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PRECONDITIONED NAVIER-STOKES COMPUTATION
FOR WEAKLY COMPRESSIBLE FLOW ANALYSIS ON UNSTRUCTURED MESH
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Preconditioned compressible Navier-Stokes equations are solved for almost incompressible flows. Unstructured

meshes are utilized for spatial discretization of complex flow domain.

Effectiveness of the current preconditioning

algorithm, with respect to various Reynolds numbers and Mach numbers, is demonstrated by the solution of
canonical problems for incompressible flows, e.g. driven cavity flows.

Key Words : A7} 1]3&-8] of

71 8K(Time-derivative preconditioning), #19}%/d -&(Weakly compressible flow),

A& AJ7HA R (Implicit time integration), H] 7 7E‘1X}(Unstructured grids)

1. M E

Aukga|deto= F2 HjgEA] 99y HLX%N(Emer
equations) ¥} LH]ol-AE A HPg2](Navier-Stokes equations) 2]
2AVE kg 7)WNpressure-based) o] W) 2 Ww 7)uk
(density-based) 2] 42 7IH& ]%’o‘ﬂ T3 gtk HgSA
freel Age 4 JINE TPelde FE A AR
(staggered grid)ellA] FES &9l weld FEE A2lshs
+e =5 (pressure correction method)S ©]-8-3Hc} W% 7]Hk
o] "hHol| M= hyperbolic AHHFEA1S % uﬂ o} oo
A FHE AR M8 b,
Aol A Ao dA ik ?c]% ]

)

o] FE WAl v 9 HgEA s oyt
slammingo|t} cavitation®} 2 4FA &) 7H?JO] %L’F@

A FAZE Ui Har ATHL 1EiY 4S54

Received: July 18, 2013, Revised: September 16, 2013,
Accepted: September 17, 2013.

* Corresponding author, E-mail: htahn@ulsan.ac.kr
DOI http://dx.doi.org/10.6112/kscfe.2013.18.3.079

© KSCFE 2013

e ol }O% St vRSlE(Mach number) -5 M
B w5 15 & AR k] ZEAR1 sl HA
o= Zlow delA otk olF =53] fla ARE wldt
(time-derivative) ] 122713} 715 (preconditioning  technicues)©]
e Q1o Sk wiekr] HI9SA frssiA ol AREETH).

Arsslidlel 7P dedt Azl b E5ow H A4
G structured mesh)kal & 4= glou, HE Axl= 4A
gk siEdo] QI7] wiEell HAtet ANt YS &olsHl olikst
sh=t] ofgfsol Atk FHE ARokld Q7= ouA]
At S8l AAel FatE= oy ke 2 539 =
A2zl X*@f‘x}—e‘ ARgtaAl ghebd AREe] A el
e oS Atk oo wkY B4 H A AKunstructured
mesh)[3] = Ol gahd %%%f& e A T 517
A7 A A, A 7S & AF s 4
S8 AR &8 wek EA @ ¢ gl v Aoletal &
T Atk

o] oM 919 &
W 2e) o218 7S
Al gl ARl
1794 Ak} flelM A
ot} stk

oFE UFA oL AEAA
g3lo] A fres NS
A|Ql 22 driven-cavity Al

e AEs B A

0

1.0
oy
A
&
U
o
S}
\_.

jus)



80 / J. Comput. Fluids Eng.

S.J. Son - HT, Ahn

2. XNH &34

wRox AL 231 H]AAF oA Navier-Stokes Bt

Z@‘—E— index X279 Abgalo] thea} o] 2 = 9tk

ot 8xj 8xj

71 U= BEF WE(flow variable vector), Fi= B]EA

2 @ (inviscid flux vector), G= A EF WE|(viscous
flux vector)= 2]m] gk
0
14 PY; 0
U= PU; ,F— Pvlv +p52] ’ G= ’ oT (2)
v.(pe+p) Vo, +k—
pe v\peTp i 3%_)

a8 $19 p, p, e,

T, k & 27F A9 D (ensity), o

(pressure), A BloUX|(specific  total  energy), &I
(temperature), & 1 %==(thermal conductivity)E SJw|akH v, &=

v, S5 ouldith Al el (specific total
energy)= e = H—p/pel™, A <lET(total enthalpy)=
H=h+05pPZ FAH} o7]14 h=CpT0laL Cp= 3
3+ 1] Y(specific heat at constant pressure)o]t}. o] W25
ol 71419 Arel W72 (equation of state)

