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A NON-ASYMPTOTIC METHOD FOR SINGULARLY

PERTURBED DELAY DIFFERENTIAL EQUATIONS

GEMECHIS FILE∗ AND Y.N. REDDY

Abstract. In this paper, a non-asymptotic method is presented for solv-
ing singularly perturbed delay differential equations whose solution exhibits
a boundary layer behavior. The second order singularly perturbed delay

differential equation is replaced by an asymptotically equivalent first order
neutral type delay differential equation. Then, Simpson’s integration for-
mula and linear interpolation are employed to get three term recurrence

relation which is solved easily by Discrete Invariant Imbedding Algorithm.
Some numerical examples are given to validate the computational efficiency
of the proposed numerical scheme for various values of the delay and per-
turbation parameters.
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1. Introduction

A singularly perturbed delay differential equation is an ordinary differential
equation in which the highest derivative is multiplied by a small parameter and
containing delay term. In recent years, Delay differential equations have at-
tracted the attention of many researchers because of their applications in many
scientific and technical fields such as in population ecology, control theory, visco-
elasticity, and materials with thermal memory, El’sgolts [4], and Bellman and
Cooke [3]. Boundary value problems involving delay differential equations are
also used to study signal transmission with time delays in control theory El’sgolts
[4], first-exit problems in neurobiology Stein [13], and Tuckwell [14]. As a result,
many researchers tried to develop and present numerical schemes for solving
such problems. For example, Amiraliyev and Cimen [1], presented numerical
method comprising a fitted difference scheme on a uniform mesh to solve second
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order delay differential equations. Lange and Miura [10, 11] gave an asymp-
totic approach for a class of boundary-value problems for linear second-order
differential-difference equations. Kadalbajoo and Sharma [7, 8, 9] presented
numerical approaches to solve singularly perturbed differential-difference equa-
tions, which contains negative shift in the convention term (i.e. in the derivative
term). Furthermore, Phaneendra, et al.[12], presented higher order numerical
method to solve the problems of the same type.

The objective of this paper is, therefore, to present a non-asymptotic method
for solving singularly perturbed delay differential equations. The method is
named as non-asymptotic as it does not depend on asymptotic expansion as
well as on the matching of the coefficients. In this method, we first replace the
second order singularly perturbed delay differential equation by an asymptoti-
cally equivalent first order neutral type delay differential equation and employ
Simpson’s rule for the numerical integration of the obtained first order delay
differential equation. Then, linear interpolation is used to get the three term
recurrence relation which is solved easily by discrete Invariant Imbedding algo-
rithm. The method is demonstrated by implementing several model examples
by taking various values for the delay and perturbation parameters.

2. Description of the Method

Consider singularly perturbed singular boundary value problems of the form

Ly ≡ εy
′′
(x) + a(x)y

′
(x− δ) + b(x)y(x) = f(x), 0 < x < 1, (1)

with the interval and boundary conditions

y(x) = ϕ(x), −δ ≤ x ≤ 0, (2)

y(1) = β (3)

where ε is small parameter, 0 < ε << 1, and the delay parameter, δ is of o(ε)
satisfying (ε − δa(x)) > 0 for all xϵ[0, 1]; a(x), b(x), f(x) and ϕ(x) are smooth
functions and β is a finite constant. For δ = 0, the problem (1)-(3) becomes a
boundary value problem for singularly perturbed ordinary differential equations.
The layer behavior of the problem under consideration is maintained only for
δ ̸= 0 but sufficiently small (i.e δ is of o(ε)). When the delay parameter, δ
exceeds the perturbation parameter, ε (i.e δ is of O(ε)), the layer behavior of
the solution is no longer maintained, rather the solution exhibits an oscillatory
behavior or diminished. In this paper, we consider the cases where the boundary
layer is either on the left side or right side of the interval [0, 1].

