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ABSTRACT. Using the Lukasiewicz 3-valued implication operator, the notion of an («, 3)-
intuitionistic fuzzy left ( right ) h-ideal of a hemiring is introduced, where o, 8 € { €, q, €
Ag, € Vq}. We define intuitionistic fuzzy left ( right ) h-ideal with thresholds (s, t) of a
hemiring R and investigate their various properties. We characterize intuitionistic fuzzy
left ( right ) h-ideal with thresholds (s,t) and («, 3)-intuitionistic fuzzy left ( right ) h-
ideal of a hemiring R by its level sets. We establish that an intuitionistic fuzzy set A of a
hemiring R is a (€, €) (or (€, € Vg ) or (€ Ag, €) )-intuitionistic fuzzy left ( right ) h-ideal
of R if and only if A is an intuitionistic fuzzy left ( right ) h-ideal with thresholds (0, 1)
(or (0,0.5) or (0.5,1)) of R respectively. It is also shown that A is a (€,€) (or (€, € Vq
) or (€ Ag, €) )-intuitionistic fuzzy left ( right ) h-ideal if and only if for any p € (0, 1]
(or p € (0,0.5] or p € (0.5,1] ), A, is a fuzzy left ( right ) h-ideal. Finally, we prove that
an intuitionistic fuzzy set A of a hemiring R is an intuitionistic fuzzy left ( right ) h-ideal
with thresholds (s,t) of R if and only if for any p € (s,t], the cut set A, is a fuzzy left (
right ) h-ideal of R.

1. Introduction

In abstract algebra, algebraic structures like semirings, play an important role
in mathematics and numerous applications of this fundamental structures are seen
in many disciplines such as combinatorics, functional analysis, graph theory, theo-
retical computer sciences, automata theory, information sciences, quantum physics,
control engineering, discrete event dynamical systems and so on. From an algebraic
point of view, hemirings (see [14, 16]) (semirings with zero and commutative addi-
tion) are an important generalization of rings. Ideals of semirings play a vital role
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in structure theory and are useful for many purposes.

Fuzzy set was introduced by Zadeh [24] in 1965, and since then the researchers
have been carrying out research in various concepts of abstract algebra in fuzzy set-
ting. Fuzzy subgroups of a group was introduced by Rosenfeld [21] in 1971. Con-
sequently, many generalizations of this fundamental concept have been done. As
an important generalization of Rosenfeld’s fuzzy group, Bhakat and Das in [4, 5, 6],
defined a new kind of fuzzy subgroups of a group using the notion of belongs to (€)
and quasi-coincident of a fuzzy point to a fuzzy set of the group. Based on that,
Dudek et al., [11] introduced different types of («, 3)-fuzzy ideals of a hemiring.
Davvaz et al. in [9, 10], generalized the concept to H,-submodules and redefined
fuzzy H,-submodules by applying many valued implication operators. As a gen-
eralization of a fuzzy set, intuitionistic fuzzy set was introduced by Atanassov [1],
also see [2, 3]. Since then various concepts of fuzzy setting has been generalized to
intuitionistic fuzzy set. Different types of (a, §)-intuitionistic fuzzy subgroups A of
a group using the notions of grades of a fuzzy point belongs to A or quasi-coincident
with A or belongs to and quasi-coincident (€ Aq) or belongs to or quasi-coincident
(€ Vq) has been introduced in [22].

In this article, using the notions of grades of a fuzzy point an («, §)-intuitionistic
fuzzy h-ideals is defined by applying the Lukasiewicz 3-valued implication operator.
We define intuitionistic fuzzy h-ideals with thresholds (s,t) of a hemiring R . It
is established that, for o #£€ Agq, the support of an (a, 3)-intuitionistic fuzzy left
( resp. right) h-ideal of a hemiring R is a left ( resp. right) h-ideal R. We prove
that the level set of an intuitionistic fuzzy left ( resp. right) h-ideal with thresholds
(s,t) of a hemiring R is a left ( resp. right) h-ideal of R. We obtain necessary and
sufficient conditions between (¢, 3)-intuitionistic fuzzy left ( resp. right) h-ideal
and intuitionistic fuzzy left ( resp. right) h-ideal with thresholds (s,t). It is estab-
lished that an intuitionistic fuzzy set A of a hemiring R is a (€, €) (or (€,€ Vq )
or (€ Ag, €) )-intuitionistic fuzzy left ( resp. right) h-ideal of R if and only if A is
an intuitionistic fuzzy left ( resp. right) h-ideal with thresholds (0,1) (or (0,0.5) or
(0.5,1)) of R respectively. We establish that A is a (€, €) (or (€,€ Vq ) or (€ Aq, €)
)-intuitionistic fuzzy left ( resp. right) h-ideal of a hemiring R if and only if for any
p € (0,1] (or p € (0,0.5] or p € (0.5,1] ), A, is a fuzzy left ( resp. right) h-ideal of
R respectively. Finally, we show that an intuitionistic fuzzy set of a hemiring is an
intuitionistic fuzzy left ( resp. right) h-ideal with thresholds (s, t) of the ring if and
only if for any p € (s,t], the cut set A4, is a fuzzy left ( resp. right) h-ideal of R.

2. Preliminaries

A semiring is an algebraic system (R,+,.) consisting of a nonempty set R
together with two binary operations on R called addition and multiplication (de-
noted in the usual manner) such that (R,+) and (R,.) are semigroups and for all
x,y,z € R, the following distributive laws hold:

x(y+2) =ay+xz and (z+y)z = 2z + yz.

An element 0 € Rsuch that 0z =20 =0and 0+z=x+0=z forallz € R is
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known as zero. A semiring with zero and a commutative semigroup (R, +) is called
a hemiring.

A nonempty subset A of R is said to be a left ( resp. right) ideal if it is closed
with respect to the addition and satisfies RA C A (resp. AR C A). A left ( resp.
right ) ideal A is called a left ( resp. right ) h-ideal if for any x,z € R and a,b € A,
r+a+z=0b+zimplies x € A.

A Fuzzy set is defined as follows:

Definition 2.1([24]). By a fuzzy set of a non-empty set X, we mean any mapping
p from X to [0, 1]. By [0,1]* we will denote the set of all fuzzy subsets of X.

For each fuzzy set p in X and any « € [0, 1], we define two sets,

Ulp.0)={x € X|u(x) > a} and L(n,a) = {o € X|u(x) < a},

which are called an upper level cut and a lower level cut of u respectively. The
complement of u, denoted by €, is the fuzzy set on X defined by uc(x) =1 — p(z).

Definition 2.2([4]). Let € X and ¢ € (0,1], then a fuzzy subset p € [0,1]% is

called a fuzzy point if
() = t, ify=u;
oY= 0, fory# .
and it is denoted by x4.

Definition 2.3([4]). Let u be a fuzzy subset of X and z, be a fuzzy point. Then
(1) If p(x) > a, then we say x, belongs to u, and is denoted z, € .
(2) If p(z) +a > 1, then we say z, is quasi-coincident with p, and is denoted
Taqpt.
(3) x4 € ANqu & 4 € p and xoqpu.
(4) x4 € Vau & x4 € p OT Toqp.

The symbol @ means that a does not hold.

Let p,o € [0,1]%, then the intersection and union of ;1 and o are given by the
fuzzy sets pNo and pU o and are defined as follows:

(1) (1N 0)(2)= () A o(a);

2)(nUo)(x)= p(@)Vo(z),
where pu(z) A o(z) = min{p(z),o(x)} and p(z) vV o(z) = maz{p(x),o(x)}.

Definition 2.4([17]). A fuzzy set u of a hemiring R is called a fuzzy left ( resp.
right ) ideal, if for all z,y € R the following two conditions hold:

(1) plz +y) = p(z) A p(y);

(2) lyz) > () (resp. ploy) = plz) ).

Definition 2.5([17]). A fuzzy set u of a hemiring R is called a fuzzy left ( resp.
right) h-ideal, if p is a fuzzy left ( resp. right ) ideal and for all a,b,z,z € R the
following condition hold:

r+a+z=b+z— pu(x) > pla) A pb).
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An Intuitionistic fuzzy set (abbreviated as IFS) introduced by Atanassov in [1]
is defined as follows:

Definition 2.6. An intuitionistic fuzzy set in a non-empty set X, is an object of
the form

A = {(z,pa(x),va(z))|lr € X}, where pa and va, fuzzy sets in X, denote the
degree of membership (namely pa(z)) and the degree of non-membership (namely
va(x)) of each element z € X to the set A respectively, and 0 < pa(x)+va(z) <1
for all x € X. By IFS(X) we denote the set of all IF'Ss of X.

For our convenience we shall use the notation A(xz) > B(z), when pa(z) >
up(x) and va(z) < vp(zx) for all z € X.

Definition 2.7([12, 13]). An IFS A= (ua,v4) on a hemiring R is called an intu-
itionistic fuzzy left h-ideal (IF left h-ideal for short) if

(1) pa(z+y) = pa(@) A pay);

(2) va(z +y) <valz) Vrva(y);

(3) pa(yz) = pa();

(4) va(yz) < va(z);

B)x+a+z=b+z— pa(z) > pala) A pa(d);

(6) xr+a+z=b+z—va(x) <vala) Vva(b), hold for all a,b,z,y,z € R.

