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This study investigated the visual-mental capabilityof pre-service and in-service mathe-
matics teachers as well as academicians making a career change to mathematics teachers 
with regard to manipulations of two geometric shapes (from 2- to 3-dimensional). More-
over, it investigated whether there are differences between the visual-mental capabilityof 
these participant groups. Findings illustrate that most of the participants demonstrate an 
adequate visual capability relating to the task dealing with a cube. Conversely, very low 
percentage of participants manifested a visual-mental capability in a task requiring the 
identification of a solid resulting from rotation of a square page, whose diagonal serves 
as the rotation axis. The study indicates that learners’ high visual view should be devel-
oped in order to enhancetheir visual-mental capability. 
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INTRODUCTION AND THEORETICAL BACKGROUND 
 

Mathematics educators concur about the importance of developing spatial orientation 
and visual-mental capability for the enhancement of mathematical thinking in general and 
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visual thinking in particular(Patkin& Dayan, 2014; Halpern, 2005; Sorby, Wysock-
i&Baartmans, 2002). 

Solid geometry is one of the topics of geometry studied from kindergarten, throughout 
the years in elementary school, continues at high school and up to mathematics teacher 
education in college. Quite a few studies explored children’s thinking related to spatial 
orientation in general and perception of concepts associated with spatial geometric shapes 
in particular (Shaw 1990;Yackel& Wheatley, 1991; Hannibal, 1999). Spatial comprehen-
sion comprises two components, visual-mental capability and spatial orientation. Spatial 
orientation is the position of an object in space with regards to a frame of reference that is 
chosen. Visual-mental capability is the ability to imagine 2-dimensional shapes and solids 
as well as their movement or change in theirattributes(Del Grande, 1990). Developing 
visual-mental capability is based on learners’ experiences and activities with 3D shapes, 
using illustration aids and actual experience of building 3D shapes (Patkin & Sarfaty, 
2012). The National Council of Teachers of Mathematics (NCTM, 2000) defined several 
standards, principles and tools for teaching mathematics at different ages. The document 
explicitly states that the development of visualisation is one of the tools for solving ma-
thematical problems:“Students should gain experience in using a variety of visual and 
coordinate representations to analyse problems and study mathematics…beginning in the 
early years of schooling, students should develop visualisation skills through hands-on 
experiences with a variety of geometric objects…students need to learn physically and 
mentally to change the position, orientation and size of objects…. One aspect of spatial 
visualisation involves moving between 2- and 3-dimensional shapes and their representa-
tions….”(NCTM, 2000, pp, 42–43). 

Walker, Winner, Hetland, Simmons & Goldsmith (2011) argue that, although the im-
portance of visual-mental capability is recognised in the learning of mathematics, solid 
geometry is usually studied with a strong emphasis on the formal aspect and symbolic 
representation rather than on visual-mental capability(Walker et al., 2011). Teaching 
which integrates formal aspect and visual aspect facilitates complete conceptualisation of 
geometric ideas and the ability to cope with geometric assignments (Walker et al., 2011). 
This attitude is supported by the work of the mathematician William Thurston, winner of 
the Fields Medal in 1982. He became famous after illustrating the power of visual repre-
sentations in the conceptualisation of abstract mathematical ideas. He claimed that using 
visual tools for representing abstract mathematical ideas contributes more than formal 
proofs. Consequently, he developed ways for teaching geometry by means of visual ar-
guments (Horgan, 1993). According to Presmeg (1986) and Bishop (1989), the ability to 
create mental pictures may improve the understanding of mathematics concepts and prob-
lem solving. In her study, Cohen (2007) discussed the analysis of geometrical thought 
processes of pre-service teachers and in-service teachers while performing tasks in the 3-
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D space. Her main goal was to identify supporting and hindering factors which affect the 
cognitive processes, and to examine the effect of combining visual imaging and analytical 
difficulties and misconceptions. Cohen's findings supported the premise that strengthen-
ing the use of analytical–visual integration enables improvement of the ability to imagine 
pictures. Strengthening the analytical-visual connection facilitates a more comprehensive 
understanding of concepts and space relations. Walker et al. (2011) investigated whether 
students of art have high visual-mental capability, because art is an area of knowledge 
requiring high visual-mental capability. Their study consisted of two student groups: 18 
art students and 18 psychology students. The participants were asked to respond to 27 
items designed to check visual-mental capability. Answering these items did not depend 
on the students' formal knowledge of geometry, such as definitions, theorems and proofs, 
but required 2- and 3-dimensional visual-mental capability. Findings of the study con-
ducted by Walker et al. (2011) showed that the art students demonstrated better capabili-
ties in solving the geometric assignments and that there was a considerable difference in 
their visual-mental capability versus those of the psychology students. All these findings 
corroborate the researchers’ claim that developing visual-mental capability in art im-
proves geometric thinking. 

