z,,2y) — TD,f (x,x5+1) = 1/y[\ A" + p, A® + 1, A® + N\, A*] > 0.
(ii) Suppose that : = 1 and j = 2.
Let A"= D, T,.f (xy,xy +1)— D, Tof (@, + 1,25).
A'>0by 3)if 2, >0and A'=R+f(0,2,+1)— f(0,2,+1)— D, f(0,2,) = 0 by (5) if =, =0.
A¥>0by(3)ifaz, >0and A*= D, f(x, +1,0)— D,f(z, +1,0)=0if z, = 0.
To show A% > 0 and A* > 0, consider production and disposal controls in (x, + 1,2, + 1), (z,,2, + 1),
(x,+2,2,),and (z, + 1,2,) :

* Cases (P,N, -, - )and (-, - ,P,N) are excluded by (4), (P, -, - ,N) by (2),
and (- ,V, - ,P)and (W, - ,P, - ) by (3).
Cases (P, P, P, P) and (V, N, NV, N) follow by (3).
For (N, P,N,P), (P,P,N,P),and (N,P,N,N), A*> = ¢,,— c,, = 0.

*Cases (4,D, -, - )and (-, - ,A4,D) are excluded by (2), (4, - ,D, - )and ( - ,A4, - ,D) by (3),
and (4, -, - ,D) by (4).
Cases (4,4,A4,A), (D,D,D,D), (D,D,D,A),and (D, A, A, A) follow by (3).
For (D,A,D,A), A= —cp+fle,+lay+1) = flapay+2) —[—cp+ flz, +2,2y) — fla, + 1z, +1)] =
flaey,zy+1)— flz,+1,2y)— [f (@), 29+ 2)— f(z, + 1,25+ 1)] = 0. The inequalities follows by (3).
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Suppose that i = 2 and j=1.Let A"= D, T)f (x, + 1,29) — Dy T}.f (21,25 +1).
A'>0by Q)ifz, >0and A'= D,f(0,2,)— Dyf (0,2,+1) > 0 by (4)if z, = 0.
A*=>0by(3)ifz, >0and A*= f(z,+2,0)—cp — f(x; +1,1) = 0 by (6) if 2, = 0.
Toshow A? > 0and A* > 0, consider production and disposal controls in (z, + 1,2, + 1), (z, +1,2,),
(zy,25+2),and (z,2,+1) :
* Cases (P,N, -, - )and (-, - ,P,N) areexcluded by (2), (- ,P, - ,N)and (P, - ,NNV, - )by (3).
and (Pa MR N aN) by (4)
Cases (P,P,P,P), (N,N,N,N), (N,P,P,P),and (N, N, N, P) follow by (3).
For (V,N,P,P), A*>= D,f(z, +1,2,) — Dof (x, + 1,2, +1) = 0 by (4).
For (V, P, N, P), A2=f(x1 + 1,29+ 1)— (f(:cl —|—2,z2)*c‘w)* [f(a:l,x2+2)* (f(x1 + 1,3:2—|—1)
—CM)] > f(xl—i— LxQ)—f(xl +2,:102)— (f(xl,xQ-l-l)—f(xl +1,2+ 1) > 0.
The inequalities follow by (3).
*Cases (A,D, -, - )and (-, - ,A,D) are excluded by (4), (D, - ,A, - )and (- ,D, - ,A4) by (3),
and (A4, -, - ,D) by (2).
Cases (A4,A4,A,A) and (D, D, D, D) follow by (3).
For (D,A,D,A), (D,A,D,D),and (4,4,D,A4),
A'= flay+Lay+1)—cp—flay + Loy +1) = [f (2,2, +2) —cpp— flzy,2, +2)] = 0.
Since A* > 0,
k=1,2,3,4, A, Tf (z0,+ 1) = A Tf (m,+ Lz;) = 1/y[\ A" + 1, A% + p, A* + 2\, A = 0.

(iti) D, 7f (x;x;) = D, Tf (wx;+1) (by (2)) = D, Tf (z; + 1,2;) by (3).

(iv) D, T1f (zy,29) = R1(xy = 0)+ Dy f (x; — 1,2,)1 (2, > 0) < Rby (5).
For k=2,3.4, D, T}.f (x,,2,) < Rby (5).
Therefore, D, 7Tf (x,,25) < 1/y[—hy + A+ py + o + X)) R] < R.

(V) Let A*= T,f (&, + 1,25) — Tp.f (z,z9 +1).If 2, > 0, A" = ¢, by (6).
Ifz, =0, A= R+£(0,0)— £(0,1) = £(1,0)— £(0,1) (by (5)) = cpby (6).
It can be easily shown that A% > ¢ and A* > ¢, by (6).
A% > ¢cpby (6) when 2, > 0and A®= f(z, +1,0)— (f(z, +1,0) — ¢z) = ¢ When 2, = 0.
Therefore, 7f (x, + 1,25) — Tf (x,25 + 1) = 1/y[— hy + hy + M\ A + 1, A% + i, A + X, A?]
> 1/5y[=hy + hy +vcp] = cp, since hy = h,.