AnTFS A = (ua, va) satisfying the first four conditions is called an intuitionistic
fuzzy left ideal. The family of all intuitionistic fuzzy left h-ideals of a hemiring R
will be denoted by IFI(R).

Definition 2.8([23]). Let A = (pa,v4) be an IFSs of X, and a € [0,1]. Then
(1)

1, if pa(z) > g
Ag(x) = ¢ 5, if pa(z) <a<1—wvu();
0, fora>1—wva(x).
and
1, if pa(z) > a;
Ag(x) = ¢ %, if pa(z) <a<1—wvu(2);
0, fora>1—wvu(x).
are called the a-upper cut set and a- strong upper cut set of A, respectively.
(2)
1, ifva(z) >
A%x) = ¢ %, ifva(z) <a<1—pa();
0, fora>1-—pa(z).
and
1, ifva(x) > a;
Ho) =43, ifva(z) <a<1—pas(x);
0, fora>1—pa(x).
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are called the a-lower cut set and a- strong lower cut set of A, respectively.
3)

if pa(z)+a>1,;

ifva(z) <a<l—pa(z);

for a < vu(x).

A[a] (33) =

O = =

and

if pa(z)+a > 1;

ifva(z) <a<1-—pa(x);
for a < vy (x).

A[Q] (:L‘) =

O = =

are called the a-upper Q-cut set and a- strong upper Q-cut set of A, respectively.
(4)

if va(z)+a>1;

if pa(z) <a<1l—wva(z);

for a < pa(x).

Aldl () =

O = =

and

ifvg(x)+a>1;

if pa(z) <a<1l—wva(z);
for a < pa(x).

Ald(z) =

O = =

are called the a-lower Q-cut set and a- strong lower QQ-cut set of A, respectively.
Property 2.9. (1) Ay(x) = A1_a(7); (2) Aa C A, (3) a <b= Ay D Ay.

Definition 2.10([22]). Let A = (1a,v4) be an IFS of X, and a € [0,1],2 € X.
Then

(1) The grades of z, € A and z,qA denoted by [z, € A] and [z,qA] respectively
are given by the following relations:

[ta € A] = Au(x) and [1,qA] = Apg(z).

(2) The grades of z, € AgA and z, € VgA denoted by [z, € A¢A] and [z, €
VqA] respectively are given by the following relations:

[Ta € NGA] = [14 € A] A [14qA] = Au(m) N Alg) ()
and
[Ta € VaA] = [14 € AV [24qA] = Au(z) V A ().

(3) The grades of z,€A and x,gA denoted by [z,€A] and [x,7A] respectively
are given by the following relations:

[£,€A] = A%(z) and [z,gA] = Aldl(z).
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(4) The grades of x,€ AgA and x,€ VgA denoted by [z,€ AgA] and [z,E VgA]
respectively are given by the following relations:

[2,€ AGA] = [2,€ V GA] = [1,EA] V [2,GA] = A%(z) v Aldl(z)
and

[£,€ VqA] = [2,€ AGA] = [2,€A] A [2,GA] = A%(z) A Al (z).

5 0 1/2 1
0 1 1 1
1/2 172 1 1
1 0 1/2 1

Table 1: The table of truth value of Lukasiewicz implication.

Property 2.11([22]). (1) [z,€A] = [z, € A%, [2,G4] = [2,qA°].
(2) [z.€ NGA] = [zq € NGA®], [2,€V A] = [z, € VgA?].

(3) [:Eaf (ﬂteT Al = /\teT[xiE Al [xaQ(UteT A = VteT[xan]-
(4) [xae(UteT Ayl = /\teT[xaeA]’ [faq(ﬂteT Ayl = VteT[xan]'

In the following sections we present our main results.

3. (a, B)-intuitionistic Fuzzy Ideals

Let R be a hemiring and «, § € {€, q, € Aq, € Vq}. Then for a € [0,1], x € R,
x4 is a fuzzy point and [z,aA], [z,04] € {0,1/2,1}.

Definition 3.1. Let R be a hemiring and A = (14,v4) be an IF set in R. If for
any «a, 8 € {€, q, € Aq, € Vgq}, s,t € (0,1], the following conditions are satisfied
(1) for all z,y € R, ([xsad] A [y A] — [(zs + y)BA]) = 1;
(2) for all z,y € R, ([xsad] — [(yszs)BA]) =1,
(resp. ([xzsad] — [(zsys)BA]) =1 );
then A is called an («, §)- intuitionistic fuzzy left ( resp. right) ideal of R, where
s+ yr = (& + Y)snt, and ysxs = (yx)s ( resp. zsys = (2y)s).

It is noted that, for p, ¢ € {0, 1/2, 1}, we have from the Tablel, (p — q) =
1< g > p. Therefore, Definition 3.1. is equivalent to the following definition.

Definition 3.2. Let R be a hemiring and A = (14,v4) be an IF set in R. If for
any «a, 8 € {€, q, € Aq, € Vgq}, s,t € (0, 1], the following conditions are satisfied
(1) for all z,y € R, [(zs + yt)BA] > [zsad] A [y Al;
(2) for all z,y € R, [yszs[8A] > [zsaA],
(resp. [zsysBA] = [zsad] );
then A is called an («, §)- intuitionistic fuzzy left ( resp. right) ideal of R, where
Ts+Yp = (1‘ + y)s/\t’ and yszs = (y$)s ( resp. TsYs = (xy)b)
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Theorem 3.3. Let A = (ua,va) be a non-zero (i.e.A # (0,1)) (o, B)-intuitionistic
fuzzy left ( resp. right ) ideal of a hemiring R. If a #€ Nq, then Ag is a fuzzy left
( resp. right ) ideal of R.

Proof. To show (1) for all z,y € R, Ap(x +y) > Ap(z) A Ao (y),

(2) for all z,y € R, Ag(yz) > Ao(z), ( respectively Ao(zy) > Ao(x) )

(1) First we show Ag(z) A Ag(y) =1 = Ap(z +y) = 1.

Let Ag(x) A Ap(y) = 1. Then Ag(x) = 1, Ag(y) = 1, and so pa(z) > 0,
pa(y) > 0. Put t = pa(z) A paly), then ¢ > 0. Therefore, we must have s € (0,1
such that 0 < 1 — s <t = pa(x) A pa(y). Also, we have pa(x) > t, paly) > t.
Thus we have [z, € A] =1, [y € A] =1, [z,¢A] =1 and [ysqA] = 1.

If « =€ or @ =€ Vq, then [z;aA] = 1, [yraA] = 1, and so for 8 € {€, ¢, €
Ag, € Vq} we have from Definition 3.2., 1 > [(z; + y¢)BA] > [x:a@A] A [yraA] = 1.
Therefore,

[(z +y)eBA] =1,

= either Ay(z +y) =1or Ay(z+y) =1,

= either pa(z+y) >t >0o0r pa(z+y)>1—-1t>0,

= pa(z+y)>0=Ag(z+y) =1

If @ = ¢, then [z;0A] = 1 and [ysad] = 1, and so for 8 € {€, ¢, € Aq, € Vg¢}
we have from Definition 3.2., 1 > [(xs + ys)8A4] > [zsaA] A [ysaA] = 1. Therefore,

[(l‘ + y)sﬁA] =1,

= either A,(z +y) =1 or Ag(z+y) =1,

= either pa(z+y) >s>0or pa(zx+y) >1—-5>0,

= palr+y)>0=Ag(z+y)=1.

Next we claim Ag(x)AAo(y) = 1/2 = Ag(x+y) > 1/2. Let Ag(x)AAp(y) = 1/2.
Then Ag(x) > 1/2 and Ag(y) > 1/2, and so va(z) < 1 and v4(y) < 1. Thus
va(z) Vvaly) < 1. So, there exists s,t € (0,1) such that va(x) Vva(y) <1—t <
s < 1. Then 0 < t < 1—vwa(x)Vrvaly) = (1 —va(x)) A (1 —va(y)) implies
1—va(z) >tand 1 —vy(y) > ¢ Thus [z, € A] > 1/2 and [y: € A] > 1/2. Also,
va(z) Vva(y) < s < 1implies, va(z) < s and v4(y) < s. Thus [zsgA] > 1/2 and
[ysqA] > 1/2.

If o =€ or a =€ Vg, then [z:aA] > 1/2, [yrad] > 1/2, and so for § € {€, ¢, €
Ag, € Vq} we have from Definition 3.2., [(z: + y¢)BA] > [zraA] A [yraA] > 1/2.
Therefore,

= Az +y)>1/20r A[ﬂ(:p—i—y) >1/2,

svalz+y) <l—t<l—0orva(z+y)<t<1l-0,

=va(r+y)<1-0= Ag(x+y) >1/2.

If a = ¢, then [z,aA] > 1/2 and [ysad] > 1/2, and so for 8 € {€, q, € Aq, €
Vq} we have from Definition 3.2., [(zs+ys)BA] > [xsaA]A[ysaA] > 1/2. Therefore,

[(z +y)sBA] > 1/2,

= either A;(z +y) > 1/2 0or Ag(z+y) >1/2,

= either va(z +y) <1l—s<lorva(lz+y) <s<lI,

= valz+y) <1l= Ag(z+y) >1/2.
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Hence we have Ag(z +y) > Ao(z) A Ag(y), for all z,y € R.

