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ABSTRACT 

This paper studies an optimal consumption and portfolio choice problem for unemployed people who have an option 
to work. Our problem is to find optimal consumption, risky investment, and workforce re-entry strategies for the un-
employed. We find a closed form of the critical wealth level to re-enter the workforce. We show that the unemployed 
with a higher disutility of labor or a larger relative risk aversion are more reluctant to re-enter the workforce. 
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1.  INTRODUCTION 

After the seminal paper of Merton (1969), many 
works have dealt with optimal consumption and portfo-
lio choice problems with several applications for indi-
viduals. Especially, many researchers have been inter-
ested in the problem with labor income (see, e.g., Bodie 
et al. (1992) and Viceira (2001)). Farhi and Panageas 
(2007) and Dybvig and Liu (2010) examine individuals’ 
optimal consumption, portfolio selection, and retirement, 
and model the labor supply for an individual as an opti-
mal stopping problem. Recently, Jang et al. (2013) in-
vestigate the impact of unemployment risks on individu-
als’ optimal behaviors. However, none of the existing 
literature has studied the workforce re-entry problem for 
an individual after voluntary or involuntary retirement.  

This paper studies an optimal consumption and 
portfolio choice problem for voluntarily-unemployed 
people who have an option to work. When they exercise 
the option to work, they can receive labor income be-
cause they re-enter the workforce. We consider an un-

employed individual who has a disutility of labor: she 
experiences utility loss from labor and utility gain from 
labor income after re-entering the workforce. Hence, her 
decision to re-enter the workforce is associated with the 
tradeoff between such utility loss and gain. Our model 
permits the unemployed to determine a critical wealth 
level, below which they are willing to re-enter the work-
force. We further figure out the optimal re-entry time to 
the workforce, at which the utility gain from labor in-
come is equivalent to the utility loss due to a disutility of 
labor.  

Under this setup we obtain some interesting results 
concerning optimal consumption and investment strate-
gies for unemployed individuals who have an option to 
work. The findings include: in optimum, 
• the unemployed with a higher disutility of labor tend 

to re-enter the workforce at a lower wealth level, i.e., 
they are more reluctant to re-enter the workforce, 

• the unemployed with a larger risk aversion tend to re-
enter the workforce later, 

• the unemployed with lower wealth (but still higher 
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than the critical wealth level) tend to reduce their con-
sumption and risky investment less for a unit decrease 
of their wealth, and 

• both consumption and risky investment decrease as a 
disutility of labor or a relative risk aversion increases. 

2.  THE MODEL 

We consider an optimal consumption and portfolio 
choice problem for voluntarily-unemployed people with 
an option to enter the workforce. Their objective is to 
find optimal consumption, investment policies, and re-
entry time to work, the following lifetime utility over 
consumption:  
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where E  is the expectation taken at time 0, τ  is the 
optimal re-entry time to work for the unemployed, β  is 
the subjective discount rate, γ  is the coefficient of con-
stant relative risk aversion, and l is the constant dis-
utility due to labor. 

We assume two broad classes of asset are traded in 
a financial market: a bond (or a risk-free asset) and a 
stock (or a risky asset). The bond price 

0
tS  follows 

0 0 ,t tdS rS dt=  

where 0r >  is a risk-free interest rate. The stock price 
tS  evolves according to the following equation:  

,t t t tdS S dt S dBμ σ= +  

where rμ >  is the expected rate of stock return, 0σ >  
is the stock volatility, and tB  is a standard Brownian 
motion defined on a suitable probability space. We also 
assume that the unemployed have an irreversible option 
to re-enter the workforce at some time τ  and obtain a 
constant income stream I forever after re-entry. At re-
entry time ,τ  we assume the unemployed should pay a 
job searching cost .η  To guarantee the positivity of the 

option value, we take the assumption of .I
r

η>  

The wealth process tW  of the unemployed with ini-
tial wealth 0W w=  should satisfy 
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where tπ  is the dollar amount invested in the stock, and 
I is the income rate after re-entering the workforce. At 
re-entry time ,τ  there is a lump-sum wealth loss ,η  
from which we obtain the relationship of .W Wτ τ η−= −  

Letting  
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(see Merton (1969)), where  
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By the principle of dynamic programming, our problem 
is equivalent to the problem of finding the following 
value function V(w): 
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The value function satisfies the following Hamil-
ton-Jacobi-Bellman (HJB) equation: 
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for 0 .t τ≤ <  Furthermore, it should satisfy the value-
matching and smooth-pasting conditions at a critical 
wealth level ,w  below which it is optimal to reenter the 
workforce: 
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By utilizing the first order conditions of c and ,π  we 
can rewrite the HJB equation as 
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3.  OPTIMAL CONSUMPTION, INVESTMENT, 
AND RE-ENTRY 

We utilize the convex-duality method (see Farhi 
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and Panageas (2007), Dybvig and Liu (2010)) and show 
analytic solutions for optimal strategies in terms of a 
dual variable of initial wealth w.  