Hence, it is very important that teachers and pre-service teachers are aware that using 
a variety of assignments engaging in visual-mental capability as well as shifting from 2- 
to 3-dimension and vice versa in varied disciplines which learners study, can facilitate the 
development of students’ spatial orientation, bringing them to an advanced level of geo-
metric thinking. 

The study presented in this paper focuses on mathematics education and, therefore, 
deals with the visual-mental capability of pre and in-service teachers. Two assignments in 
solid geometry were chosen for testing the visual-mental capability of the research partic-
ipants (three groups of participants: pre-service and in-service teachers as well as career-
changing academicians) to cope with those assignments. Moreover, the study explored 
whether there are difference in the way of thinking of the three groups of participants. 

Research question 

1. What is the visual-mental capability of the research participants (pre-service, 1st year, 
B.Ed. and in-service teachers as well as career-changing academicians) regarding 
manipulations of geometric shapes (from 2-dimensional to 3-dimensional)? 

2. Are there any differences in the visual-mental capability of in-service mathematics 
teachers, pre-service mathematics teachers and academicians making a career change 
at different points during their education (pre-service, 1st year, B.Ed. and in-service 
teachers as well as career-changing academicians)? 
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METHODOLOGY 

Research population 

The research population consisted of 87 participants, learning in an academic college 
of education. The participants were divided into three different sub-groups. The first sub-
group comprised 46 pre-service teachers in their first year of studying to become elemen-
tary school mathematics teachers. These participants have never taken any academic 
geometry course on the topic of solids (3D). The second sub-group consisted of 18 partic-
ipants with a B.A. or M.A. in another area of knowledge, making a career change to ma-
thematics teachers at elementary and junior high school. These academicians are in their 
first year (out of two years) of studies for obtaining a teaching certificate. The third sub-
group included 23 in-service mathematics teachers studying towards an M.Ed. in mathe-
matics education for elementary school. These teachers have B.Ed. in mathematics and 
teach geometry including the topic of solids (3D) at their school. 

Research tools 

The research tool was a questionnaire with two assignments, chosen out of the 27 as-
signments developed by Walker et al. (2011). 

Based on our experience as lecturers and researchers we are aware that, some-
times,while coping with assignments, pupils improve their knowledge. Consequently, in 
order to comprehend their real knowledge, we decided to present only two assignments, 
knowing that exposure to a wide variety of assignments might be a kind of exercise or 
intervention which we wanted to avoid at this stage of the study. Moreover, we did not 
want to put too much burden on the respondents who might refuse to answer the ques-
tions relating to these assignments in a well-argumented and detailed way. As already 
mentioned, these assignments do not depend on formal knowledge of geometry, e.g. defi-
nitions, theorems and proofs but rather focus on geometric thinking.  

These assignments require reliance on vision and ability to imagine solids. In order to 
investigate the in-service and pre-service teachers’ ability to solve the assignments by 
mental imaging, without manipulation of external representations, the participants were 
asked to respond to the assignment in as detailed a manner as possible, using words and 
without using a drawing. In case they used a drawing, they were asked to explain why 
they did it, indicating at what stage of the answering process they decided to use a draw-
ing (prior to the solution, during the solution or as a backup of the solution they sug-
gested). 