(2) First we prove, Ap(x) = 1 = Ag(yx) = 1. Let Ag(z) = 1. Then we have
wa(z) > 0. Put t = pa(x), then t > 0. Therefore, we must have s € (0,1) such
that 0 <1—s <t = pa(x). Thus [z, € A] =1 and [zsqA] = 1.

If @« =€ or @ =€ Vg, then [z;ad] = 1, and so for 3 € {€, ¢, € Aq, € Vq} we
have from Definition 3.2., 1 > [y,a¢8A] > [z1aA] = 1. Therefore,

[(y)eBA] = 1,

= either A;(yx) =1 or Ay(yz) =1,

= either pa(yz) >t >0o0r pa(yz) >1—-1t>0,

= pa(yr) > 0= Ap(yz) = 1.

If o = g, then [x5gA] = 1, and so for 8 € {€, ¢, € Nq, € Vq} we have from
Definition 3.2., 1 > [(yszs)BA] > [xsaA] = 1. Therefore,

[(yx)sﬁA] - ]-

= either A (yz) =1 or A(yx) =1,

:>eitheruA( x)>s>0o0r pa(yr) >1—52>0,

= 1a(yz) > 0 = Ag(yz) = 1.

Next we show, Ap(z) = 1/2 = Ag(yx) > 1/2. Let Ap(z) =1/2. Then va(z) <
1. So, there exists s,t € (0,1) such that va(z) < 1 -t < s < 1. Then 0 <
t < 1—va(x), and so Ay(x) > 1/2. Thus [z; € A] > 1/2 and Ajg(z) > 1/2 =
[zsqA] > 1/2.

If & =€ or a =€ Vg, then [z:@A] > 1/2, and so for 3 € {€, q, € Aq, € Vq} we
have from Definition 3.2., [y:z:8A] > [riaA] > 1/2. Therefore,

[(y2)eBA] > 172,

= either A;(yx) > 1/2 or Ay(yz) > 1/2,

= either va(yz) <1—-t<1—-0o0rva(yz) <t<1-0,

=v4(yr) <1—-0= Ag(yx) > 1/2.

If @ = g, then [zsaA] > 1/2, and so for 8 € {€, ¢, € Nq, € Vq}, we have from
Definition 3.2., [yszsS8A] > [xsaA] > 1/2 . Therefore,

[(yx)sBA] > 1/2,

= either A,(yxz) > 1/2 or Ay (yx) > 1/2,

= either va(yz) <1—s<1lorva(yz) <s<1l,

= va(yr) < 1= Ag(yz) > 1/2.

Thus we have Ag(yx) > Ag(x), for all z,y € R. Similarly, if A is an (¢, 8) IF
right ideal of R, then Ag(xy) > Ao(x), for all z,y € R. Hence Ay is a fuzzy left (
resp. right) ideal of R. O

Definition 3.4. Let A = (ua,v4) be an intuitionistic fuzzy set in X. Then by the
support of A, we mean a crisp subset, A* of X, and it is defined as follows:

A" ={z € X|pa(z) V(1 —va(x)) >0}

That is , A* = {z € X|Ap(z) > 0}.

Theorem 3.5. Let A = (pa,va) be a non-zero («, B)-intuitionistic fuzzy left (
resp. right ) ideal of a hemiring R. If « #£€ Ng, then the support A* is a left ( resp.
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right ) ideal of R.

Proof. Let z,y € A* and r € R. Then Ag(z) > 0 and Ag(y) > 0. From Theorem
3.3., we have Ag(z +y) > Ao(x) A Ag(y) > 0. Thus x +y € A*. Also, Ap(rz) >
Ap(z) > 0, because Ap(z) > 0, and so rz € A*. Similarly, zr € A* if A is an
(v, B)-intuitionistic fuzzy right ideal of a hemiring R. Hence A* is a left (right)
ideal of R. O

4. (o, f)-intuitionistic Fuzzy h-ideals

Definition 4.1. Let R be a hemiring and A = (ua,v4) be an IF set in R. If
for any o, 8 € {€, q, € Aq, € Vq}, s,t € (0,1], A is an («, 8)- intuitionistic fuzzy
left ( resp. right) ideal of R and for all z,z,a,b € R, x + a + z = b+ z implies
([asaA] A [braA] — [zsatBA]) = 1, then A is called an («, 3)- intuitionistic fuzzy
left ( resp. right) h-ideal of R.

In view of Tablel, the Definition 4.1. is equivalent to the following definition.

Definition 4.2. Let R be a hemiring ring and A = (pa,v4) be an IF set in R. If
for any o, 8 € {€, q, € Aq, € Vq}, s,t € (0,1], A is an («, 8)- intuitionistic fuzzy
left ( resp. right) ideal of R and for all z,z,a,b € R, x + a + z = b+ z implies
[xsptBA] > [asaA] A [biaA], then A is called an («, §)- intuitionistic fuzzy left (
resp. right) h-ideal of R.

It is noted that a (€, €)-IF h-ideal is also a (€, € Vq)-IF h-ideal.

Theorem 4.3. Let A = (uua,va) be a non-zero («, B)-intuitionistic fuzzy left (
resp. right ) h—ideal of a hemiring R. If a #€ Aq, then Ag is a fuzzy left ( resp.
right ) h-ideal of R.
Proof. In view of Theorem 3.3, it is sufficient to show that for all x,z,a,b € R,
z+a+z=>b+zimplies Ag(z) > Ap(a) A Ag(b).

Let z,z,a,b € R be such that x +a + z = b+ z. First we show Ag(a) A Ag(b) =

Let Ag(a)AAp(b) = 1. Then Ag(a) =1, Ag(b) =1, and so pa(a) > 0, pa(b) > 0.
Put t = pa(a) A pa(b), then ¢ > 0. Therefore, we must have s € (0,1) such that
0<1l—s<t=pala)Apa(d). Also, we have pa(a) > t, pa(b) > t. Thus we have
[a: € Al =1, [by € A] =1, [asqA] = 1 and [bsqA] = 1.

If « =€ or a =€ Vg, then [a;aA] =1, [bjaA] = 1, and so for 5 € {€, q, € Aq, €
Vq} we have from Definition 4.1., 1 > [2;8A4] > [a;aA] A [biaA] = 1. Therefore,

[l‘tﬁA] = 17

= either Ay(z) =1 or Ay(z) =1,

= either pa(z) >t >0o0r pa(z) >1—-t>0,

= pa(x) > 0= Ag(x) = 1.

If o = g, then [asaA] = 1 and [bsaA] = 1, and so for 8 € {€, ¢, € Aq, € Vq}
we have from Definition 4.1., 1 > [x;0A4] > [asaA] A [bsacA] = 1. Therefore,

[1'5614} =1,
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= either A (z) =1 or Ay(z) =1,

= either pa(z) > s>0o0r pa(z) >1—-5>0,

= pa(z) > 0= Ag(z) = 1.

Next we claim Ag(a) A Ap(b) = 1/2 = Ag(x) > 1/2. Let Ap(a) A Ap(b) = 1/2.
Then Ag(a) > 1/2 and Ag(b) > 1/2, and so va(a) < 1 and v4(b) < 1. Thus
va(a)Vra(b) < 1. So, there exists s,t € (0,1) such that va(a) Vra(h) <1—-t <s <
1. Then 0 <t < 1—v4(a)Vra(b) = (1—va(a))A(1—v4(b)) implies 1—v4(a) > t and
1—wv4(b) >t. Thus [a; € A] > 1/2 and [b, € A] > 1/2. Also, va(a)Vra(b) <s<1
implies, v4(a) < s and v4(b) < s. Thus [asgA] > 1/2 and [bsqgA] > 1/2.

If &« =€ or a =€ Vg, then [a;aA] > 1/2, [biaA] > 1/2, and so for 8 € {€, ¢, €
Ag, € Vq} we have from Definition 4.1., [x;5A] > [araA] A [braA] > 1/2. Therefore,

[z:8A] > 1/2,

= Ay(z) > 1/2 or Apy(x) >1/2,

= va(r) <1—t<l—0oruyz)<t<l-0,

=v4a(x) <1—-0= Ag(x) > 1/2.

If & = g, then [a;aA] > 1/2 and [bsaA] > 1/2, and so for 8 € {€, q, € Agq, € Vq}
we have from Definition 4.1., [xs8A] > [asaA] A [bsaA] > 1/2. Therefore,

[xsBA] > 1/2,

= either A (z) > 1/2 or A (z) > 1/2,

= either v4(z) <1—s<1lorva(z) <s<l,

=va(z) <1= Ag(x) > 1/2.

Thus we have for all z, z,a,b € R, x+a+z = b+b implies Ag(x) > Ap(a)AAy(b).

Hence Ay is a fuzzy left ( resp. right) h-ideal of R. O

Theorem 4.4. Let A = (pa,va) be a non-zero («, 3)-intuitionistic fuzzy left (
resp. right) h-ideal of R. If a #€ Aq, then the support A* is a left (resp. right)
h-ideal of R.