1
€— VU,
1 2 777 3
p=(—Dple—guvp). T=— ®
o] tiaiAd Mg Jejel WA

< deth o714 4= 1)
AH|(ratio of specific heat), C, &= 3-8 W] Y(specific heat at

constant volume)©|t}. 12]a1 58 ®lX(stress tensor)= Tha}

2t

S 4
%= ox;  ow, oz, @
A AE% k9F AAS A 2= ukEh e, of7]e)
AMe otgfe} e WAE 7T Ao AR,
A-i—u%:O )]

3. of =¢st

ol#fje} 7do] 72l Wg2lolA conservative variable UZ
pnmmve variable Q% B} Yo o 23} © Auj] WAl
04 O I~ o]]—;}_

E

oF. G
8_U8_Q_|_ —J—py (6)
8Q ot ox, ox

Q= [p,v,.v,v,, TI'0] 2L A1) Jacobian) FH o U/0 Q=
T 2tk

pp 0 0 0 pT \
ol ppvx P 0 0 PV
@: Pty 0 p 0 P1Yy 7
ppvz O 0 14 pT/Uz
\p, =1 pv, pv, pv. prd+pC,)
A7 p, o} pris oFE Ek
op __0Op
pp p ‘ Pr= ﬁ ‘ (8)
P

de] off 28} X o> AFTnA L aU/oQF o =
73} < (preconditioning matrix) "= W] Yol o 23}
H Ul AR A HAS deth

Bt 8x ox

©)

J

Choi and Merkle[2]o] 5 Aokt o 243} ™ I'= o}

o} Zrt
G 0 0 O pr )
Ov, p 0 0 P,
=l v, 0 p 0 po, (10
Ov. 0 0 p P,

\OH—1 pv, pv, pv, prpH+pC,)

o7]o A= Weiss and Smith[4]7} A7 FelE AREska
Atk #9 of] 213} 4] o= v Zrh

e

(1/ Vi=ps/pC,) (11)



PRECONDITIONED NAVIER—STOKES COMPUTATION FOR WEAKLY COMPRESSIBLE: -

Vol.18, No.3, 2013, 9/ 81

Folzl 9] V& 7% Zi(reference velocity)o]™ VPJ
o 2ske] AslE 7REstE o #e a1 =
Z(local speed of sound)$} ZThA 2 (9)i= 712 o iﬁﬁ}
B2 o2 A ()T Zobdrt of 278t © A (Dol BE
keigen value)®] Z717F 22 A7 =HWH reference
velocity V2] 2= =4 45 (local velocity)®] 2k} 2ot
of 3l E olg|e} -2 reference velocityS 2}-&-3HCH5).

V. =min[c,max (o], Klv )] (12)

9 Ao |l = £50] F710)a, |u | fixed reference
velocityo ™, c= E’—‘Tol‘jr- % 2|7 (stagnation  point)-ol| A
Ao w HBeahs s WAs] Q& A (129 V& Al
o} 3kt o7)1ME o= AH-E(free stream)] 1719}
A T 45 K 052 17g3hch

vk golEAS4(Reynolds  number)e]  HA fsellA
reference velocity:= =7 A &(local diffusion velocity)

p/ (pAd)  HT}  Fopd= b Hrh o7 Ade
characteristic mesh size lengtho|th. w2}
V. =max(V,,u/pAd) (13)
243}t A A(system) ] A= vhe 2k
/\(Flg—g): v —=c,v,,0,,0,,0 +c (14
71,
v, =V *n (15)
v =v,(1-a) (16)
= \/aQUi + Vf 1
a=01-8V7)/2 (18)
ﬁ:p1)+pT/pQ) (19)
ot} o71M n 742 FEAlAelM Ao e

Zd(unit outward-normal) #Ejo]t}.
4, £XH FHE

4.1 SRR
Azgh | vplop AE= WA AR that 2]

%ﬂ Aol defeb 75t 240 FErE = AHo® U

T Atk oI N A 7 249 AR iolMg]
basis functiono]™ C,+= A3 7} 33 edge dual o] 214
o]tH2,6].

find @, < I, such that for each

N(1<i<n)

d
r f ﬂdﬁ—k f F + ndog 20)
oG

—f deQ

2,

Aol A9 wAE] Al mEA feke) ANLE ofelsl
so i,

& Roe?| flux-difference splitting[7]< ©]-8-
P =5 Q)+ (@)~ ] + (@n— Q) (@)

Ay, = Roe averaged flux jacobian s}=olm thea} o] 3
oJxIEH7].