 
Theorem 3.1: The optimal consumption c and portfolio 
π  prior to re-entering the workforce are given as: 
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where 1 1n >  and 1A  are positive constants satisfying 
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Here, 
*0 ( )x w x< ≤  is a decreasing function with re-

spect to initial wealth w, and is the solution to the fol-
lowing equation: 
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Moreover, the optimal entry time τ  is given by 
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Proof: Following Farhi and Panageas (2007) and Dybvig 
and Liu (2010), we utilize the following convex dual 
function ( )xφ  of the value function ( ) :V w  

{ }( ) inf ( ) ( ) ( ).
x

V w x xw x x xφ φ φ′= + = −  

Then equation (2) and the conditions in (1) can be 
rewritten as: 
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The general solution of (7) has a closed-form of 

1 2

11

1 2
1( ) , 0 ,

1
n nx A x A x x x xγγφ

γ δ

−
= + + < ≤

−
  (9) 

where 1A  and 2A  are constants to be determined and 
1 1n >  and 2 0n <  are the two solutions to  

2 2 21 1 0.
2 2

n r nθ β θ β⎛ ⎞+ − − − =⎜ ⎟
⎝ ⎠

 

The fact that ( )xφ  should satisfy equation (7) for 

0 x x< ≤  makes 2 0.A =  Now it remains to determine 
two unknown constants 1A  and x, which are derived 
from the two equations in (8). Substituting the solution 

( )xφ  in (9) into the equations in (8) yields: 
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The optimal consumption c and portfolio π  are directly 
derived from the first order conditions. 

Finally, equation (5) and the critical wealth level to 
re-enter the workforce w  are derived from the definition 
of the convex dual function ( ).xφ  Further, by differenti-
ating equation (5) with respect to the initial wealth x, we 
get the decreasing property of 

* ( ).x w  Q.E.D. 
 
Theorem 3.1 asserts that it is optimal to re-enter the 

workforce as soon as the wealth of unemployed people 
approaches the critical wealth level w  from above. If 
their wealth is larger than ,w  it is optimal to remain 
unemployed. Intuitively, this is obvious because the 
unemployed with sufficient wealth are not willing to 
bear the unhappiness of labor. Moreover, from relation 
(6), we observe that w  is a decreasing function with 
respect to l. This implies that a higher disutility of labor 
induces the unemployed to postpone the re-entry into 
the workforce. Notice that the critical wealth level w  

could be negative for a sufficiently large disutility. 
The optimal consumption tc  described in equation 

(3) prior to re-entering the workforce consists of two 
parts; the first part is the optimal consumption policy 
obtained from the classical models such as Merton 
(1969), and the second is associated with an option to 
work. Since 1 1n >  and 1A  are positive, the unemployed 
in our model are willing to consume more than those 
who do not have the option to work. Notice that as 
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* ( )x w  approaches zero, optimal consumption approa-
ches the classical consumption level, implying that the 
unemployed with sufficient wealth do not care much 
about the option to work. However, when their wealth 
approaches the critical wealth level 

*, ( )w x w  increases 
to the maximum value of x . Thus, the option to work 
comes to have a large (positive) impact on their optimal 
consumption behaviors. Intuitively, since an income 
stream is guaranteed by the option to work after the re-
entry into the workforce, the unemployed with wealth 
greater than the critical level by just a small amount will 
consume more to acquire some immediate utility. 

Similarly, the optimal risky investment tπ  before 
working is comprised of two parts; the first part of the 
right hand side in equation (4) is the conventional opti-
mal risky investment of Merton (1969), and the second 
is associated with the option to work. The option to 
work affects the optimal risky investment behaviors of 
the unemployed in the second part, and this effect be-
comes increasingly crucial as their wealth approaches 

.w  This is because the unemployed can get labor in-
come if only they re-enter the workforce, so the option 
can provide an effective hedge against market risks. As 
expected, the option to work is poorly attractive for the 
unemployed who have already accumulated wealth suf-
ficiently. 