Proof. In view of Theorem 3.5., it is sufficient to show for all x,z € R, a,b € A*,
x+a+z=">b+ z implies x € A*. Now a,b € A* implies Ag(a) > 0 and Ag(b) > 0.
Since x + a + z = b+ z, so by Theorem 4.3. we have Ag(z) > Ag(a) A Ag(b) > 0.
Hence x € A*. O

5. Intuitionistic Fuzzy h-ideals with Thresholds

Definition 5.1. Let A = (u4,v4) be an intuitionistic fuzzy set of a hemiring R.
Then A is said to be an intuitionistic fuzzy left ( resp. right) h-ideal with thresholds
(s,t) of R, if it satisfies the following properties:

(1) for all z,y € R, pa(z +y) Vs > pa(@) Apa(y) At;

(2) for all z,y € R, va(x +y) A(1 —s) <wa(x) Vvaly) V(1 —1t);

(3) for all z,y € R, pa(yz)V s> pa(z)At,

(resp. pa(wy) Vs > pa(z) At );

(4) for all z,y € R, va(yx) AN (1 —s) <wg(x) V(1 —1),

(xesp. va(zy) A (1— ) < va(z) v (1-1) )

(5) for all z,2,a,b € R, x + a+ 2z = b+ z implies pa(x) Vs > pala) Aua(b) At;
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(6) for all x,z,a,b € R, x+a+ 2z =>b+ z implies va(z) A (1 —s) < vala) V
va(b) vV (1 —1t),
where s,t € [0, 1].

An IFS A = (ua,va) of R satisfying the first four conditions is called an intu-
itionistic fuzzy left ( resp. right ) ideal with thresholds (s,t) of R.

Theorem 5.2. An IF set A = (ua,va) in a hemiring R, is an intuitionistic fuzzy
left ( resp. right) h-ideal with thresholds (0,1) of R if and only if A is an intuition-
istic fuzzy left ( resp. right ) h-ideal of R.

Example 5.3. Consider the hemiring R = {0, 1,2, 3} with addition and multipli-
cation operations defined as follows:

+ 0 1 2 3
0 0 1 2 3
1 1 1 2 3
2 2 2 2 3
3 3 3 3 2
and

. 0 1 2 3
0 0 0 0 0
1 0 1 1 1
2 0 1 1 1
3 0 1 1 1

Let A = (pa,va) be an IFS in R defined by p4(0) = 0.4, p(x) = 0.2 and pa(0) =
0.2, v4(x) = 0.7 for  # 0. Then A is an IF h-ideal of R (See [12]). It can be easily
verified that A is an (€, €), (€, € Vq)-IF h-ideal of R. Moreover, A is an IF h-ideal
of R with thresholds (0,1).

Definition 5.4. Let A = (p4,v4) be an intuitionistic fuzzy set in X and « € [0, 1].
Then by a a-level set of A, we mean a crisp subset, Az of X, and it is defined as

follows:
Az ={z € X|[zo € 4] > 0}

Theorem 5.5. Let A = (pa,va) be an intuitionistic fuzzy left ( resp. right ) h-ideal
with thresholds (s,t) of R. If for any p € (s,t], Ay is a non-empty subset of R, then
Ap is a left (resp. right ) h-ideal of R.

Proof. Let z,y € Ay = {z € R|[z, € A] > 0}. Then [z, € A] > 0 and [y, € 4] >0,
which implies p < 1 —va(z) and p < 1 —va(y). Now va(z +y) A(1 —s) <
(va(x)Vra(y))V(1—t), implies (1 —va(z+y))Vs > (1—va(z))A(1—va(y)) At >
pApAt =p. Thus 1 —va(z+y) > p, and so [(z+y), € A > 1/2 > 0.
Therefore, z +y € Ap. Let r € R. Now va(rz) A (1 —s) <wa(z) V(1 —t), implies
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(I —valrz)) Vs > (1 —va(x)) ANt > pAt =p. Thus 1 —va(rz) > p, and so
[(rz), € A] > 1/2 > 0. Therefore, rz € Ap. Similarly, if A is an intuitionistic fuzzy
right h-ideal with thresholds (s, t) of R, then we have zr € Ag. Finally, let a,b € Az
, &,z € R be such that x +a+ 2z = b+ z. Then [a, € A] > 0 and [b, € A] > 0, which
implies p < 1—v4(a) and p < 1—v4(b). Now va(x)A(1—5) < (va(a)Vra(b))Vv(1—t),
implies (1—v4(x))Vs > (1—va(a))AN(1—va(b))At > pApAt = p. Thus 1—va(z) > p,
and so [(z), € A] > 1/2 > 0. Therefore, 2 € A5. Hence Ay is a left ( resp. right)
h-ideal of R. O

Theorem 5.6. An IFS A = (ua,va) of a hemiring R is a (€, €)-intuitionistic
fuzzy left ( resp. right ) h-ideal of R if and only if A is an intuitionistic fuzzy left (
resp. right ) h-ideal of R with thresholds (0,1).

Proof. Suppose, A = (ua,va) is a (€, €)-intuitionistic fuzzy left ( resp. right )
h-ideal of R. To show A is an intuitionistic fuzzy left ( resp. right ) h-ideal of R
with thresholds (0,1). i.e. to show

) for all w,y € R, pa(z+y) = pa(z) A pa(y);
2) for all z,y € R, va(z +y) <va(z) Vva(y);

) for all 2,y € R, pa(yr) > pa(z), (resp. pa(zry) > pa(x) );
) for all x,y € R, va(yz) < va(x), (resp. va(ay) <wva(z) );
) for all x,z,a,b € R, x+a+ 2z =0b+ z implies pa(x) > pa(a) A pa(b);
)forall ,z,a,b € R, x+a+ z=0b+ z implies va(z) < va(a) Vva(bh).
) Let t = pa(z) A pa(y), then pa(x) > t and pa(y) > ¢, which implies

Ai(xz) =1and Ai(y) =1, and so [xs € A] =1and [y € A] = 1. Now 1 > [(z:+yt) €

Al >z, e ANy € Al =1= (x+y) € Al=1= palz+y) >t = pa(z) Apaly).

(2) If va(z+y) = 0, then it is obvious. Let s = va(x+y) > 0 and let ¢ € [0, 1] be
such that t > 1—s = 1—v4(z+y), then we have 0 = [(xy+y;) € A] > [z € A]A [y, €
A= [zr € AINy: € A)=0= [z € Al =0o0r [y € A] = 0i.e., either t > 1—vy(x)
ort>1—va(y) = either va(z) >1—torvaly) >1—t=va(z)Vraly) >1—t.
Therefore, va(x)Vva(y) > V{1—tlt >1—s} =V{l—tls>1—-t} =s=va(z+y).
Thus va(z +y) <wva(x) Vwva(y).

(3) Let t = ppa(z). Then A (z) =1, and so [z, € A] = 1. Now 1 > [(yeze) €
Al > zr € Al=1= [(yx): € Al =1 = pa(yz) >t = pa(x). Similarly, if A is a
(€, €)-intuitionistic fuzzy right h-ideal of R, then we have p4(xy) > pa(z) .

(4) If va(yz) = 0, then it is obvious. Let s = va(yz) > 0 and let ¢ € [0, 1]
be such that ¢ > 1 — s = 1 — vu(yz), then we have 0 = [(yx); € A] >
[, € A] = [z, € Al = 0 =t > 1 —va(x) = va(z) > 1 —¢t. Therefore,
va(z) > V{1-t|t > 1-s} = V{l—t|s > 1—t} = s =va(yx). Thus va(yz) < va(z).
Similarly, if A is a (€&, €)-intuitionistic fuzzy right h-ideal of R, then we have
va(zy) <wva(z).

(5) Let t = pa(a) A pa(d), then pa(a) > ¢ and pa(b) > ¢, which implies

(@) = 1 and Ay(b) = 1, and so [a; € A] = 1 and [by € A] = 1. Now
1>xm Al >[ar € AINb e Al=1=[r, € Al =1= pa(z) >t =pa(a)Apa(d).

(6) If v4(x) = 0, then it is obvious. Let s = v4(z) > 0 and let ¢ € [0, 1] be such
that t > 1 —s =1—wva(z), then we have 0 = [x: € A] > [ar € A] A [by € A] =

(1
(
(3
(4
(5
(6
(1
) =
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[a: € AJA[by € A]=0=[ar € A]=00or [by € A] =0 i.e., either t > 1 —wv4(a) or
t > 1—wvy(b) = either va(a) > 1 —torva(d) >1—t=va(a) Vvalb) >1—1.
Therefore, va(a) Vva(b) > V{1 —tlt > 1 —s} =V{l—t|s >1—t} =s =va(z).
Thus va(z) <va(a) Vva(b).

Conversely, we assume A is an intuitionistic fuzzy left h-ideal of R with thresh-
olds (0,1). We need to show A = (ua,v4) is a (€, €)-intuitionistic fuzzy left h-ideal
of R. Let x,y € R and s,t € (0,1]. Let r = [z, € A] A [yx € A].

Case I. r = 1. Then [z € Al = 1 and [y, € A] = 1 = pa(x) > s and
pa(y) >t = pa(@+y) > pa(@) Apaly) > sAt=[(zs +y) € Al =1
A] N [yt S A]

Case II. 7 = 1/2. Then [zs € A] > 1/2 and [y, € A] > 1/2 = 1—v4(z) > s and
L= va(y) >t = 1—va(e+1) > 1— va(@) Vraly) = (- va(@) A (1 - valy)) >
sAt=[(zs+uy) € Al > 1/2 = [xs € A] Ayt € A]. Hence [(zs +y1) € Al > [z5 €
A] AN [yt € A]

Similarly, we have for all x,z,a,b € R, x +a+ z = b+ z, it follows
[xsnt € A] > [as € A] A [be € A]. Let r = [z, € A].