Al= Tl T (22)

T 7712 3 A8 9 right eigenvectore} 10] <Jai%

ojtt. Foxl Azfel|x] ZHzke] AofAA] Vollx] e A

212 ofefigl o] Akl gk AdnlE WA o R BdET:
06

Y R 23
Vg = &, )

®J7]4 R, right-hand side residual©] 12
T

7% ZEielAs= ool

42 L RA AlZHE =

T3 ZRto] | oz Zﬂﬁr Lhjo} AT WA e BlE
ap7] fJai= AR Aie sfok gtk e e AA] AR
“(Euler implicit time-integration)- 2]-8-8Fd 4] (23)S tha)
ol & = Stk

AQini
AL

I 1 Rin +1 (24)

o714 At= AZF SEtime increament)S 2JW]slal AQ"E



82 / J. Comput. Fluids Eng.

S.J. Son - HT, Ahn

time level Alo]e] w]x]4= WslEK(difference of unknown)= <]
gk

Qn Qn +1__ @n (25)

AAQ" :—Fan (27)
Jacobian 2 A<= ofefje} o] FAE L

_v 1 OR"
A= At[JrF 20

(28)

ofel FoIg AR A9 jacobian HFHE o=t AT

I''R =
1
Ej];[F HE(Quny) + F(Qun,) — ) (@ — Q)]s
(29)
1714 spectral radius [\, = ofelie} o] Fofxitk,
, , M

s )

s, )= A 4, jE dET Aol 1A% control volume T

3, ny e 18] W) el

F—l}%inz,' —
P Qo)+ FQun, )~ AQI@Q — Qs

(31)

W A A FES 919 Addst 3 spectral
radivsE ©l-8oPH & = Stk A% 4 (29)= vt 2o

Z

BQZ

BQJ

=25

J

=25

J

l\D|>—~

M‘»—

oA7|M J=(0F/0Q) &

flux vector)S
variables®ll tht gradiento]t}. ©]

2,
. oF,
W

A=
W=1| p
pu
pv
pE

o g,

V=un,+ un,,

p=(y—1)ple—

21 349 RN

(38)2] #TAE
Fej 2 v b8

ouy

— ouy

C Bfg

| Ouy

ng—ulV V—azmn,u

(of)

ouy

Oy o4

o]

of

o o

o gk

T o

of

oug

ofy

Jug

ofs

dug

Oy o4

Ousg

o,

]
e A

7”2‘]') +|/\1J|D|52J|

7”2‘]') +|/\1J|D|52J|

(32)

(33

wE] o] 2}57H]|¢l(Jacobian of the
0]7451

& #EC]  conservative

23} conservative variable©]
k78| A

ng—vV nov—anu V-anu

V(¢ - al ) n:z:a’l

0%7]}\1 Ay, Qg, a3|I/| Qsl\:— ZJV‘ZIL

—auVna —

ches} e

6&)—]%_4 :F-zsl— 2= O]r/}‘.
n, 0
N = AN, U ayn
ayn,
apV ~V

T

oz Yehid get

(34)

% e ofgg} o] Fof

(39)

(36)
@7)

(38)

WEIS) S THE A (30), (@),
Eg 49

(39)



PRECONDITIONED NAVIER—STOKES COMPUTATION FOR WEAKLY COMPRESSIBLE: -

Vol.18, No.3, 2013. 9/ 83

i+3

i+1
i+2

Fig. 1 Node ¢ and its neighbor nodes

D,
0 ey ey D Uisq Ujso Uisa
D?':
Fig. 2 Entire system matrix
=nE—¢ (40)
a, =v—1 (41)
az=y—1 42)
V= nmu-l-nyv 43
1
¢=5 (=1 +v*) (44)

4.3 HI™EE AKX System matrix T
otg Aof|A thz} &H (diagonal matrix)> D, AF AFz; &
Hollx] thzt yEs ALst s U, s A AEelA o

ARe A FEE Lolghu Gkl 7 HEe ohgal
2rie].
léj %;(1771]( )__|A1A])biA Qﬁ»
L= 5 (=T Qo) ~ I\ JDs, (46)
Q:E[+E%(F1J( ’an)+|)‘U|[)|SU| (47)
P Uk L, o] = el 242} 99 1, 1,9 B
@47} Bobp) 9% A2k WAl mAle A B

u=1l0
(1.1)