2.1. Layer on the Left Side: In general, the solution of problem (1)-(3)
exhibits boundary layer behavior at one end of the interval [0, 1] depending on
the sign of a(x). Now, we assume that a(x) ≥ M > 0 throughout the interval
[0, 1], where M is positive constant. This assumption merely implies that the
boundary layer will be in the neighborhood of x = 0. Further, it is also assumed
that b(x) satisfies the condition that b(x) ≤ −θ < 0 , ∀xϵ[0, 1] where θ is a
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positive constant.
By using Taylor series expansion in the neighborhood of the point x, we have

y
′
(x− ε) = y

′
(x)− εy

′′
(x) +O(ε2) (4)

By using (4) in (1) we get an asymptotically equivalent first order delay neutral
type differential equation:

y
′
(x) = y

′
(x− ε)− a(x)y

′
(x− δ)− b(x)y(x) + f(x). (5)

The transition from equation (1) to equation (5) is admitted, because of the
condition that ε is small, 0 < ε << 1; and the truncated term ε2/2 is very
small and approaches to 0 as ε is small. Further details on the validity of this
transition can also be found in Elsgolt’s and Norkin [5].
Now we divide the interval [0, 1] into N equal subintervals of mesh size h = 1/N
so that xi = ih, i = 0, 1, 2, · · · , N .
Integrating equation (5) with respect to x from xi to xi+1 for i = 1, 2, · · · , N−1,
we get

yi+1 − yi = y(xi+1 − ε)− y(xi − ε)− [ai+1y(xi+1 − δ)− aiy(xi − δ)]

+

∫ xi+1

xi

[
a

′
(x)y(x− δ)− b(x)y(x) + f(x)

]
dx (6)

where yi = y(xi), ai = a(xi), bi = b(xi), fi = f(xi).
By using Simpson’s rule to evaluate the integral, we get:

yi+1 − yi = y(xi+1 − ε)− y(xi − ε)− [ai+1y(xi+1 − δ)− aiy(xi − δ)]

+
h

6

(
a

′

iy(xi − δ) + 4a
′

i+1/2y(xi+1/2 − δ) + a
′

i+1y(xi+1 − δ)
)

− h

6

(
biyi + 4bi+1/2yi+1/2 + bi+1yi+1

)
+

h

6

(
fi + 4fi+1/2 + fi+1

)
(7)

Since delay term is of the small order of ε, to tackle the term containing delay, we
can use Taylor’s approximation (Kadalbajoo and Sharma [9], Lange and Miura
[11]). Thus, by means of Taylor series expansion and then by approximating

y
′
(x) by linear interpolation, we get:

y(xi − δ) = y(xi)− δy
′
(xi) =

(
1− δ

h

)
yi +

δ

h
yi−1 (8)

y(xi+1 − δ) = y(xi+1)− δy
′
(xi+1) =

(
1− δ

h

)
yi+1 +

δ

h
yi (9)

y(xi − ε) = y(xi)− εy
′
(xi) =

(
1− ϵ

h

)
yi +

ε

h
yi−1 (10)

y(xi+1 − ε) = y(xi+1)− εy
′
(xi+1) =

(
1− ε

h

)
yi+1 +

ε

h
yi (11)

In similar way,

y(xi+1/2 − δ) = y(xi+1/2)− δy
′
(xi+1/2) = yi+1/2 −

δ

h
yi+1 +

δ

h
yi (12)
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Hence, by making use of equations (8)-(12) in (7) we obtain:

yi+1 − yi =

[
− ε

h
+

δ

h
ai +

δ

6
a

′

i

]
yi−1

+

[
ε

h
−
(
1− ε

h

)
− δ

h
ai+1 +

(
1− δ

h

)
ai +

h

6

(
1− δ

h

)
a

′

i

+
4δ

6
a

′

i+1/2 +
δ

6
a

′

i+1 −
h

6
bi

]
yi

+

[(
1− ε

h

)
−
(
1− δ

h

)
ai+1 −

4δ

6
a

′

i+1/2

+
h

6

(
1− δ

h

)
a

′

i+1 −
h

6
bi+1

]
yi+1

+
4h

6

(
a

′

i+1/2 − bi+1/2

)
yi+1/2 +

h

6

(
fi + 4fi+1/2 + fi+1

)
. (13)

To make equation (13) a three term recurrence relation, we can express yi+1/2

in terms of yi−1, yi and yi+1 using Hermite’s interpolation as follows:

yi+1/2 =
1

2
(yi + yi+1) +

h

8

(
y

′

i − y
′

i+1

)
+O(h4) (14)

In view of equations(5) and (14), we get:

yi+1/2 =
1

2
(yi + yi+1) +

h

8

(
y

′
(xi − ε)− aiy

′
(xi − δ)− biyi + fi

)
− h

8

(
y

′
(xi+1 − ε)− ai+1y

′
(xi+1 − δ)− bi+1yi+1 + fi+1

)
(15)