The two assignments (detailed further on) were chosen so that one assignment dealt 
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with an unfamiliar rotated solid (solid consisting of two cones with a common basis) 
whereas the second dealt with a familiar solid (a cube). That is, we wanted to check 
whether there was a difference in the respondents’ answers and their visual capabilities in 
these two assignments. 

Below are the two assignments.  
 

First assignment: imagine you are holding in your hand a paper square, holding it at two 
opposite vertices. Now rotate the square so that the diagonal between those vertices 
constitutes the rotation axis. Which image of a shape is created? 

Second assignment: imagine a cube. You are asked to paint all the faces of the cube so 
that no adjacent faces are of the same colour. What is the minimal number of colours 
required, in your opinion, to complete the assignment? 

 

The first assignment requires rotating a square page whose diagonal serves as the rota-
tional axis, creating a 3-dimensional solid comprised of two cones with a common basis. 

It is important to point out that rotating an isosceles right-angled triangle around the 
altitude to the basis of the triangle creates an image of a cone (3-dimensional figure).  
 

 

Illustration 1a.Rotation of an isosceles right-angled triangle 
 
The diagonal of the square divides it into two congruent isosceles triangles. Hence, ro-

tating a square page around its diagonal creates a solid consisting of two cones with a 
common basis. 

 

Illustration 1b.Rotating a square page around its diagonal 
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In the second assignment, respondents are required to imagine a solid (cube) familiar 
to them, on which mental manipulation should be performed (painting the faces of the 
cube) and then to explain their answer. 

The assignment focused on the minimal number of colours required for painting the 
faces of the cube so that no two adjacent faces are in the same colour. A cube has six fac-
es and each face is adjacent to four other faces of the cube. Consequently, the minimal 
number of colours, according to the requirements of the assignment, is three. 
 

 

Illustration 2. The cube 

Research procedure 

The questionnaire was administered to each group as part of the end-of-course exam 
in the geometry courses they had studied, according to their year of education and differ-
ent pathways (1st year, B.Ed., M.Ed., career change). The courses were taught by the re-
searchers of the present study. A full answer to each of these two assignments awarded 
the respondents 5 points (a total of 10 points). 

The respondents could decide for themselves in which order the assignments would be 
solved. 

Ethical considerations 

Permission to conduct the study was granted by the college. The participants gave 
their consent to take part in the study. The aims and objectives of the study were dis-
cussed with them. The name of the college and those of the learners were not divulged. 

 
 

FINDINGS 
 
Table 1 presents the distribution (%) of correct and incorrect answers given by the par-

ticipants to the first assignment: identifying the solid resulting from the rotation of a 
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square page, whose diagonal serves as the rotation axis (the obtained solid is built of two 
cones with a common basis). Moreover, the table indicates the participants who did not 
respond to this assignment. The table refers to each of the three sub-groups participating 
in the study: pre-service elementary school mathematics teachers in their first year of stu-
dies; in-service elementary school teachers studying towards an M.Ed. in mathematics 
education; and academicians making a career change to mathematics teachers at elemen-
tary and junior high school. 

Table 1.Distribution (%) of answers in the cones assignment 

Sub-Group N Correct(%) Incorrect(%) Did notrespond 
1st year 46 0 41 (89%) 5 (11%) 

Career change 18 7 (39%) 6 (33%) 5 (28%) 
M.Ed. 23 4 (17%) 14 (61%) 5 (22%) 
Total 87 11 (13%) 61 (70%) 15 (17%) 

 

Table 1 illustrates that only 13% of the participants in this study gave a correct answer 
and identified that the resulting solid was two cones with a common basis. These were the 
academicians making a career change to mathematics teachers at elementary and junior 
high schools and in-service teachers studying for M.Ed. in elementary school mathemat-
ics education. 89% of the pre-service teachers in their first year of studying to become 
elementary school mathematics teachers did not respond correctly to this assignment. The 
other 11% failed to respond to this assignment. Among those learning towards an M.Ed. 
and the career-changing academicians, the percentage of non-respondents was twice 
higher and even more than that (22% and 28% respectively).  