4.  NUMERICAL IMPLICATIONS 

4.1 Parameter Values 

The risk-free interest rate is fixed as 3.71%,r =  
which is the annual rate of return from rolling over 1-
month T-bills during the time period of 1926-2009. We 
can obtain the data from Bureau of Labor Statistics. We 
assume β  has the same value as r. We utilize μ =  
11.23%  and 19.54%,σ =  which are the return and 
standard deviation of the world's large stocks during the 
time period of 1926-2009. The data is included in p.170 
of Bodie et al. (2010). We set 0.01, 2, 1,l Iγ= = =  

and 10,η =  following Miao and Wang (2007). 

4.2 Wealth at Re-entering the Workforce 

Figure 1 shows the critical wealth level w  to re-
enter the workforce for unemployed people with respect 
to a disutility l and a relative risk aversion .γ  A higher 
disutility of labor and a higher relative risk aversion 
induce the lower critical wealth levels. It is quite intui-
tive that the unemployed with a higher preference of 
leisure tend to re-enter the workforce later. Interestingly, 
our model shows that the unemployed with a larger rela-
tive risk aversion also tend to re-enter the workforce 
later. This is because the assumption of a constant dis-
utility during post-retirement induces the relatively smaller 
utility gain obtained from consumption for the unemplo-

yed with a larger relative risk aversion. 
 

  

 
Figure 1. Critical wealth levels to re-enter the workforce, 

,w  as a function of a disutility l and a relative 
risk aversion :γ  Parameter values are set as fol-
lows: 0.0371, 0.0371, 0.1123,rβ μ σ= = =   

0.1954, 2, 10,γ η= = =  and 1I =  

4.3 Optimal Consumption and Risky Investment 
Policies 

Figure 2 depicts the optimal consumption tc  and 
risky investment tπ  for unemployed people as a func-
tion of initial wealth w with several disutility values. For 
each disutility, both optimal consumption and risky in-
vestment policies are convex functions with respect to 
initial wealth and decrease as a disutility value increases. 
The convexity of the optimal consumption and risky 
investment implies the marginal propensity to con-
sume/invest in the risky asset out of wealth decreases as 
wealth approaches the critical wealth level. Intuitively, 
the unemployed with lower wealth (but still higher than 
the critical wealth level) tend to reduce their consump-
tion and risky investment less for a unit decrease of their 
wealth, since they can get the certain wealth gain of 

( I
r

η− ) after re-entering the workforce. On the other 

hand, it is obvious that a higher disutility of labor in-
duces the lower value of the optimal consumption and 
risky investment, since the unemployed with much un-
happiness from labor are more reluctant to enter the 
workforce. This implies that they are willing to keep up 
their current (unemployed) status by reducing their con-
sumption and risky investment. 
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Figure 2. Optimal consumption and risky investment poli-

cies for the unemployed as a function of initial 
wealth w with several disutility values l: Parame-
ter values are set as follows: 0.0371, rβ = =  
0.0371, 0.1123, 0.1954, 0.01,lμ σ η= = = =
10,  and 1I =  

 

  

 
Figure 3. Optimal consumption and risky investment poli-

cies for the unemployed as a function of initial 
wealth w  with several relative risk aversions  :γ  
Parameter values are set as follows: 0.0371,β =  

0.0371, 0.1123, 0.1954, 0.01,r lμ σ η= = = =
10,=  and 1I =  

Figure 3 shows the optimal consumption tc  and risky 
investment tπ  for unemployed people with several rela-
tive risk aversions .γ  For each risk aversion, both opti-
mal consumption and risky investment policies decrease 
as a relative risk aversion increases. It follows from the 
fact that the unemployed with a larger relative risk aver-
sion are more reluctant to enter the workforce because 
they feel as if they had a relatively higher disutility. 

5.  CONCLUSIONS 

This paper studies an optimal consumption and 
portfolio choice problem for unemployed people with an 
option to work. Our problem is to find optimal con-
sumption, risky investment policies, and workforce re-
entry strategies for the unemployed. This paper finds a 
closed form of the critical wealth level to re-enter the 
workforce for the unemployed and shows some interest-
ing results concerning changes in a disutility of labor 
and a relative risk aversion. 
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