Case I. r = 1. Then pa(z) > s = pa(yzr) > pa(x) > s = [yszs € Al =1 >
1=[zs € A].

CaseII. 7 =1/2. Then 1 —vy(x) > s = 1—va(yx) > 1 —va(z) > s = [ysas €
Al > 1/2 = [z € A]. Hence A is a (€, €)-intuitionistic fuzzy left h-ideal of R.

Similarly, if A is an intuitionistic fuzzy right h-ideal of R with thresholds (0, 1),
then A is a (€, €)-intuitionistic fuzzy right h-ideal of R. a

As a consequence of Theorem 5.5. and Theorem 5.6., we have the following

Theorem 5.7. Let A= (ua,va) be a (€, €)-intuitionistic fuzzy left ( resp. right)
h-ideal of a hemiring R. If for any p € (0,1], Az is a non-empty subset of R, then
Ap is a left ( resp. right ) h-ideal of R.

Theorem 5.8. An IFS A = (pua,va) of a hemiring R is a (€, € Vq)-intuitionistic
fuzzy left ( resp. right) h-ideal of R if and only if A is an intuitionistic fuzzy left (
resp. right ) h-ideal of R with thresholds (0,0.5).
Proof. Suppose, A = (ua,va) is a (€, € Vq)-intuitionistic fuzzy left ( resp. right )
h-ideal of R. To show A is an intuitionistic fuzzy left ( resp. right ) h-ideal of R
with thresholds (0,0.5).

Let x,y € R. (1) Let t = pa(x)Apa(y)A0.5, then we have pa(z) > t, pa(y) > t,
and so [z; € A] =1, [y: € A] = 1. Therefore, from definition 4.2. we have,

1> [(m+y) € VA > [z € Al A [y € A =1,

= [(zt +y) € VgA] =1,

= [(l‘t + yt) S A] \ [(J?t + yt)qA] =1,

= [(ze + ) € Al =L or [(w¢ +ye)gA] = 1,

= palr+y)>torpalz+y)+t>1,

= pualz+y)>torua(zr+y)>1—t>05>1,

= palr+y) >t = (pa(@) Apaly)) A0.5.

(2) Let va(x) Vva(y) V0.5 =1—sthen va(x) <1—sand va(y) <1-—s=
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s<1—-wva(zr)and s <1—va(y) = [xs € A] > 1/2 and [ys € A] > 1/2. Therefore,
from of definition 4.2. we have,

1> [(w+y) € VGA] > [ € A] A [ye € A] > 1/2,

= [(oe+ 91) € ALV ({0 + we)aA) = 172,

= [(xe+yr) € Al > 1/2 or [(z: + y:)gA] > 1/2,

= either s < 1—wva(x+y) or va(z+y) < s <1-—s, [since 1 —s > 0.5 so,
5 <0.5]

= va(r+y) <1—s=wva(x)Vraly) V0.5.

(3) Let t = pa(2)A0.5. This implies, pa(z) > t, and so [x; € A] = 1. Therefore,
from definition 4.2. we have,
1> [yiwe) € VgA] = [z € A] =1,

= [ytxt S \/qA] =1,

= [yxr € Al =1 or [yrxigA] =1,

= pa(yz) = tor pa(yr) +t>1,

= pa(yx) >tor pa(yz) >1—¢t>0.5 >t

Thus pa(yx) >t = pa(x)A0.5. Similarly, if A is a (€, € V¢)-intuitionistic fuzzy
right h-ideal of R, then we have pa(zy) > pa(z) A0.5.

(4) Let va(z) V0.5 = 1 — s, then we have (1 —va(z)) A 0.5 = s, and so
[zs € A] > 1/2. Thus [yszs € VgA] > [xs € A] > 1/2, [By definition 4.2.]. There-
fore, we have [ysxs € A] > 1/2 or [yszsqA] > 1/2, which implies s < 1 —wv4(yz)
or va(yr) < s < 1—s, [Since 1 —s > 0.5, so s < 0.5]. Thus va(yz) < 1—sor
va(yr) <1—s. Hence va(yz) <1—s=wva(z)V0.5. Similarly, if A is a (€, € Vq)-
intuitionistic fuzzy right h-ideal of R, then we have v4(zy) < wva(z) Vv 0.5.

Let x,2,a,b € R be such that xt +a+ 2z =b+ 2.

(5) Let t = pa(a) A pa(b) A0.5. Then we have [a; € A] = 1, [by € A] = 1.
Therefore, from definition 4.2. we have,

1> [zt € VgA] > [ar € AJ A [by € A] =1,

= [z, € VgA] =1,

= [z, € Al =1or [1,q4] =1,

= pa(z)>torpglx) >1—t>052>t¢,

= pa(x) >t =pala) Aua(d) A0.5.

(6) Let va(a) Vva(b) V0.5 =1—s, then va(a) <1—sand va(b) <1—s. Thus
we have [as € A] > 1/2 and [bs € A] > 1/2. Therefore, from definition 4.2. we
have,

1> [z; € VgA] > [ar € A] A\ [be € A] > 1/2,

= [xs € A] > 1/2 or [x:qA] > 1/2,

= either s <1 —wa(z) or va(z) < s<1—s, [since 1 —s > 0.5 s0, s <0.5]

= va(z) <1—s=wau(a)Vva(b) VO0.5.

Conversely, we assume A is an intuitionistic fuzzy left h-ideal of R with thresh-
olds (0,0.5). We claim A is a (&, € Vqg)-intuitionistic fuzzy left h-ideal of R. Let
s,t €[0,1].

(1) Let z,y € R and let a = [z € A] A [y: € A].

Case I. @ = 1. Then [z, € A] =1 and [y: € A] = 1, which implies pa(x) > s
and pa(y) >t
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If [(zs +yt) € VgA] < 1/2, then pa(z+vy) <sAtand pa(r+y) <1—sAt. Thus
0.5 > pa(z+y) = pa(z) Apaly) A05. So, pa(z +y) = pa(z) Apaly) = sAt, a
contradiction to pa(x +y) < s At . Thus we must have [(zs + y:) € Vg4] = 1.

Case II. @ = 1/2. Then [z, € A] > 1/2 and [y, € A] > 1/2, which implies
1—va(z)>sand 1 —va(y) > t. Now

L—va(@)Vvaly) = (1 —va(@)) A (1 —valy)) = s At

If [(xs+y) € V@A =0, then (1—va(z+y)) < sAtand va(z+y) > sAt. Now
from 0.5 < va(x+y) <wvalx)Vra(y) V0.5, we get va(x+vy) <va(z)Vrva(y), and
sowehave 1l —va(z+y) > 1—va(z)Vraly) =1 —va(x) A1 —va(y)) > sAt,
which contradicts (1 — va(z + y)) < s At. Therefore, we must have [(zs + yt) €
VgA] > 1/2 =[x, € A] A [y; € A]. Hence [(zs + ) € VgA] > v, € Al A [y: € A

Next we prove [yszs € VqA] > [zs € A]. Let b= [z, € A].

Case I. b= 1. Then pa(z) > s. If [yszs € VgA] < 1/2, then [yszs € A] < 1/2
and [ysxsqA] < 1/2, which implies pa(yz) < s and s < 1 — pa(yz), and hence
palyr) < s and pa(yzr) < 1 —s. Now, 0.5 > pa(yx) > pa(z) A 0.5 implies
pa(yx) > pa(z) > s, a contradiction to pa(yxr) < s. Therefore, we must have
lyszs € VgA] = 1.

Case II. b = 1/2. Then we have s < 1 — va(z). If [yszs € VgA] = 0, then
[yszs € A] = 0 and [yszsqA] = 0, which implies s > 1 — v4(yx) and s < v4(yx),
and these implies v4(yz) > 1 — s and s < vu(yx). Therefore, we have 0.5 <
va(yz) < va(x) V0.5 = va(yx) < va(z). Now, 1 —va(yz) > 1 —va(z) > s, a
contradiction to s > 1—wv4(yz). Therefore, we have [yszs € VgA] > 1/2 = [z, € A].
Hence [yszs € VgA] > [z € A].

(3) Let z,z,a,b € R be such that z + a + z = b+ 2. We claim [z,5; € VgA] >
[as € Al A [by € A]. Let ¢ = [as € A] A [by € Al

Case I. ¢ = 1. Then [as € A] =1 and [b, € A] = 1, which implies pa(a) > s
and pa(b) > t.

If [xsar € VgA] < 1/2, then pa(z) < s At and pa(xr) < 1 —sAt. Thus
0.5 > pa(x) > pala)Apa(b)AN0.5. So, pa(x) > pala)Apa(b) > sAt, a contradiction
to pa(z) < s At. Thus we must have [z35; € VgA] = 1.