N
A\

0.0) X

Fig. 3 2D lid-driven cavity model

Fig. 4 40 by 40 sheared triangulation mesh

Sk 239 QA AsY Aol $19] Yol AHshe A

A g7ke] o) i QA Axe el oz A
of AlEIS BE Aol gl A JehiA B3 o7t @
o 9w A AR o2 A 49 00] ofd @

oA EA Fig. 19 24 9} 19 49 HH i—2,
i—1, i+1, i+2, i+3°] Qtk @714 i2 SR edge
dual control volume> o2 YeR)Ict) A4 iol Add
AES jelushd BEol A @4s), @6)°] 98t i+1, i+2,
i+32 A A HRof e i i—1, i—2% 8
A Y el YeR Al = Sfo] yx] FEe- 0o] ®
o} ol WA o AA el disl] 2 AS s
Fig. 29} 7¥o] A system matrixS ¢HJ = il‘i]r-

a

o
MY

ollA] =t W] ATE Slgt F
o] T E(y=1.0)F oEsh=
Lid-Driven Cavity 1415 E{th ©] 412 control parameter

© TR ek} glolEagel|BRE o] T FAkdae)

FHO=E Fig. 3¢} o]
Ay moel



84 / J. Comput. Fluids Eng.

S.J. Son - HT, Ahn

Y-coordinates
o
v

o Ghiaetal. ||
——Re100

I I I
02 04 06 08 1

02 : : ‘

T T o Ghiaetal.
015} e S ——Re100 1
o1t £ AN ]

0.05} // LN

oo
'S
o
[N

> 005}
04t \
015} \\\ /
02} N\ /

025} ~o

-0.3
0

. . . .
02 04 0.6 038 1
X-coordinates

Fig. 5 Velocity along geometric center line
(x=0.5 and y=0.5, Re=100, Ma=0.005)

Aol 4715 WA 7 4gE wEsil

AR AR S whog e vkE A AAE AR
SI3lLE. ook 2 AxRz Ads] olop|Rtehd nlgd Az
gL & 4 @A WAE ARfelA Agshs WeEs A4
& B gl Tl florm® Fig 49 - ARE 74

sl AMgataict

5.1 Ghia et al.2°| H|
Fig. 59} 6ol Hol= ule} o], AR 9Jee]

AT Az=05% y=05) Wt LI £% RIS
Ghia et al.[8]¢] dlolEls} vlmallth #HolE=4= 1002 o
o] A= Fig. 5ol VRN, dlolmz 4009 W A=
Fig. 6°I C*‘:@} o}OﬂD} ofuf U}ol»m 6] 0052 F3ITh

ol

AL 2 W 5 A of 2 ol s 1
AZS A ARE % MUk =8 Fig. 74 gl 2]
5 ke e sl 3

% 29 S A

it
ot

0.9r

0.8

0.7}

Y-coordinates

03

0.2

0.1

06

05

04

AN
N o Ghiaetal.
N Re400

&o

4 -0.2 0 02 04 06 0.8 1

04

03

0.2

0.1}

0.1

-0.2

03}

-04

-0450

o Ghiaetal
P Red400
A ~

02 04 06 08 1
X-coordinates

Fig. 6 Velocity along geometric center line
(x=0.5 and y=0.5, Re=400, Ma=0.005)

52 AXAt £EE
Azte] A7) e THEE W)

= 400°0.% Fal vlElE 00052 FITh

718 vHre] 7 gt Ak 27

Fig. 7 Streamlines, Ma=0.005, Re=100

TAF
Flai elolE=s
Ake Azt A
17k A4 Ak =



PRECONDITIONED NAVIER—STOKES COMPUTATION FOR WEAKLY COMPRESSIBLE: -

Vol.18, No.3, 2013. 9/ 85

09}
7
_F
08 //
0.7 e
dosr s /Z’/
E i
T 05 (A
o 1 /
g A
So4p A
7N
03} ]
< AN 0 Ghiaetal.
02l N \ -~ 10by10
\\\ 20by20
0.1 \ ---40by40 1|
\ 80by80
34 02 0 02 0.4 0.6 0.8 1

u

Fig. 9 X-velocity along x=0.5line with various size of mesh

04 T
o Ghiaetal.
03f R —10by10
e X 20by20
4 S
02k iﬁ P 40by40
/ . e s 80by80
o
01t / P
of
F
> i
01} ‘ ry/,
02 4
/
03 /
\ /
] R/
0.4 \\W{’
05 I I I
0 0.2 04 06 08 1

X-coordinates

Fig. 10 Y-velocity along y=0.5line with various size of mesh

71¢] 0.1, 0.05, 0.025, 0.0125, =

= 1010, 2020, 40X 40,

80 % 802 Y| 714 AAIE A Lkg i o=

Fig. 99} Fig. 10

Az}l A717} ZrolA=E Ghia et al.[8]
7} Botella and Peyret[9]°] Azl A H& Hol Frk

Error

AX

Error
N

AX

Fig. 12 Mesh convergence rate, with v minimum

Fig. 113} 121X - Wk tix £50] Azl Y5 el
ottt 71Eake) QAR okglel o] AXLEIT,
Frror = |’U,7 ef _ uresult| (48)