By making use equations (8)- (12) in (15) and finite difference approximations,
we get

yi+1/2 =
δ

8h
(ai − ai+1) yi−1

+

[
1

2
− δ

8h
ai +

1

8

(
1− δ

h

)
ai −

h

8
bi +

δ

8h
ai+1 −

1

8

(
1− δ

h

)
ai+1

]
yi

+

[
1

2
− 1

8

(
1− δ

h

)
ai +

1

8

(
1− δ

h

)
ai+1 +

h

8
bi+1

]
yi+1

+
h

8
(fi − fi+1) (16)

Finally, making use of equations (16) in (13) and rearranging as three term
recurrence relation, we get:

Eiyi−1 − Fiyi +Giyi+1 = Hi (17)

for i = 1, 2, · · · , N − 1, where

Ei =
ε

h
− δ

h
ai −

δ

6
a

′

i −
[
4h

6

(
a

′

i+1/2 − bi+1/2

)(
δ

8h
ai −

δ

8h
ai

)]
(18)
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Fi = 1 +
ε

h
−
(
1− ε

h

)
− δ

h
ai+1 +

(
1− δ

h

)
ai +

h

6

(
1− δ

h

)
a

′

i

+
4δ

6
a

′

i+1/2 +
δ

6
a

′

i+1

− h

6
bi +

[
4h

6

(
a

′

i+1/2 − bi+1/2

)(
1

2
− δ

8h
ai +

1

8

(
1− δ

h

)
ai

− h

8
bi +

δ

8h
ai+1 −

1

8

(
1− δ

h

)
ai+1

)]
(19)

Gi = 1−
(
1− ε

h

)
+

(
1− δ

h

)
ai+1 +

4δ

6
a

′

i+1/2

− h

6

(
1− δ

h

)
a

′

i+1

+
h

6
bi+1 −

[
4h

6

(
a

′

i+1/2 − bi+1/2

)(
1

2
− 1

8

(
1− δ

h

)
ai

+
1

8

(
1− δ

h

)
ai+1 +

h

8
bi+1

)]
(20)

Hi =
h

6

(
fi + 4fi+1/2 + fi+1

)
+

h

8

(
4h

6
aii+1/2 −

4h

6
bi+1/2

)
(fi − fi+1)(21)

We solve the above tridiagonal system by using method of invariant imbedding
system described in section 3.

2.2. Right-End Boundary Layer Problem: We now assume that a(x) ≤
−M < 0 throughout the interval [0, 1], where M is positive constant. This
assumption merely implies that the boundary layer will be in the neighborhood
of x = 1. By using Taylor series expansion in the neighborhood of the point x,
we have:

y
′
(x+ ε) = y

′
(x) + εy

′′
(x) +O(ε2) (22)

and consequently, equation (1) is replaced by the following first order differential
equation:

y
′
(x) = y

′
(x+ ε) + a(x)y

′
(x− δ) + b(x)y(x)− f(x) (23)

Now we divide the interval [0, 1] into N equal subintervals of mesh size h = 1/N
so that xi = ih, i = 0, 1, 2, · · · , N . Integrating equation (23) with respect to x
from xi−1 to xi , we get:

yi − yi−1 = y(xi + ε)− y(xi−1 + ε) + [aiy(xi − δ)− ai−1y(xi−1 − δ)]

+

∫ xi

xi−1

[
−a

′
(x)y(x− δ) + b(x)y(x)− f(x)

]
dx (24)

By using Simpson’s rule to evaluate the integral, we get:

yi − yi−1 = y(xi + ε)− y(xi−1 + ε) + aiy(xi − δ)− ai−1y(xi−1 − δ)
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+
h

6

(
−a

′

i−1y(xi−1 − δ)− 4a
′

i−1/2y(xi−1/2 − δ) + a
′

iy(xi − δ)
)

+
h

6

(
bi−1yi−1 + 4bi−1/2yi−1/2 + biyi

)
− h

6

(
fi−1 + 4fi−1/2 + fi

)
(25)

Again, by means of Taylor series expansion and then by approximating y
′
(x) by

linear interpolation, we get:

y(xi − δ) = y(xi)− δy
′
(xi) =

(
1 +

δ

h

)
yi −

δ

h
yi+1 (26)

y(xi−1 − δ) = y(xi−1)− δy
′
(xi−1) =

(
1 +

δ

h

)
yi−1 −

δ

h
yi (27)

y(xi + ε) = y(xi)− εy
′
(xi) =

(
1− ε

h

)
yi +

ε

h
yi+1 (28)

y(xi−1 + ϵ) = y(xi−1) + εy
′
(xi−1) =

(
1− ε

h

)
yi−1 +

ε

h
yi (29)