Case II. ¢ = 1/2. Then [a; € A] > 1/2 and [b, € A] > 1/2, which implies
1—wva(a) > sand 1 —vu(b) > t. Now

1—va(a)Vva(b) =1 —vala)) AN(1—va(d) >sAt

If [xsae € VGA] = 0, then 1 —va(z) < s At and va(z) > s At. Now from
0.5 < va(z) <wvala) Viva(b) V0.5, we get va(z) < wva(a) Vva(b), and so we have
1—va(x) 2 1—va(a)Vra(d) = (1—va(a))A(1—v4(b)) > sAt, which contradicts to
1—va(z) < sAt. Therefore, we must have [zsn: € VgA] > 1/2 = [as € A]A[b: € A].
Hence [zsn; € V@A] > a5 € A] A [by € A].

Hence A is a (€, € Vg)-intuitionistic fuzzy left h-ideal of R. Similarly, if A is an
intuitionistic fuzzy right h-ideal with thresholds (0, 0.5) of R, then A is a (€, € Vq)-
intuitionistic fuzzy right h-ideal of R. a
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As a consequence of Theorem 5.5. and Theorem 5.8., we have the following

Theorem 5.9. Let A = (ua,va) be a (€, € Vq)-intuitionistic fuzzy left ( resp. right
) h-ideal of a hemiring R. If for any p € (0,0.5], Ay is a non-empty subset of R,
then Ag is a left ( resp. right ) h-ideal of R.

Theorem 5.10. An IFS A = (ua,va) of a hemiring R is a (€ Aq, €)-intuitionistic
fuzzy left ( resp. right ) h-ideal of R if and only if A is an intuitionistic fuzzy left (
resp. right ) h-ideal of R with thresholds (0.5,1).

Proof. Suppose, A = (ua,va) is a (€ Ag, €)-intuitionistic fuzzy left h-ideal of R.
To show A is an intuitionistic fuzzy left h-ideal of R with thresholds (0.5,1). Let
z,y € R.

(1) Let t = pa(z) Apaly). Now if pa(z +y) V0.5 <t = pa(x) A pa(y), then

pa(r) >t>05and paly) >t > 0.5,

= [z € Al =1, [2qA] =1, [y € Al =1, [yqd] =1,

= [x: € A\gA] = 1, [y € AgA] =1,

=[x+ € NGA] N\ [yr € NgA] =1,

Therefore, [(z; + yi) € A] > [z € AqA] A [y € AqA] = 1, which gives [(z; +
y) € Al = 1 = pa(x +y) > t, a contradiction to our assumption pg(x + y) <
pta(z+y) V0.5 <t Therefore, we have pa(x +y) V0.5 >t = pa(z) A pa(y).

(2) let t = 1 —s = va(x) Vva(y), then 1 —s > vu(x),1 —s > va(y). If
valx +y) AN0.5 > ¢, then we have s < 1 —wva(z), s < 1 —wvuly), valz +y) >t
and s > 0.5 > ¢, and so [zs € A] > 1/2, [ys € A] > 1/2, va(x +y) > ¢ and
s > 05 >t Also, va(z) <t < s and va(y) < ¢t < s implies [r,qA] > 1/2,
[ysqA] > 1/2. Therefore, from [(zs +ys) € A] > [zs € AGA] A [ys € AgA] > 1/2 we
have [(zs + ys) € A] > 1/2. This implies, s < 1 — v4(z + y), which contradict to
va(x +y) >t. Hence va(x +y) AN0.5 <t =wva(z)Vra(y).

(3) let t = pa(x). If pa(yz) V0.5 < t, then pa(x) =t > 0.5, and this implies
[z: € AgA] = 1. Now from [yzx: € A] > [x: € AgA] = 1, we get [yszr € A] = 1, and
so pa(yx) > t, which contradicts our assumption p(yz) < t. Therefore, we must
have pa(yz) V0.5 >t = pa(z).

(4) Let t =1 — s = va(x). Then we have [z, € A] > 1/2. If va(yx) A 0.5 > ¢,
then va(yx) > ¢t and ¢ < 0.5 < s. Therefore, va(z) = 1 —s = ¢ < s, this
implies [x5gA] > 1/2. Thus we have [x5 € A] > 1/2 and [z;qA] > 1/2, and these
imply [zs € AgA] > 1/2. Now from [yszs € A] > [zs € ANgA] > 1/2, we have
lyszs € Al > 1/2 = s < 1 —va(yx). Therefore, va(yzr) < 1 — s = ¢, which
contradicts v4(yx) > t. Hence va(yz) A 0.5 <t =wva(z).

Let z,z,a,b € R be such that xt +a+ 2z =b+ z.

(5) Let t = pa(a) A pa(b). Now if pa(x) V0.5 <t =pala) A pa(b), then

pa(a) >t >0.5and pa(b) >t > 0.5,

= [(Zt € A] = 1, [(thA} = ]., [bt € A} = ]., [bth} = ].7

= [a; € NgA] =1, [by € NgA] =1,

= [ar € NgA] A [by € NgA] =1,

Therefore, [z, € A] > [ay € NgA] A [by € AgA] = 1, which gives [z, € A] =1 =
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pa(x) > t, a contradiction to our assumption pa(z) < pa(x) V0.5 < t. Therefore,
we have pa(x) V0.5 >t = pa(a) A pa(b).

(6) let t =1 —s = vala) Vva(h), then 1 — s > vg(a),l —s > vua(b). I
va(xz) A 0.5 > t, then we have s < 1 —wvy(a), s < 1 — vu(b), va(z) > t and
$>0.5>t andso [as € A] > 1/2, [bs € A] > 1/2, va(x) >t and s > 0.5 > t. Also,
va(a) <t < sand va(b) <t < s implies [asqgA] > 1/2, [bsqgA] > 1/2. Therefore,
from [x5 € A] > [as € AgA|A[bs € AgA] > 1/2 we have [z € A] > 1/2. This implies,
s < 1—wvy(z), which contradicts v4(z) > t. Hence va(x) AN0.5 <t =wva(a)Vva(bh).

Similarly, if A is a (€ Ag, €)-intuitionistic fuzzy right h-ideal of R, then A is an
intuitionistic fuzzy right h-ideal of R with thresholds (0.5,1).

Conversely, we assume A is an intuitionistic fuzzy left h-ideal with thresholds
(0.5,1) of R. Let z,y € R and s,t € [0,1], let a = [z5 € AgA] A [y: € AgA]. Now,

Case I. a = 1. Then pa(z) > s,pa(x)+5> 1, paly) > t,pa(y) +t > 1. This
implies 4 (z) > 0.5 and pa(y) > 0.5. Now, pa(z+y) V0.5 > pa(z)Apa(y) > sAt,
implies pa(x + y) > s At, from which we get [(zs + ) € A] = 1.

Case II. a = 1/2. Then s <1 —va(x), va(zr) <s,t <1—wvaly), valy) <t,

=1—va(x) > s>va(x), 1 —valy) >t >va(y),

= va(z) < 0.5, va(x) < 0.5.

Therefore, va(z +y) A 0.5 < va(z) Vvaly) = valz +y) < va(z) Vva(y), which
implies, 1 —va(x+y) > (1—va(z))A(1—va(y)) > sAt. Thus [(zs+y:) € A] > 1/2.
Hence [(zs + yi) € A] > [xs € AGA] A [yr € AgA].

Next, let b = [z € AgA].

Case I. b= 1. Then pua(z) > s,pna(z)+s > 1. This implies, pa(x) > 0.5. Now,
pa(yx) > pa(z) > s, from which we get [yszs € A] = 1.

Case II. @ = 1/2. Then s <1 —wva(z), va(x) < s, and these imply 1 —v4(z) >
s > va(x). Therefore, we have v4(z) < 0.5.

Therefore, v4(yx) N0.5 < va(z) = va(yzr) < va(z), which implies 1 —v4(yx) >
1 —wva(x) > s. Thus [yszs € A] > 1/2. Hence [yszs € A] > [zs € A¢A].

Lastly, let x, 2,a,b € R be such that z+a+2z =b+2z. let ¢ = [as € AgA|A[b; €
NgA].

Case I. ¢ = 1. Then pa(a) > s,pa(a) +s > 1, ua(b) > t,ua(b) +t > 1. This
implies pa(a) > 0.5 and pa(b) > 0.5. Now, pa(x) V0.5 > pa(a) A pa(b) > s At,
implies pa(x) > s At, from which we get [zsa: € A] = 1.

Case II. ¢ = 1/2. Then

s<1-va(a), vala) <s,t<1—wva(b), va(d) <t,

=1—va(a) >s>va(a), 1l —va(d) >t > va(b),

= Z/A(a) < 0.5, VA(b) < 0.5.

Therefore, va(xz) A 0.5 < va(a) Vwva(b) = va(x) < va(a)V va(b), which implies,
1 —wva(x) > (1 —vala)) A(1 —va(b)) > sAt. Thus [zsn € A] > 1/2. Hence
[zsar € A] > as € AGA] A [by € NgA].

Therefore, A is a (€ Ag, €)-intuitionistic fuzzy left h-ideal of R. Similarly, if
A is an intuitionistic fuzzy right h-ideal with thresholds (0.5,1) of R, then A is a
(€ Ag, €)-intuitionistic fuzzy right h-ideal of R. O
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As a consequence of Theorem 5.5 and Theorem 5.10, we have the following

Theorem 5.11. Let A = (ua,va) be a (€ Aq, €)-intuitionistic fuzzy left ( resp.
right ) h-ideal of a hemiring R. If for any p € (0.5,1], Az is a non-empty subset of
R, then Ag is a left ( resp. right ) h-ideal of R.