As for the participants who answered this assignment correctly, the findings show that 
only five (out of the 11 who responded correctly) offered arguments. All the arguments 
presented were correct and related to essential attributes of the created solid. The partici-
pants pointed out that one diagonal of the square is the diameter of the obtained cones 
whereas the second diagonal constitutes the altitudes of these cones. The sides of the 
square are the creating line segments of the cones. Below are the explanations given by 
the participants. 

“The diameter is the diagonal of the square. The creating line segment is the side of the 
square” [In-service teacher R]; “The radius of their bases is half the diagonal of the 
square and their altitude is half of the diagonal of the square and you connect them at 
their bases” [In-service teacher M]; “The ends of the square (the vertices which we are 
not holding) create a circular basis (collection of dots equally positioned from the centre 
of the square which becomes the centre of the circle” [In-service teacher A]; “The side of 
the square will become the creating line segment of the cone on each side” [Career 
change C]; “The vertex of the cones will be the opposite vertices of the cube which are 
held in both hands. The rotation around the diagonal axis of the square turns the di-
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agonal of the cube in the connection of the two cone altitudes” [Career change F]. 
 

It is worth noting that some of the participants, including those who did not give any 
mathematical argument, described their decision-making process regarding the (correct) 
answer. 

The participants indicated that for the purpose of making a decision or checking their 
answer, they used a tangible item available to them such as a notebook, a notebook page 
or a handkerchief. They did not rely only on the mental picture of the solids. 

“I usedthe examination page in order to see what we get.It took me time to understand 
the problem. Only after rotating the page several time I saw these were two cones con-
nected at the basis” [In-service teacher H]; “It is interesting to point out! Rotation of a 
square is done in the head, but as backup I rotated the exam notebook” [Career change 
O]; “I used a drawing and, mainly, a handkerchief in order to comprehend the meaning 
of rotating around one axis while the other axis (the second diagonal) is turning around” 
[In-service-teacher S]. 

 

Table 2 presents the variety of incorrect answers given by the participants to the first 
assignment. The table relates to the distribution of the incorrect answers about 3-
dimensional solids and to the distribution of incorrect answers about 2-dimensional 
shapes. 

Table 2.Distribution of incorrect answers in the cones assignment 

Total M.Ed. 
Career 
change 

1st 
year The answer 

Figure 
N=61 N=14 N=6 N=41  

4 1 --- 3 Cone 

3-D 

13 1 --- 12 Cylinder 
6 3 3 --- Ball 
2 2 --- --- Pyramid 
4 1 1 2 Cube 
2 --- --- 2 Square prism - box 
7 3 --- 4 2 square pyramids with a 

common basis – octagon 
3 2 --- 1 A very thin body 
6 2 --- 4 Square  

2-D 

2 --- --- 2 Circle 
6 1 2 3 Triangle 
4 --- --- 4 Rhombus 
2 --- --- 2 Kite 
1 --- --- 1 Parallelogram 
1 --- --- 1 Other 
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Table 2 shows that 39 incorrect answers related to solids and 22 answers related to in-
correct shapes. Among the 1st year participants, 13 types of incorrect answers were found. 
The most prevalent incorrect answer was the cylinder. This answer might have been giv-
en based on the knowledge that rotating a rectangular paper page around one of its sides 
results in a cylinder. This answer did not relate to the fact that the rotation axis in the as-
signment was not one of the square sides but rather its diagonal.Additional five types of 
incorrect solids (10 answers) and seven types of incorrect shapes (17 answers) were pre-
sented by the participants of this sub-group. Among the academicians making a career 
change to mathematics teachers, three types of incorrect answers were given.Half of the 
academicians (three out of six) indicated that the created solid would be a ball. Another 
type of incorrect solids (one answer) and one type of incorrect shape (two answers) were 
also presented by the participants of this sub-group. The in-service teachers studying for 
an M.Ed. presented a variety of eight incorrect types of answers: eleven participants of 
this sub-group related in their incorrect answer to different solids and three others related 
to two types of 2-dimensional shapes. 