7155k 0 2= Ghia et al.[8]2] AaollA ZH W S A
o] Hggro & st AAH o zE AR FoldE

fo Mo

A7h EolEe BEE Bolal Sl
5.3 Ofstet golzs=+9 FHE

npalrel glolEzae] wE Y] FHES dEEY|
Qlsl HolEzg= 400, 1000°.% 117 A)7]aL U}é + 0.001,

0.005, 0.01% WA A AXLS 83819ty AAR= Fig. 2914
1Ol HEo} 2 40 % 40 RS AHESIGIT

IterationS 100081 &+ 3 9Joidto] "‘% S5 #HEE 1Y,
ufel 44 o olekE Ulzzid $Ro]
The A8 328 4 gtk A9 vy & &
9} 7+-8 2214 lid-driven cavity F-AllolA = @



86 / J. Comput. Fluids Eng.

S.J. Son - HT, Ahn

——Re400 ma0.001
----'Re400 ma0.005
Re400 ma0.01 §

Residual

. . . . .
0 50 100 150 200 250 300 350 400
Iteration count

Fig. 13 Convergence history, Re=400 for various values
for Mach number

——Re1000 ma0.001
-----Re1000 ma0.005
Re1000 ma0.01 §

Residual

. . . . .
0 50 100 150 200 250 300 350 400
Iteration count

Fig. 14 Convergence history, Re=1000 for various values
for Mach number

nlaire] dao] Atk AMolT). 91 Fig. 133 145 mlaks:
7} oS E, dolisngTl B84 Selo] olglg Holeke
A7AQ ofZoli ot AnE Bl FAW, 54 2700

A AR mEo] Fobd  Slvke #5558 & 5 ol

6.2 E

Sy
Sy
oF
oE

Az} 7IHS vgE AR HEAIA YAA o R
HIHEA 5 slAle @l Bkt a4 de A=
Ghia et al.[8]°] A¥}e} nlwsl] Hoke wf AR Avs o
ATk FEEe A dolEs F Bk skl g
Al WEgsRs RS Bolal Alle] AgE Fakls
T Az 2719} 2 parametere]] 9§t 3RS A
o7 Y dEmlelrt 575, dolesgvt $is

ol F8)& HlolwAw 7 2ol v 22 9] parameter

oft

ot

f

4 o

a7 2gshs AA Sefrdolyt o] Ffu]Eo) st
<= Al &8 o e Aol Wit

o] =52 2012\ SARY e
Ytk

Qo] elste] ATH

References

[1] 2011, Tran, H.P. and Ahn, H.T., "Air compressibility Effect
in CFD-based Water Impact analysis,” Journal of the Society
of Naval Architects of Korea, Vol.48, pp.581-591.

[2] 1993, Choi, Y.H. and Merkle, C.L., "The Application of
Preconditioning in Viscous Flows,” Journal of Computational
Physics, Vol.105, pp.207-223.

[3] 2005 Kallinderis, Y. and Ahn, H.T. "Incompressible
Navier-Stokes method with general hybrid meshes,” Journal
of Computational Physics, Vol.210, pp.75-108.

[4] 1995, Weiss, J.M. and smith, W.A., "Preconditioning applied
to Variable and Constant Density Time-Accurate Flows on
Unstructured Meshes,” Journal of Computational Physics,
Vol.33, pp.2050-2057.

[6] 2001, Luo, H., Baum, J.D. and Lohner, R, "A Fast,
Matrix-free Implicit Method for Computing Low Mach
Number Flows on Unstructured Grids," International Journal
of Computational Fluid Dynamics, Vol.14, pp.133-157.

[6] 1998, Luo, H., Baum, JD. and Lohner, R, "A Fast,
Matrix-free Implicit Method for Compressible Flows on
Unstructured  Grids,” Journal of Computational Physics,
Vol.146, pp.664-690.

[7] 1981, Roe, P.L., "Approximate Riemann Solvers, Parameter
Vectors, and Difference Schemes,” Journal of Computational
Physics, Vol.43, pp.357-372.

[8] 1982, Ghia, U., Ghia, KN. and Shin, C.T. "High-Re
Solution for incompressible Flow Using the Navier-Stokes
Equations and a Multigrid Method," Journal  of
Computational Physics, Vol.48, pp387-411.

[9] 1998, Botella, O. and Peyret, R., "Benchmark spectral
results on the lid-driven cavity flow," Computers and Fluids,
Vol.27, pp421-433.