Theorem 5.12.  An intuitionistic fuzzy set, A = (pa,va) of a hemiring R is
a (€, €)-intuitionistic fuzzy left ( resp. right ) h-ideal of R if and only if for any
p € [0,1], A, is a fuzzy left ( resp. right ) h-ideal of R.

Proof. Suppose, A is a (€, €)-intuitionistic fuzzy left h-ideal of R. Let 2,y € R and
p € [0,1], then

Ap(x +y) = [(+y)p € A = [(mp +uyp) € Al 2 [zp € A]A[yp € A] =
AP(‘T) I Ap(y)a

() = gy € A) > [z, € A] = Ay(a),

Let z,2,a,b € R be such that x + a+ z =b+ z. Then

Ap(z) =[xy, € Al > [a, € A]A[b, € A] = Ap(a) A Ap(D).

Hence A, is a fuzzy left h-ideal of R. Similarly, if A is a (&, €)-intuitionistic
fuzzy right h-ideal of R, then A, is a fuzzy left h-ideal of R.

Conversely, we assume for any p € [0,1], A, is a fuzzy left h-ideal of R. Let
x,y € R and s,t € [0,1]. We will prove

(1) [(zs +ye) € A] = [25 € A] A [y € A],

(2) [ysxs € A] > [zs € A], and

(3) for all z, z,a,b € R, x+a+z = b+z, implies [zsar € A] > [as € A]JA[b: € A].

(2) Let ¢ = [z5 € A]. Now,

Case I. ¢ = 1. Then A (x)
As(yx) = 1, which implies p4(yz)

Case II. ¢ = 1/2. Then A,(z)
As(yx) > 1/2, which implies s <
[yszs € A] > [z € A].

(3) Let x,z,a,b € R be such that z + a+ 2z =0+ z and s,t € [0, 1].
Let ¢ = [as € A] A [by € A]. Now,

Case I. ¢ = 1. Then As(a) = 1 and A;(b) = 1, so from Agae(z) > Asne(a) A
Aspe(b) > Ag(a) A Ap(b) = 1, we have A ae(z) = 1, which implies pa(z) > sAt
Thus [zsp: € A] = 1.

Case II. ¢ = 1/2. Then As(a) = 1/2 and A(b) = 1/2, so from Asp(z) >
Asni(a) N Asar(b) > Ag(a) A Ag(b) = 1/2, we have Agae(x) > 1/2, which implies
sAt<1—wva(z). Thus [zsac € A] > 1/2. Hence [zspr € A] > [as € A] A by € Al

In a similar manner we can prove (1). Hence A is a (€, €)-intuitionistic fuzzy
left h-ideal of R. Similarly, if for any p € [0,1], A, is a fuzzy right h-ideal of R,
then we have A is a (€, €)-intuitionistic fuzzy right h-ideal of R. O

1, so from As(yz) > As(z) = 1, we have
s. Thus [yszs € 4] = 1.

1/2, so from A,(yz) > As(x) = 1/2, we have
1 —va(yx). Thus [yszs € A] > 1/2. Hence

v

Theorem 5.13. An intuitionistic fuzzy set, A = (pa,va) of a hemiring R is a
(€, € Vg)-intuitionistic fuzzy left ( resp. right ) h-ideal of R if and only if for any
p €[0,0.5], A, is a fuzzy ( resp. right ) h-ideal of R.
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Proof. Suppose, A is a (€, € Vq¢)-intuitionistic fuzzy right h-ideal of R, then for any
p € (0,0.5] and z,y € R, we have

[xpyp € Vq| > [xp € Al = Ap(xy) \ A[g] (wy) > Ap(x>
Since 0 < p < 0.5, therefore we have p < 0.5 <1 —p. Then
Ap)(zy) = A1—p(zy) < Ap(zy) < Ap(zy)

Therefore, Ay(z) < Ay(zy) V Ap(zy) < Ap(zy) V Ap(zy) = Ap(zy), and so
Ap(zy) > Ap(z). Let z,2,a,b € R be such that  + a + z = b+ z. Then we have

[xp € Vg] = [ap € A] A [by € A] = Ap(z) V Ay (z) = Ap(a) A Ap(b)
Since 0 < p < 0.5, therefore we have p < 0.5 <1 —p. Then
Apl(z) = A1 p(z) < Ap(z) < Ap(7)

Therefore, A,(a) A Ap(b) < Ap(x) V Ap(z) < Ap(z) V Ap(z) = Ap(2), and so
Ap(z) > Ap(a) AN Ap(b). In a similar manner we can prove that for all z,y € R,
Ap(z+y) > Ap(z) NAp(y). Therefore, for any p € [0,0.5], Ay, is a fuzzy right h-ideal
of R. Similarly, if A is a (€, € Vq)-intuitionistic fuzzy left h-ideal of R, then for any
p € (0,0.5], A, is a fuzzy left h-ideal of R.

Conversely, we assume for any p € [0,0.5], A, is a fuzzy right h-ideal of R. let
s,t € [0,1] and z,2,a,b € R be such that xt +a+ 2z =b+ 2.

(1) If sAt < 0.5, then let a = [as € A] A [by € A].

Case I. a = 1. Then Ag(a) = 1 and A4(b) = 1, and so Aspae(x) > Asae(a) A
Asnt(b) > As(a) A A¢(b) = 1. Therefore, we have Agpr(z) =1 = [x50: € A] = 1.
Thus [zspt € VGA] = [xsat € A] V [zsp1gA] = 1.

Case II. @ = 1/2. Then Ag(a) > 1/2 and A(b) > 1/2, and so Asae(z) >
Aspt(a) N Aspe(b) > As(a) A Ar(b) > 1/2. Therefore, we have Agpi(z) > 1/2 =
[snt € A] > 1/2. Thus [zsar € V@A] = [zsar € A] V [25p:qA] > 1/2. Therefore,
[xsnt € VGA] > [as € A] A [by € Al

If sAt > 0.5, then let p € (0,1) such that 1 —s At <p < 0.5 < sAt. Now
Appg (1) = A1_sne(®) > Agne(x), and Apgpg (2) = Ar_sne(®) > Ap(2).

Therefore, [zsne € VgA] = [wsnt € Al V [T5p0qA] = Aspi(x) V Apng () =
Appg () > Ap(x) > Ap(a) NAp(D) > Ag(a) AN Ay(b) = [as € A]A[b; € A], and hence
[.’L’S/\t S \/qA] 2 [as S A] AN [bt S A]

In a similar manner we can prove that for all x,y € R, [(zs + yt) € V¢gA] >
[xs € A] A [by € A].

(3) If s < 0.5, then let ¢ = [z, € A].

Case I. ¢ = 1. Then A (x) = 1, therefore from As(zy) > Ag(x)
have As(xy) = 1. This implies pa(zy) > s. Therefore,[zsys € A
[xsys € VqA] = [xsys € AV [2s5ysqA] = 1.

Case II. ¢ = 1/2. Then As(z) = 1/2, therefore from As(zy) > As(z) = 1/2, we
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have s < 1 — vy(zy). Therefore, [z,ys € A] > 1/2, and so [zsys € VgA] = [xsys €
Al V [zsysqA] > 1/2. Therefore, [z5ys € V@A] > [xs € A].

If s > 0.5, then let p € (0,1) be such that 1 — s < p < 0.5 < s. Now
A (zy) = A1—s(zy) = As(zy), and A (zy) = Ai_s(zy) = Ay(zy).

Therefore, [r.ys € VgA] = [r.ys € A]V [r.ysqA] = Ag(zy) V A (ay) =
Ag(zy) > Ap(zy) > Ap(w) > As(r) = [vs € A], and hence [zsys € VgA] >
[zs € A]. Hence A is a (€, € Vg)-intuitionistic fuzzy right h-ideal of R.

Similarly, if for any p € [0,0.5], A, is a fuzzy left h-ideal of R, then A is a
(€, € Vq)-intuitionistic fuzzy left h-ideal of R. O

Theorem 5.14. An intuitionistic fuzzy set, A = (pa,va) of a hemiring R is a

(€ Ng, €)-intuitionistic fuzzy left ( resp. right ) h-ideal of R if and only if for any
€ (0.5,1], A, is a fuzzy left ( resp. right ) h-ideal of R.

Proof. Suppose, A is a (€ Ag, €)-intuitionistic fuzzy right h-ideal of R. Let

p € (0.5,1] and z,y € R, then Ap,(x) > Ap(x). Thus for all z,y € R, we have

Az +y) = [(zp +yp) € A > [z, € NGA] A [y, € NgA] = Ap(x) A Ay (z) A
Ap(y) N A (y) = Ap(x) A Ap(y). Therefore, Ay(z +y) > Ap(z) A Ap(y).

Ap(zy) = [2pyp € Al > [1, € NgA] = Ap(w) AN A (x) = Ap(w). Therefore,
Ap(zy) = Ap().

Let z,z,a,b € R be such that x +a+ 2z = b+ 2. Then A,(z) = [z, € A] > [a, €
NGA] A [by € NgA] = Ap(a) A Ap(a) A Ap(b) A Apy(b) = Ap(a) A Ap(b). Therefore,
Ap(z) > Ap(a) A Ap(b). Hence A, is a fuzzy right h-ideal of R.