Table 3 indicates the distribution (%) of correct and incorrect answers which the par-
ticipants gave to the second assignment. In that assignment they were required to find the 
minimal number of colours necessary for painting all the cube’s faces so that there would 
be no adjacent faces of the same colour (the minimal number of colours is three). Fur-
thermore, the table presents the distribution of participants who failed to respond to that 
assignment. The table relates to each of the groups participating in the study. 

Table 3. Distribution (%) of answers in the cube assignment 

Sub-Group N Correct(%) Incorrect(%) Did not respond 
1st year 46 40 (85%) 5 (11%) 1(4 %) 
Career change 18 15 (83%) 1 (6%) 2 (11%) 
M.Ed. 23 20 (87%) 1 (4%) 2 (9%) 

Total 87 75 (85%) 7 (8%) 5 (7%) 
 

Unlike the findings relating to the first assignment, Table 3 illustrates that almost all 
the participants (85%) responded to this assignment. The percentage of participants in 
each of the three groups in the present study who gave a correct answer was similar 
(83%–87%). We believe that the differences in the participants’ ability to give a correct 
answer to the cube assignment, as compared to their ability to answer the cones assign-
ment, stem from the fact that the cube assignment presented a solid which is familiar to 
them and they could easily imagine it. 

All the participants, with the exception of five who responded correctly to the second 
assignment (the cube assignment), presented an argument for their (correct) answer. The 
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arguments which the participants presented were similar. There was no difference be-
tween the arguments presented by the in-service teachers studying for an M.Ed. and the 
pre-service teachers in their first year of studies or the academicians making a career 
change to elementary and junior high school mathematics teachers. 

Relating to the fact that every two parallel faces could be painted in the same colour 
and a cube has three pairs of parallel faces. 

“A cube has 6 faces, each one is parallel (and congruent) to another face. Hence, two 
parallel faces will be painted in the same colour. A cube has three such pairs and, there-
fore, three colours are needed” [Pre-service P]; “The minimal number of colours for per-
forming the assignment is three – one colour for each opposite (and parallel) pair of 
faces” [In-service teacher G]. 

 

Most of the arguments highlighted that every side of the cube is adjacent to four faces 
and not only to one face of the cube, i.e. two such faces can be painted in the same colour. 
Consequently, the participants concluded that every two (parallel) faces can be painted in 
the same colour and that a cube has three such pairs. 

“A cube has six faces and each face is adjacent to four faces and not only to the faces 
opposite it. Therefore, if we divide six by two the answer will be three” [In-service 
teacher N]; “Every face of the cube ‘touches’ four other faces. However, out of the four 
faces it touches, two are opposite. That means that only three colours are necessary 
(6:2=3)”[In-service teacher R]; “A cube has six faces and each face has common edge 
with other four faces, namely there is only one side which is not adjacent to it. So, two 
parallel faces will be painted in the same colour” [Pre-service teacher J]. 

 

Regarding the incorrect answers given to this assignment (a total of seven participants), 
five of them argued that five colours would be needed. 

“One needs five colours because every face has four adjacent faces. One can choose a 
pair of opposite faces and paint them in the same colour, painting the four additional 
faces in different colours” [Pre-service K]; “five colours. Four faces adjacent to one 
another and the two bases are not adjacent. Therefore we need one colour for the bases 
and four different colours for the envelope” [Career change L]. 

 

These arguments do not take into consideration that the face they choose is random 
and that this argument applies to any chosen face of the cubes. Thus, every pair of paral-
lel faces can be painted in the same colour. 

One participant maintained that four colours should be sufficient. 
“Every face ‘touches’ four different faces and, therefore, we need four colours” [Pre-
service I]. Yet another participant claimed that “we need six colours since the cube has 
six faces” [In-service A]. 
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DISCUSSION AND CONCLUSIONS 

 
This study focuses on mathematics education and, therefore, engages in the know-

ledge of pre-service and in-service teachers. This population has been extensively re-
searched in studies of mathematics education with the purpose of exploring the know-
ledge and capabilities of those engaged in the teaching of mathematics. 

The research aims of the present study were to explore the visual-mental capability of 
pre-service and in-service mathematics teachers as well as of academicians making a ca-
reer change to mathematics teachers regarding manipulations of geometric shapes. 