In similar way,

y(xi−1/2 − δ) = y(xi−1/2)− δy
′
(xi−1/2) = yi−1/2 −

δ

h
yi +

δ

h
yi−1 (30)

Hence, by making use of equations (26)-(30) in (25) we obtain:

yi − yi−1 =

[
−
(
1− ε

h

)
−
(
1 +

δ

h

)
ai−1 −

h

6

(
1 +

δ

h

)
a

′

i−1

− 4δ

6
a

′

i−1/2 +
h

6
bi−1

]
yi−1

+

[(
1− ε

h

)
− ε

h
++

(
1 +

δ

h

)
ai +

δ

h
ai−1 +

δ

6
a

′

i−1

+
4δ

6
a

′

i−1/2 −
h

6

(
1 +

δ

h

)
a

′

i +
h

6
bi

]
yi

+

[
ε

h
− δ

h
ai +

δ

6
a

′

i

]
yi+1 +

4h

6

(
−a

′

i−1/2 + bi+1/2

)
yi−1/2

− h

6

(
fi−1 + 4fi−1/2 + fi

)
. (31)

To make equation (31) a three term recurrence relation, we can express yi−1/2

in terms of yi−1, yi and yi+1 using Hermite’s interpolation as follows:

yi−1/2 =
1

2
(yi−1 + yi) +

h

8

(
y

′

i−1 − y
′

i

)
+O(h4) (32)

In view of equations (23) and (32), we get:

yi−1/2 =
1

2
(yi−1 + yi) +

h

8

(
y

′
(xi−1 + ε) + ai−1y

′
(xi−1 − δ)

+ bi−1yi−1 − fi−1)−
h

8

(
y

′
(xi + ε) + aiy

′
(xi − δ) + biyi − fi

)
(33)
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By making use of equations (26)- (30) in (33) and finite difference approxima-
tions, we get:

yi−1/2 =

[
1

2
− 1

8

(
1− ε

h

)
− 1

8

(
1 +

δ

h

)
ai−1 +

h

8
bi−1

]
yi−1

+

[
1

2
+

2

8

(
1− ε

h

)
+

1

8

(
1 +

δ

h

)
ai−1 +

δ

8h
ai−1

− δ

8h
ai +

1

8

(
1 +

δ

h

)
ai −

h

8
bi

]
yi

+

[
2ε

8h
− δ

8h
ai−1 −

1

8

(
1 +

ε

h

)
− 1

8

(
1− δ

h

)
ai −

δ

8h
ai

]
yi+1

+
h

8
(−fi−1 + fi) (34)

Finally, making use of equations (34) in (31) and rearranging as three term
recurrence relation, we get:

Eiyi−1 − Fiyi +Giyi+1 = Hi (35)

for i = 1, 2, · · · , N − 1, where

Ei = 1−
(
1− ε

h

)
−
(
1 +

δ

h

)
ai−1 −

h

6

(
1 +

δ

h

)
a

′

i−1

− 4δ

6
a

′

i−1/2 +
h

6
bi−1 +

[
4h

6

(
−a

′

i−1/2 + bi−1/2

)(
1

2

− 1

8

(
1− ε

h

)
− 1

8

(
1 +

δ

h

)
ai−1 +

h

8
bi−1

)]
(36)

Fi = 1−
(
1− ε

h

)
+

ε

h
−
(
1 +

δ

h

)
ai −

δ

h
ai−1 −

δ

6
a

′

i−1 −
4δ

6
a

′

i−1/2

+
h

6

(
1 +

δ

h

)
a

′

i −
h

6
bi −

[
4h

6

(
−a

′

i−1/2 + bi−1/2

)(
1

2
+

2

8

(
1− ε

h

)
+

1

8

(
1 +

δ

h

)
ai−1 +

δ

8h
ai−1 −

δ

8h
ai +

1

8

(
1 +

δ

h

)
ai −

h

8
bi

)]
(37)

Gi =
ε

h
− δ

h
ai +

δ

h
a

′

i +

[
4h

6

(
−a

′

i−1/2 + bi−1/2

)(
2ε

8h
− δ

8h
ai−1

− 1

8

(
1 +

ε

h

)
− 1

8

(
1− δ

h

)
ai −

δ

8h
bi

)]
(38)

