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ABSTRACT 

This paper suggests a numerical method for valuation of European and American options under the two Lévy Proc-
esses, Normal Inverse Gaussian Model and the Variance Gamma model. The method is based on approximation of 
underlying asset price using a finite-state, time-homogeneous Markov chain. We examine the effectiveness of the pro-
posed method with simulation results, which are compared with those from the existing numerical method, the lattice-
based method. 
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1.  INTRODUCTION 

As the computer technology to gather data has de-
veloped rapidly, the practitioners or the academicians in 
finance have been interested in analyzing the financial 
market data. The Black-Scholes model, which is based 
on the geometric Brownian motion, succeeded greatly in 
explaining the financial asset price movement and valu-
ing options, and still is used much recently Black and 
Scholes (1973). However, the Black-Scholes model can-
not reflect some important features often observed in the 
high-frequency data, the transaction data made every 
less than 5 minutes. For instance, they are negative 
skewness, heavy-tailed feature, volatility clustering ef-
fect, and discontinuity in the empirical distribution of 
asset returns. In addition, the Black-Scholes assumption 
on constant volatility is incompatible with market be-
cause a numerical inversion of the Black-Scholes equa-
tion based on option market prices from different strikes 
and fixed maturity, produces a so-called volatility skew 
or smile. To capture these features, a lot of authors have 
recently proposed the use of infinite-activity pure jump 

Lévy processes for the process describing the dynamics 
of the asset’s log price. Further, it is proposed by Geman 
et al. (2001) that such processes may be regarded as 
Brownian motion subordinated to a random clock. At an 
empirical level, Carr et al. (2003) presents evidence sup-
porting the view that in the presence of an infinite activ-
ity Lévy process one do not need a diffusion component. 
There are three typical examples of infinite activity pure 
jump Lévy processes. First, we have the normal inverse 
Gaussian model of Barndorff-Nielsen (1997), and its 
generalization to the generalized hyperbolic class by 
Eberlein et al. (1998). Second, we have the variance 
gamma model studied by Madan and Seneta (1990), 
Madan and Milne (1991), Madan et al. (1998). Finally, 
we have the CGMY model, the generalized variance 
gamma model, which was developed by Carr et al. (2003). 

In infinite activity Lévy processes, numerical de-
rivative valuation is approached in various ways. Par-
tial-integro differential equations (PIDEs) are widely 
used Cont and Voltchkova (2005), Hirsa and Madan 
(2004), Matache et al. (2005). It is another approach to 
compute directly the risk-neutral expectation of the pay-
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off at expiry. For instance, inversion of Fourier trans-
form or Monte Carlo methods can be used Carr and Ma-
dan (1999), Fu et al. (2001), Glasserman, (2003). A third 
alternative utilizes lattice-based methods. Cox et al. 
(1979) firstly proposed a binomial tree model for appro-
ximation of the continuous time Black-Scholes model 
and the backward option pricing. This approach was 
extended to the finite activity setting of the jump diffu-
sion models. (Amin, 1993; Mulinacci, 1996); Finite ac-
tivity refers to the underlying Lévy process having only 
many (but finite) discontinuities per unit time. More gen-
erally, Këllezi and Webber (2004) and Maller et al. (2006) 
suggested a lattice method for an infinite activity Lévy 
case. And Han (2012) and Simonato (2011) proposed the 
option pricing method based on a Markov chain under a 
Lévy process very lately. Simonato (2011) applied the 
method only to the Merton’s jump diffusion model be-
cause the transition density, the density of the logarith-
mic stock price change, derives easily in closed form 
Merton (1976). In Han (2012), since there is no closed 
form of the transition density in the Kou’s double expo-
nential jump diffusion model, the second order approxi-
mation of the transition density was calculated and used 
to value American option prices Kou (2002). So far, 
there is no study about numerical option pricing with 
direct use of the stock price distribution in the Lévy 
processes with infinite activity pure jumps. Therefore, 
this paper suggests how the Markov chain approach can 
be used to numerically value option prices. Particularly, 
we focus on the two main infinite activity models, NIG 
and VG.  

This paper provides the brief summary of the two 
model and how we can calculate option prices with 
Markov chain-based method in Section 2 and 3, and 
numerical experimental results compared with results 
from Maller et al. (2006) in Section 4. Finally, the con-
clusion is given in Section 5.  