Furthermore, the study examined whether there are differences in the visual-mental 
capability of these participant groups. 

Only a few studies investigated the visual-mental capability of pre-service and in-
service teachers at different stages of their education regarding manipulations of geome-
tric shapes and transition from 2-dimensions to 3-dimensions. Studies focusing on the 
relation between visual capabilities (e.g. of art students) and formal aspect of geometry 
illustrate that visual art can serve as a starting point or even as a jumping board for learn-
ing geometry and enhancing geometric comprehension. Visual capability can be a useful 
tool for promoting geometric comprehension, mainly when focusing on dynamic geome-
tric thinking instead of memorisation and application of static rules and geometric rela-
tions (Seago, Driscoll & Jacobs, 2010; Walker et al., 2011). 

The study conducted by Walker et al. (2011) investigated students of psychology and 
art in order to check whether the visual-mental capabilities to answer assignments dealing 
with manipulation of shifting from 2-dimensions to 3-dimensions are different between 
art and psychology students. The present study, however, aimed to examine the visual-
mental capabilities of pre-service and in-service mathematics teachers with regard to 
these unusual assignments which are not studied directly in the curriculum. 

All the participants in this study have high school education, including matriculation 
in mathematics. They were directly or indirectly exposed to solid geometry during their 
previous studies (the differences reside in the number of mathematics learning units they 
took at high school). 

Findings of the present study show that the participants demonstrated low visual-
mental capability in a less familiar assignment which is not so prevalent in their 
professional world: identifying the solid created by rotating a square around its diagonal 
(13% answered correctly and 70% answered incorrectly). This finding is typical of all the 
participants of the present study regardless of the sub-group to which they belonged. In 
the familiar and common assignment, which the participants encounter during their 
studies or teaching in practice, most participants (85%) manifested a high visual-mental 
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capability. Similarly to the first assignment, in this assignment too no differences between 
the sub-groups of the research populations were found. 

The findings indicate that in the cube assignment only few participants were wrong (8% 
responded incorrectly and 7% gave no answer at all). Based on the findings, we maintain 
that the participants’ typical mistake was due to several reasons: they failed to master the 
cube attributes;they understood the cube attributes, but failed to apply these to the issue 
of non-adjacent sides of a cube; they oversimplifiedthese attributes, saying that a cube has 
six faces, therefore six colours are required. 

In the cones assignment, the participants presented a variety of incorrect answers (70% 
and 17% did not respond). Some of the mistakes were characterised as a misconception in 
the transition from a 2- to 3-dimensional shape. Many of these participants related to a 
cylinder or cone on the one hand or to solids whose basis is not round, such as box or 
cube on the other. Another typical misconception was that the rotation had no effect on 
the shape dimensions, namely the participants perceived that the created shape was 2-
dimensional following the rotation. 

In light of the difficulties encountered by the pre-service teachers, in-service teachers 
and the career-changing academicians in the two solid geometry assignments, we believe 
that using operational ideas such as the assignments included in the present study can 
develop learners’ spatial orientation as well as help those engaged in the teaching of 
geometry to bring learners to an advanced level of geometric thinking. 

Findings of the present study illustrate the importance and contribution of visual-
mental capability to geometric thinking, even in studies of another area of knowledge, art 
for example. Hence, it is recommended integrating in geometry teaching activities which 
nurture and develop a visual-mental capability at all stages of learning and in different 
pathways, from kindergarten to academic education. Learners’ visual-mental capability 
might be developed not only within the framework of geometry teaching but in other 
areas as well and, thus, their spatial orientation and geometric thinking would be 
enhanced.  

These recommendations are corroborated also by studies (Gardner, 2007; Walker et al., 
2011) which advocate encouraging art teachers to collaborate with their colleagues in var-
ious academic fields, while applying knowledge from one field in another field. This 
collaboration might provide comprehensive education in line with the 21st century spirit 
also for art students and other academicians, preparing them for the future by teaching 
them skills which would enable them to make a synthesis of various areas of knowledge. 
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