Proof of Theorem 1 :

(i) Since the control with allowing the serviceable and remanufacturable inventories to go to the infinity cannot be optimal,
the original problem with infinite state space can be converted into one with finite state space. Since the model has a
finite action space and is unichain and aperiodic, the result follows from Theorem 8.4.5 of Puterman (2005).

(i1) From the definition of P(x,), — ¢, +v(P(zy) + 1,24) = v(P(xy),25).

Then, by (4), — ¢+ v(P(xy),25) = v(P(2y)— 1,2,), which means it is optimal to produce in (P(z,) — 1,2,).
From the definition of D(z,), v(x, D(z,)+1) < vz, D(z,))—cp.

Then, by (4), v(xy, D(z,)+2) < v(x,, D(x;)+1)— cp, which means it is optimal to dispose of a returned item in
(ml,D(Jcl)-i- 1).

(iii) From the definition of P(z,+ 1), —cyy+v(Plzy+ 1)+ 1,2+ 1) = v(Play+1),29+1).
Then, from (2), —c,,+v(P(zy+1)+1,2,) = v(P(zy+1),2,), which means P(z,) > Pz, +1).

(iv) From the definition of D(x,), v(z,, D(z,)+1) < v(x,, D(z,)) — ¢p.
Then, from (2), v(z, +1,D(x,)+1) < v(z, + 1,D(x,)) — cp, which means D(z,) > D(x, +1).
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Proof of Theorem 2 :
We prove (b). Results (a) and (c) can be shown in a similar way. Consider two hybrid systems with ¢/, and %, where

¢4y < ¢ Consider the following equation established by £ and f7 :
leA ($1a$2)*6f12 leB(iﬂlan)*Cf{- (12)

(12) implies that the marginal benefit of producing a new product is smaller with a higher c,,.
Ty, Ty,and Ty are the same as before and let 7),f (z,,x,) = f(zy,29 + 1)1 (zy < M)+ (f (21,25) —cp)1(xy = M).
Let A'= D, kaA (zy,2,)— D, kaB(UprQ)-
Then, A':If 2, >0, A' = ¢, — ¢ by (12).
Ifz, =0, A'=0= ¢} —cP.
A? : Consider production controls in states (z, + 1,25)", (z,,2,)", (z, + 1,2,)7, and (z,,2,)%.
Cases (P,V, -, - )and (-, - ,P,N) are excluded by (4), and (&, - ,P, - ) and (-, NN, - ,P) by (12).
Cases (P, P, P, P) and (N, N, N, N) follow by (12).
For (N, P, N, P) and (N, P,N,N),
A?> fA (a:l + 1,332)* (fA (a:l + 1,332) — cf,f)* [fB(xl + 1,3:2)* (fB(xl + 1,332)* cﬁ,)} = cj%]* cf[.
Cases (P, P, N, P) and (P, P, N, N) can be shown in a similar way.
AP A% = o — e follows by (12).
At A4:D1f‘4 (x],x2+1)—D]fB(xl,x2+l) when z, < M. When z, = M,
A= D f (@, M) — D, fP(x,,M). By (12), both cases > ¢, — c2,.
Since (12) is preserved under 73, 7y, Ty, and 7}, (12)is also preserved under 7. Finally, by the definition of 2%z, ),
F2(PP(xy)+1,2y) — & = f2(PP(x,),2,). Then, from (12), f*(P%(x,) +1,2,) — iy = fA(PP(x,),2,), which
means P (z,) = P%(x,).

<Appendix B>

We present the value iteration algorithm to find g. To find g, , g, ,and g u, (12) should be replaced with the value iteration
equation corresponding to (8), (9), and (10), respectively. Denote by e the termination criterion of the algorithm.

1. Initialization : Set £ = 0. For each state (xl, T, ), set o’ (a:l,xQ) =0.
2. Value iteration : Implement a VI on the current value function estimate v*:

: 1
Tvk(xl,,l'?): ;[_ (x1h1+x2h2> (12)
+/\]{(R+ vk(x1 — 1,z2))1(x1 > ())Jrfuk(x],xQ)l(x1 = O)}
+u]max{— cyut vk(:cl + 1,x2),vk(x1_x2)}
+u2{(vk(xl +1,2y—1)—cp)l(zy > 0)+Uk($17$2)1(332 = 0)}
+/\2max{vk(z],z2+1),vk(x1,x2)—cD}]

3. Termination test : Let b, = min(‘,tl"‘,m{Tvk(x],mQ) *vk(x],zz)} and b, = max(.,tlu,tz){Tvk(xl, x,) — v (), 1:2)}
If (b,— b,) = e for every state (z,, 2, ), set v* "' (z},2,) = Tv*(zy,2,) — Tv*(0,0),
increase k by one, and go to Value iteration. Otherwise, go to Evaluation.

4. Evaluation : The optimal average profit is approximated by g = (b, + b,,)/2. Stop the procedure.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