Hi =
h

6

(
fi−1 + 4fi−1/2 + fi

)
− h

8

(
−4h

6
aii−1/2 +

4h

6
bi−1/2

)
(−fi−1 + fi) (39)

We solve the above tridiagonal system by using method of invariant imbedding
described in the next section.
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3. Discrete Invariant Imbedding Algorithm

We now describe the Thomas algorithm which is also called Discrete Invariant
Imbedding (Angel and Bellman [2]) to solve the three term recurrence relation:

Eiyi−1 − Fiyi +Giyi+1 = Hi (40)

for i = 1, 2, · · · , N − 1. Let us set a difference relation of the form:

yi = Wiyi+1 + Ti, for i = N − 1, N − 2, · · · , 2, 1. (41)

where Wi = W (xi) and Ti = T (xi) are to be determined. From (41), we have:

yi−1 = Wi−1yi + Ti−1 (42)

substituting (42) in (40), we get:

yi =

(
Gi

Fi − EiWi−1

)
yi+1 +

(
EiTi−1 −Hi

Fi − EiWi−1

)
(43)

By comparing (43) and (41), we get the recurrence relations:

Wi =
Gi

Fi − EiWi−1
(44)

Ti =
EiTi−1 −Hi

Fi − EiWi−1
(45)

To solve these recurrence relations for i = 1, 2, 3, · · · , N − 1 , we need the initial
conditions for W0 and T0 . If we choose W0 = 0 , then we get T0 = ϕ(0) .
With these initial values, we compute Wi and Ti for i = 1, 2, 3, · · · , N − 1 from
equations (44) and (45) in forward process, and then obtain yi in the backward
process from (41).
The conditions for the stability of discrete invariant imbedding algorithm are
(Angel and Bellman [2], Kadalbajoo and Reddy [6]):

Ei > 0, Gi > 0, Fi ≥ Ei +Gi and |Ei| ≤ |Gi|. (46)

In our method, one can easily show that if the assumptions a(x) > 0, b(x) <
0 and (ε − δa(x)) > 0 hold, then the above conditions (46) hold and thus the
invariant imbedding algorithm is stable.

4. Numerical Examples

To demonstrate the applicability of the method, we have considered two nu-
merical experiments with left-end boundary layer and two numerical experiments
with right-end boundary layer. We compared the computed results with the ex-
act solution of the problems where the exact solution of the problems is known;
and we also have tested the effect of small delay parameter on computed solution
of the problem for different values of δ of o(ε) which are presented by numerical
experiments whose exact solutions are not known.
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Example 4.1. Consider an example of singularly perturbed delay differential
equation with left layer:

εy
′′
(x) + y

′
(x− δ)− y(x) = 0; xϵ[0, 1] with y(0) = 1 and y(1) = 1. (47)

The exact solution is given by

y(x) =
(1− em2) em1x + (em1 − 1) em2x

em1 − em2

where

m1 =
−1−

√
1 + 4(ε− δ)

2(ε− δ)
and m2 =

−1 +
√
1 + 4(ε− δ)

2(ε− δ)

The computational results are presented in the Tables 1, 2, 3 and 4 for ε = 0.01
and 0.001 for different values of δ.

Example 4.2. Now we consider an example of variable coefficient singularly
perturbed delay differential equation with left layer:

εy
′′
(x) + e−0.5xy

′
(x− δ)− y(x) = 1 with y(0) = 1, y(1) = 1 (48)

For which the exact solution is not known.This example is also considered to
show the effect of the small shift on the boundary layer solution. The compu-
tational results are presented in the Tables 5 and 6 for ε = 0.01 and 0.001 for
different values of δ.

Example 4.3. Consider a singularly perturbed delay differential equation with
right layer:

εy
′′
(x)− y

′
(x− δ)− y(x) = 0; xϵ[0, 1] with y(0) = 1 and y(1) = −1 (49)

The exact solution is given by

y(x) =
(1 + em2) em1x − (em1 − 1) em2x

em2 − em1

where

m1 =
1−

√
1 + 4(ε+ δ)

2(ε+ δ)
and m2 =

1 +
√
1 + 4(ε+ δ)

2(ε+ δ)

The computational results are presented in the Tables 7 and 8 for ε = 0.01 and
0.001 for different values of δ.