2.  MODEL OVERVIEW  

Let ( ); ,B t θ σ  be a Brownian with constant drift rate 
θ  and volatility .σ  That is,  

( ) ( ) ( ) ( ); , ,  ~ 0,B t dt W t W t N tθ σ θ σ= +      (1) 

where t is the deterministic time scale. However, if t is 
observed on a stochastic time scale, which is called a 
subordinator, we can define a new process. When a sub-
ordinator is an independent gamma process, the new 
process ( X ) is the variance gamma (VG) model. Then, 

( ) ( )( )
( ) ( )( )

; , , ; 1, ; ,

                        = ; 1, ; 1,

VGX t B t

t W t

θ σ ν γ ν θ σ

θ γ ν σ γ ν

≡

+
    (2) 

where ( ); ,tγ μ ν  is a gamma process with mean rate 
μ and variance rate .ν  The gamma process is defined as 

the process of independent gamma increments over non-
overlapping intervals of time (t, t+h). The density of the 
increments ( ) ( ); , ; ,g t h tγ μ ν γ μ ν= + −  is given by the 
gamma density function with mean rate hμ and vari-
ance .hν  (See the details in Madan et al. (1998)) Fur-
thermore, the dynamics of the VG model is given by: 
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We can obtain the characteristic function of the VG 
model from Equation (3) and it is as follows: 

( )
2 2

1
2

VG

t

izX t zE e i z
νθ νθν

−
⎛ ⎞⎡ ⎤ = − +⎜ ⎟⎣ ⎦ ⎝ ⎠

         (4) 

In case that a subordinator is an independent in-
verse Gaussian process, the process is called the normal 
inverse Gaussian (NIG) model. That is,  

( ) ( )
( )

; , , ; ,

                         =

NIG t

t t

X t B

W

ν

ν ν

θ σ ν τ θ σ

θτ σ τ

≡

+
           (5) 

where t
ντ  is the first time that a Brownian motion with 

drift ν  reaches the positive level t (Carr et al., 2003). 
Then, the dynamics of the NIG model follows: 

( ) ( )
1

; , , expNIG
t

xK tq
t

f x t x
xq
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αδ
δαα β δ δ η β

π
δ
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 (6) 

where ( ) 2 2 2 2 21 , , , ,q y y δ σ η α β β θ σ α= + = = − =  
2 2 4/ / .σ θ σ+  We can also calculate the characteristic 

function of the NIG model: 

( ) ( )22expNIGizX tE e t izδ η α β⎧ ⎫⎛ ⎞⎡ ⎤ = − − +⎨ ⎬⎜ ⎟⎣ ⎦ ⎝ ⎠⎩ ⎭
     (7) 

In both cases, ( )nK z  means the modified Bessel func-
tion of the second kind with order of n.  

3.  PROPOSED METHOD: OPTION 
VALUATION WITH A MARKOV CHAIN 

3.1 Construction of a Markov 

As already known, the risk-neutral process for the 
underlying asset price is expressed under Lévy proc-
esses of our interest as follows:  
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( ) ( )0 exp ; , , ,  0tS S r q w t X t tθ σ ν⎡ ⎤= − + + ⋅ >⎣ ⎦    (8) 

where w is a compensator term. Let us define 

( ) ( )izX tizwt
t z e E eφ ⋅⎡ ⎤= ⎣ ⎦  

The w is determined by ( ) 1t iφ − = . Changing Equation 
(8) with logarithmic prices, we obtain  

( ) ( ) ( )0ln ; , ,tS S r q w t X t θ σ ν− − + = ⋅  

Thus, we can use Equation (3) or (6) directly.  
Before option valuation in the context of the two 

aforementioned Lévy processes, we will propose how to 
construct a homogeneous Markov chain in discrete time. 
Duan and Simonato (2001) has already argued that this 
chain can converge to the true density of a stochastic 
process as the number of states increases over the dis-
crete time points. In order to make a Markov chain un-
der the Lévy processes of our interest, let us at first de-
fine a column vector whose elements are n logarithmic 
stock prices possible in the future: 

1 2 0
2 1[ ] ,  ln

1
T

n j
j ns s s s S I
n ϒ

− −
ϒ = = +

−
  (9) 

In Equation (9), 0ln S  is the current logarithmic underly-
ing asset price and, since the positive integer j ranges 
from 1 to n, 1s  is equal to 0ln S Iϒ−  and ns  is 0ln S Iϒ+ . 
Moreover, n needs to be only an odd number because 