Similarly, if A is a (€ Ag, €)-intuitionistic fuzzy left h-ideal of R, then for any

€ (0.5,1], A, is a fuzzy left h-ideal of R.

Conversely, we assume for any p € (0.5, 1], A, is a fuzzy right h-ideal of R. Let
x,y € R,s,t € (0,1].

(1) Let ¢ = [z5 € AGA] A [y € AgA].

Case L. ¢ =1. Then pa(z) > s, pa(z) > 1—s, pa(y) > ¢, pa(y) > 1—t. There-
fore, pa(x) > 0.5, pa(y) > 0.5. Let p = pa(z) A pa(y), then p > 0.5 and pa(z) >
D, 1ha(y) > p, and so A,(x) =1, Ap(y) = 1. Thus Ap(z+y) > Ap(z) A Ap(y) =
implies A,(z +y) =1, and so pa(x +y) > p = pa(z) A pa(y) > s At. Therefore,
(s +y) € A] = 1.

Case II. c=1/2. Then 1 —va(z) > s, s >va(x) and 1 —va(y) > ¢, t > va(y),
which imply v4(z) < 0.5,v4(y) < 0.5. Thus 1 — va(z) > 0.5, 1 — va(y) > 0.5.
Let p = (1 — va(z)) A (1 — va(y)), then p > 0.5. Therefore, Ay(z + y) >
Ap(z) NAp(y) > 1/2A1/2 = 1/2, [Since 1 —va(z) > p, 1 —va(y) > p]. This
implies 1 —va(z +vy) > p = (1 —valz)) A (1 —valy)) > s At. Therefore,
(s +y) € A] > 1/2 = [zs € AGA] A [yr € NgA].

(2) Let ¢ = [zs € NgA].

CaseI. ¢ = 1. Then we have pa(z) > s, pa(z) > 1 —s. Therefore, pra(zx) > 0.5.
Let p = pa(x), then p > 0.5 and A, (9:): . Thus A,(zy) > Ap(x )71 implies
Ap(zy) =1, and so pa(zy) > p = pa(zr) = Therefore [zsys € A] = 1.

Case II. ¢ = 1/2. Then we have 1 — va(z) > s, s > va(x), from which we
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get va(z) < 0.5. Thus 1 — va(xz) > 0.5. Let p = 1 — va(z), then p > 0.5.
Therefore, Ap(zy) > Ap(xr) = 1/2, [Since 1 — va(xz) = p |. This implies
1—va(zy) > p=1—va(z) = s. Therefore, [x5ys € A] > 1/2 = [x5 € A¢A].

(3) Let x,z,a,b € R be such that z +a+2z=b+z. Let ¢ = [as € AqA] A [b; €
NgA].

Casel.c=1. Then pa(a) > s, pa(a) >1—s, pa(b) > ¢, pa(b) > 1—t. There-
fore, pa(a) > 0.5, pa(b) > 0.5. Let p = pa(a) A pa(b), then p > 0.5 and pa(a) >
p, p1a(b) > p,and so Ay(a) =1, A,(b) = 1. Thus A,(z) > Ap(a)AA,(b) = 1 implies
Ap(z) =1, and so pa(z) > p = pa(a) A pa(b) > s At. Therefore, [zs4, € A] = 1.

CaseIl. c=1/2. Then 1 —va(a) > s, s > va(a) and 1 —v4(b) > t, t > va(b),
which implies v4(a) < 0.5,v4(b) < 0.5. Thus 1 — va(a) > 0.5,1 — va(b) >
0.5. Let p = (1 —wva(a)) A (1 —va(b)), then p > 0.5. Therefore, A,(xz) >
Ap(a) N Ay(b) > 1/2 AN1/2 = 1/2, [Since 1 — va(a) > p, 1 —va(b) > pl.
This implies 1 — va(z) > p = (1 — va(a)) A (1 — va(b)) > s At. Therefore,
[Zsnr € A] > 1/2 = [as € NgA] A [by € NgA].

Hence A is a (€ Ag, €)-intuitionistic fuzzy right h-ideal of R. Similarly, if for
any p € (0.5,1], A, is a fuzzy left h-ideal of R, then A is a (€ Ag, €)-intuitionistic
fuzzy left h-ideal of R. a

Theorem 5. 15. An intuitionistic fuzzy set, A = (ua,va) of a hemiring R is an
intuitionistic fuzzy left ( resp. right) h-ideal with thresholds (s,t) of R if and only
if for any p € (s,t], A, is a fuzzy left ( resp. right ) h-ideal of R.

Proof. Suppose, A is an intuitionistic fuzzy right h-ideal with thresholds (s, t) of R.
Let p € (s,t],z,y € R. Let c = Ap(x).

Case I. ¢ = 1. This implies pa(x) > p > s . Now, pa(zy) Vs > pa(z) Nt >
p At =p. Therefore pa(xy) > p, which implies A,(zy) = 1.

Case II. ¢ = 1/2. This implies 1 — va(z) > p. Thus va(z) <1—-p < 1-—s.
Now va(zy) AN(1—s) <wva(z) V(1 —t) < (1—p)V(1—t)=1—p, [Sincet > p].
Therefore, 1 — va(zy) > p, and so Ap(zy) > 1/2 = Ap(z). Hence Ap(zy) > Ap(z).

Similarly, we have Ap(x +y) > Ay(x) A Ap(y) for all z,2,a,b € R with
z+a+ 2z =0b+ zit follows Ay(z) > Ay(a) A Ap(b). Therefore A, is a fuzzy
right h-ideal of R. Similarly, if A is an intuitionistic fuzzy left h-ideal with thresh-
olds (s,t) of R, then A, is a fuzzy left h-ideal of R.

Conversely, we assume for any p € (s,t], A, is a fuzzy right h-ideal of R.

Let z,2z,a,b € R be such that x +a + z = b+ 2. First we show pa(x) Vs >
pa(a) A pa(d) At IE pa(z) Vs < p = pala) A pa(d) At, then p € (s,1]
and pa(a) > p,pa(d) > p. Thus from A,(x) > A,(a) A Ap(b) = 1, we have
Ap(z) =1, and so pa(x) > p, which contradicts pa(x) < p. Therefore, we have
pa(x) Vs = pa(a) Apa(b) At.

Similarly, we have pa(x +y) Vs > pa(z) Apa(y) At for all z,y € R.

Next we show pa(zy) Vs > pa(z) At for all z,y € R. If pa(zy) Vs <p=
pa(x) At, then p € (s,t] and pa(x) > p. Thus from A,(zy) > A,(z) = 1, we
have A,(zy) = 1, and so pa(zy) > p, which contradicts pa(zy) < p. Therefore,
pa(zy) Vs = palz) At.
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Let x,z,a,b € R be such that x + a+ 2z = b+ 2. To show va(z) A (1 —s) <
vala) Vvab) v (1 —1t). Hog(x) AN(1—35) >71 =wvala) Vva(b) V(1 —¢), then
(I—vax))Vs<p=1—r=(1-va(a)) N(1—va(d)) At, and so p € (s,t] and
(1—wv4(a)) >p, (1 —va(db)) > p. Thus from A,(z) > Ay(a) A Ay(b) > 1/2, we have
Ap(z) >1/2,and so 1 —va(x) > p = 1—r. Therefore, v4(x) < r, which contradicts
va(xz) > r. Hence va(z) A (1 —s) <wva(a) Vva(b) V(1 —t).

Similarly, we have va(x +y) A (1 —s) <wva(x)Vraly)V(1—t), for all z,y € R.

Lastly, we show vg(xy) A (1 —s) <wva(x)V (1 —1t). Hvalzy) A(1—3) >r=
va(x)V (1—t), then (1 —va(zy))Vs<p=1—r=(1—va(z)) At, and so p € (s,t]
and (1—va(z)) > p. Thus from A,(xzy) > A,(x) > 1/2, we have A, (zxy) > 1/2, and
so 1 —va(zy) > p=1—r. Therefore, v4(zy) < r, which contradicts va(zy) > r.
Thus va(zy) A (1 —s) <wva(z) V(1 —1).

Hence A = (ua,v4) is an intuitionistic fuzzy right h-ideal with thresholds (s, t)
of R. Similarly, if for any p € (s,t], A, is a fuzzy left h-ideal of R, then A = (p14,v4)
is an intuitionistic fuzzy left h-ideal with thresholds (s,t) of R. O

6. Conclusion

In this article, we have defined a new kind of fuzzy ideal of hemiring namely, (a, 3)-
intuitionistic fuzzy left ( right ) h-ideal of a hemiring R, where o, 5 € {€, ¢, €
Ag, € Vq}. We have also defined intuitionistic fuzzy left ( right ) h-ideal with
thresholds (s,t) of a hemiring R. Among the 16 number of («, ) intuitionistic
fuzzy left ( right) h-ideals, (€, €), (€, € Vq ) and (€ Ag, €) are significant. We have
investigated various properties of («, 3)-intuitionistic fuzzy left ( right ) h-ideal and
established necessary and sufficient conditions with intuitionistic fuzzy left ( right)
h-ideal with thresholds (s,t). In our opinion this is an opening for investigations of
different types of (a, B)-intuitionistic fuzzy left ( right ) h-ideal.
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