Example 4.4. Now we consider an example of variable coefficient singularly
perturbed delay differential equation with right layer:

εy
′′
(x)− (1 + x)y

′
(x− δ)− e−xy(x) = 1 with y(0) = 0, y(1) = −1 (50)

For which the exact solution is not known. The computational results are pre-
sented in the Tables 9 and 10 for ε = 0.01 and 0.001 for different values of
δ.
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5. Discussion and Conclusion

We have presented a numerical integration method to solve singularly per-
turbed delay differential equations whose solutions exhibits the layer behavior.
The scheme is repeated for different choices of the delay parameter,δ and pertur-
bation parameter ε. The choice of δ is not unique, but can assume any number
of values satisfying the condition, δ(ε) = τε with τ = O(1) and τ is not too large
Lange and Miura[10].

To demonstrate the efficiency of the method, some numerical examples of
boundary value problems with constant and variable coefficients are considered
for different values of ε and δ. Besides solving for the numerical solutions, we
have considered numerical results of boundary value problems, examples 4.2 &
4.4 , whose exact solutions are not known to show the effect of delay parameter
on the boundary layer solutions.

From the tabulated solutions of the numerical experiments considered, it can
be observed that the present method approximates the exact solution very well
(Tables 1-4, 7-8) for h ≥ ε for which other classical finite difference methods
fails to give good results; and the small shift, δ affects both the boundary layer
solutions (left and right) in similar fashion but reversely. That is, as δ increases
the thickness of the left boundary layer decreases (Tables 5-6) while that of the
right boundary layer increases (Tables 9-10). This method does not depend on
asymptotic expansion as well as on the matching of the coefficients. Thus, we
have devised an alternative technique of solving boundary value problems for
singularly perturbed delay differential equations, which is easily implemented
on computer and is also practical.

Table 1. Numerical results of Example 4.1 for ε = 0.01, δ =
0.001, N = 100

x Numerical Solution Exact Solution Absolute Error
0.00 1.0000000 1.0000000 0.000E+00
0.03 0.4246577 0.3900411 3.462E-02
0.04 0.4030241 0.3874348 1.559E-02
0.06 0.3960990 0.3932834 2.816E-03
0.08 0.4015356 0.4010646 4.710E-04
0.10 0.4091713 0.4091040 6.730E-05
0.20 0.4518030 0.4518175 1.450E-05
0.40 0.5510764 0.5510896 1.320E-05
0.60 0.6721629 0.6721737 1.080E-05
0.80 0.8198554 0.8198619 6.500E-06
1.00 1.0000000 1.0000000 0.000E+00
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Table 2. Numerical results of Example 4.1 for ε = 0.01, δ =
0.008, N = 100

x Numerical Solution Exact Solution Absolute Error
0.00 1.0000000 1.0000000 0.000E+00
0.03 0.3826848 0.3798164 2.868E-03
0.04 0.3840978 0.3836258 4.720E-04
0.06 0.3913690 0.3913600 9.000E-06
0.08 0.3992463 0.3992501 3.800E-06
0.10 0.4072951 0.4072992 4.100E-06
0.20 0.4500416 0.4500456 4.000E-06
0.40 0.5494643 0.5494680 3.700E-06
0.60 0.6708515 0.6708544 2.900E-06
0.80 0.8190553 0.8190570 1.700E-06
1.00 1.0000000 1.0000000 0.000E+00

Table 3. Numerical results of Example 4.1 for ε = 0.001, δ =
0.0001, N = 100

x Numerical Solution Exact Solution Absolute Error

0.00 1.0000000 1.0000000 0.000E+00
0.02 0.3799002 0.3756417 4.259E-03
0.03 0.3797609 0.3794135 3.474E-04
0.04 0.3832495 0.3832232 2.630E-05
0.06 0.3909555 0.3909578 2.300E-06
0.08 0.3988460 0.3988486 2.600E-06
0.20 0.4496495 0.4496520 2.500E-06
0.40 0.5491052 0.5491076 2.400E-06
0.60 0.6705591 0.6705610 1.900E-06
0.80 0.8188767 0.8188779 1.200E-06
1.00 1.0000000 1.0000000 0.000E+00
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Table 4. Numerical results of Example 4.1 for ε = 0.001, δ =
0.0008, N = 100

x Numerical Solution Exact Solution Absolute Error

0.00 1.0000000 1.0000000 0.000E+00
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0.60 0.6703750 0.6703736 1.400E-06
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1.00 1.0000000 1.0000000 0.000E+00