( )1 2ns +  becomes the current logarithmic price ( 0ln S ) and 
it is possible to compute an option price at the current 
asset price level. The quantity Iϒ  is used to produce a 
fluctuation of the logarithmic price and calculated using 
the conditional standard deviation of the price’s log re-
turn with the option’s time to expiry (τ) in the following 
way: 

( )I p n υ τϒ = × ×               (10) 

In Equation (10), ,υ  the annualized standard deviation, 
is possible to compute in the VG model and NIG model: 

2 2 2
VGυ θ ν σ= + , 

2
2

3NIG
δαυ
η

=  

p(n), a scaling factor, is an increasing function of n, but 
should satisfy some mild partition conditions that p(n) < 
n for all positive integer n (Duan and Simonato, 2001).  

The transition probability matrix (M) describes the 
transition probabilities from one state (an underlying 
asset price) to the other over a discrete unit time. To 
build the matrix, we define n logarithmic asset price 
cells following: 
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Using Equation (9) and (11), the transition probabilities 
of leaving the current price ( is ) and reaching the price 
cell ( jC ) after a discrete unit time are defined as 

( ), .i jm M∈  They are computed with integration of Equa-
tion (3) and (6): 

( ) ( )
( ) ( ) ( )2
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where f 
A(x) is the probability density function of a sto-

chastic process A. Therefore, M is: 
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As mentioned previously, Equations from (9) to (13) 
show that, as n goes to infinity, the change of logarith-
mic asset  prices can be expressed better and M is more 
similar to the target stochastic process of our interest. 
Equation (13) appears for us to totally have n2 computa-
tions, but we do not actually. Because, as seen in Equa-
tion (9), all the differences between two consecutive 
elements in the column vector are the same, the transi-
tion probability ,i jm  is not always different for each i 
and j. That is, some elements in M are the same with one 
another and some elements can be induced from other 
elements already known. For example, M with n = 7 
follows: 

1,1 1,2 1,3 1,4 1,5 1,6 1,7

2,1 2,2 1,2 1,3 1,4 1,5 2,7

3,1 7,6 2,2 1,2 1,3 1,4 3,7

4,1 7,5 7,6 2,2 1,2 1,3 4,7

5,1 7,4 7,5 7,6 2,2 1,2 5,7

6,1 7,3 7,4 7,5 7,6 2,2 6,7

7,1 7,2 7,3 7,4 7,5 7,6 7,7

m m m m m m m
m m m m m
m m m m m
m m m m mM
m m m m m
m m m m m

m m m m m m m

⎡
Λ Ψ
Λ Ψ
Λ Ψ=
Λ Ψ
Λ Ψ

⎣

⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥

⎦

 (14) 

where 
8

,1 7,1

k
k jj

m−

=
Λ =∑  and 

7
,7 1,8

.k jj k
m

= −
Ψ =∑  As seen in 

the above transition probability matrix, all the elements 
on the diagonal line are equal except for two elements, 
the first and last elements ( 1,1m & 7,7m ), all the elements 
above the diagonal line can be computed with the ele-
ments from the first row of the matrix, and all the ele-
ments below the diagonal line can be computed from the 
elements of the last row. Thus, the total number of com-
putations in the matrix is not n2 but 2n+1 and the com-
putational complexity is efficiently linear. It should also 
be noticed that the probabilities of the first line are 
monotonically decreasing while those from the last line 
are monotonically increasing.  
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3.2 Option Valuation with a Markov Chain  

In this section, we propose how to price an option 
with a constructed Markov Chain. Similarly to the con-
ventional lattice method or FDM with PIDEs, we utilize 
the recursive valuation beginning from an option matur-
ity. Let us consider an option with T years to maturity 
and exercise price K, and define a discrete unit time h(= 
Δt) to be T /L as follows: 

0 1 2 1 1 0, , , , , , 0,L L i i Lt t t t t t t t t t T− −⇒ Δ = − = =    (15) 

Then, at maturity T, 

( ) ( ), max ,OV T e Kω ϒ⎡ ⎤ϒ = − ⋅⎣ ⎦V V1 0          (16) 

ϒ  follows the definition of Equation (9), and V1  and 
V0  are the n-dimensional column vectors of ones and 

zeros, respectively. ω denotes a vanilla call (ω = 1) or a 
vanilla put (ω = -1). Moreover, max [ ·, · ] is defined as 
a function of element-wise operation. Hence, ( ),OV Tϒ  
becomes a n-dimensional column vector. At time τ be-
fore maturity ( ,   0, 1, , 1j h j Lτ = ⋅ = − ), we need to 
think what style an option is because its valuation de-
pends on the style. In this paper, we deal with two styles, 
European and American. If the option is European, it is 
never exercised until maturity, and therefore ( ),OV τϒ  
is: 

( ) ( ), ,rhOV e M OV hτ τ−ϒ = × × ϒ +           (17) 

where r is a risk-free rate. If it is American, since it 
can be exercised at time τ,  

( ) ( ){ }
( )

, max max , ,

                                    ,rh

OV e K

e M OV h

τ ω

τ

ϒ

−

⎡ϒ = − ⋅⎢⎣
⎤× × ϒ + ⎦

V V1 0
  (18) 

( ){ }max ,e Kω ϒ − ⋅ V V1 0 is the instantaneous exercise 
value at time τ and ( ),rhe M OV hτ− × × ϒ +  is the value to 
hold the option until time τ+h without its exercise at 
time τ. Continuing to compute (17) or (18) recursively 
until time 0, we obtain ( ), 0 ,OV ϒ  which is also a n-
dimensional column vector. The (n+1)/2-th element of 

( ), 0OV ϒ  is the option value at the current asset price 
level. It should be noticed in Equation (17) and (18) that 
we expect to obtain an option value closer to the true 
value as n increases. 

4.  EXPERIMENTAL RESULTS 

Depending on the proposed method, we experiment 
on valuation of a European vanilla put and an American 
vanilla put, and compare our results with those in Carr 
and Madan (1999) and Maller et al. (2006). The experi-
mental common conditions are: 

 
S0 = 100, r = 0.1, q = 0 
T = {0.25, 1.00}, K = {90, 95, 100, 105, 110} 

 
Both r and q are on annual basis. The parameters of the 
VG model and the NIG model in our experiments are as 
follows:  

 
VG: θ = -0.14, σ = 0.12, ν = 0.2 
NIG: α = 28.421, β = -15.086, δ = 0.317 
 

The above parameters are introduced in Madan (1999) 
and Maller et al. (2006). All of them are also on annual 
basis. Moreover, p(n) is set to be ln(n) and, if ,i jm  is 
equal to or less than our threshold (10-10), it will be zero. 
The discrete unit time (h) is set to be h = 1/364.  

European vanilla put values using our proposed 
method, Madan (1999), and Maller et al. (2006) are de-
noted by E-MC, E-FFT, and E-MN, respectively. Simi-
larly, American vanilla put values depending on our pro-
posed method and Maller et al. (2006) are A-MC and A-
MN, respectively. The ER(error rate) between our pro-
posed method and benchmark methods in Madan (1999) 
and Maller et al. (2006) is on per cent and defined, in 
the European style, as: 

( ) ( ) ( )% 100
E MC E Benchmark

ER
E Benchmark

⎡ ⎤− − −
= ×⎢ ⎥

−⎢ ⎥⎣ ⎦
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Figure 1. Comparison of ERs in the VG Model 

 
The results about the VG model are shown in Figure 

1 and those about the NIG model are in Figure 2. In case 
of the European vanilla puts, E-FFT is the benchmark 
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value and we calculate the ERs of E-MC and E-MN, re-
spectively. As shown in Figure 1 and 2, ERs of both E-
MC and E-MN are all negative, but the ERs of E-MC are 
less than those of E-MN in absolute magnitude. That is, 
our proposed method shows more accuracy in pricing 
them. Moreover, the lattice method proposed by Maller et 
al. (2006) tends to undervalue the European vanilla puts 
compared with our proposed method. This trend appears 
to happen in the American vanilla puts because the ERs 
between A-MC and A-MN are all positive. We omit the 
detailed results about Figure 1 and 2. 
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Figure 2. Comparison of ERs in the NIG Model 

5.  CONCLUSIONS 

In this paper, we study how to value options with 
an approximate Markov chain under two infinite activity 
Lévy processes, VG model and NIG model. Our pro-
posed method is based on the known density of the 
models and yields a simple approach easy to understand 
compared with various approaches (lattice methods, 
FDM, inversion of Fourier transform) in the literature. 
From the experimental results, when we increase by the 
enough number of states (asset prices), our proposed 
method shows that it produces option values closer to 
the true values in both European and American styles. 
We need a further research beyond this study. It is 
whether our proposed method can be applied to the 
Lévy processes that have no density in closed form. We 
will propose how to overcome the drawback in the fu-
ture research. 
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