Table 5. Numerical results of Example 4.2 for ε = 0.01, N =
100 and different values of δ.

x Numerical Solutions
δ = 0.001 δ = 0.003 δ = 0.006 δ = 0.008
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Table 6. Numerical results of Example 4.2 for ε = 0.001, N =
100 and different values of δ.

x Numerical Solutions
δ = 0.0001 δ = 0.0003 δ = 0.0006 δ = 0.0008

0.00 1.0000000 1.0000000 1.0000000 1.0000000
0.02 0.2814491 0.2766149 0.2696286 0.2651874
0.04 0.2674407 0.2672496 0.2670166 0.2668858
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1.00 1.0000000 1.0000000 1.0000000 1.0000000

Table 7. Numerical results of Example 4.3 for ε = 0.01, δ =
0.001, N = 100

x Numerical Solution Exact Solution Absolute Error
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0.20 0.8204837 0.8204953 1.160E-05
0.40 0.6731933 0.6732125 1.920E-05
0.60 0.5523440 0.5523677 2.370E-05
0.80 0.4531864 0.4532151 2.870E-05
0.91 0.4026675 0.4061356 3.468E-03
0.92 0.3951608 0.4016054 6.445E-03
0.93 0.3844536 0.3963177 1.186E-02
0.95 0.3386908 0.3768563 3.817E-02
1.00 -1.0000000 -1.0000000 0.000E+00
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Table 8. Numerical results of Example 4.3 for ε = 0.01, δ =
0.008, N = 100

x Numerical Solution Exact Solution Absolute Error

0.00 1.0000000 1.0000000 0.000E+00
0.20 0.8215659 0.8215816 1.570E-05
0.40 0.6749702 0.6749963 2.610E-05
0.60 0.5545318 0.5545645 3.270E-05
0.80 0.4554147 0.4556031 1.884E-04
0.91 0.3849975 0.4004646 1.547E-02
0.92 0.3674061 0.3900229 2.262E-02
0.94 0.3047602 0.3508412 4.608E-02
0.96 0.1622853 0.2461420 8.386E-02
0.99 -0.4981479 -0.4027894 9.536E-02
1.00 -1.0000000 -1.0000000 0.000E+00

Table 9. Numerical results of Example 4.4 for ε = 0.01, N =
100 and different values of δ.

x Numerical Solutions
δ = 0.001 δ = 0.003 δ = 0.006 δ = 0.008

0.00 1.0000000 1.0000000 1.0000000 1.0000000
0.10 0.8860135 0.8872128 0.8890605 0.8903236
0.20 0.7966495 0.7996137 0.8041510 0.8072353
0.40 0.6659145 0.6733466 0.6847364 0.6924937
0.60 0.5748382 0.5874007 0.6068285 0.6201873
0.80 0.5073933 0.5254355 0.5537134 0.5734121
0.91 0.4768390 0.4971352 0.5268722 0.5455866
0.92 0.4738808 0.4935192 0.5207998 0.5369023
0.93 0.4703202 0.4883070 0.5109527 0.5227806
0.94 0.4651339 0.4795079 0.4939231 0.4990698
0.99 -0.0910724 -0.1790031 -0.2788279 -0.3305066
1.00 -1.0000000 -1.0000000 -1.0000000 -1.0000000
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Table 10. Numerical results of Example 4.4 for ε = 0.001,
N = 100 and different values of δ.

x Numerical Solutions
δ = 0.0001 δ = 0.0003 δ = 0.0006 δ = 0.0008

0.00 1.0000000 1.0000000 1.0000000 1.0000000
0.10 0.8831602 0.8832740 0.8834459 0.8835605
0.20 0.7916685 0.7919548 0.7923855 0.7926733
0.40 0.6576752 0.6583982 0.6594849 0.6602109
0.60 0.5638813 0.5650974 0.5669269 0.5681503
0.80 0.4939086 0.4956388 0.4982454 0.4999907
0.90 0.4649634 0.4669535 0.4699534 0.4719636
0.92 0.4595576 0.4615996 0.4646783 0.4667417
0.94 0.4542679 0.4563617 0.4595181 0.4616326
0.96 0.4490744 0.4511907 0.4543283 0.4563812
0.97 0.4462698 0.4481092 0.4505506 0.4519388
1.00 -1.0000000 -1.0000000 -1.0000000 -1.0000000
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