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ABSTRACT

This paper introduces three different simulation algorithms of the shifted Poisson distribution. The first algorithm is
the inverse transform method, the second is the rejection sampling, and the third is gamma-Poisson hierarchy sam-
pling. Three algorithms have different regions of parameters at which they are efficient. We numerically compare

those algorithms with different sets of parameters. As an application, we give a simulation method of the constant

elasticity of variance model.
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1. INTRODUCTION

A non-negative integer valued random variable N is
said to be a shifted Poisson random variable with the
shift parameter v >0 and the rate parameter 4 >0 if

p,=P(N =n)
_ F(v) iv+n e*l
ywv; A)T(v+n+1)

for n=0,1,2,---, where y(v, 1) and T'(v) are the income-
plete gamma function and the (complete) gamma func-
tion defined by

y;
y(v;A) = J.o e dt,

L(v)=y(v; o) = j;z"*le*’dt.

We shall write N ~SP(v; 1) if N has a shifted Pois-
son distribution with parameters v and 1. We recall that
lim, ,,T(»)/y(v; A)=1. In particular, SP(0; A) = Poisson(A).
In this sense, the shifted Poisson distribution is a gener-
alization of the Poisson distribution. On the other hand,
we can get the shifted Poisson distribution by shifting

the Poisson distribution (or conditioning on a large out-
come, see Lemma 2.4).

The shifted Poisson distribution arises naturally in
the study of several diffusion processes including the
squared Bessel processes and the constant elasticity of
variance (henceforth, CEV) processes, see (Going-Jaes-
chke and Yor, 2003) and (Makarov and Glew, 2010).
Particularly, simulation methods, developed in this pa-
per, can be used in the generation of sample paths of
CEV processes. Therefore, our methods would be build-
ing blocks for Monte Carlo pricing under the CEV model.

This paper introduces three different simulation me-
thods of shifted Poisson distributions. The first algorithm
is the inverse transform method, the second is the rejec-
tion sampling, and the third is gamma-Poisson hierarchy
sampling. We compare them from a computational point
of view by analyzing the expected number of iterations,
and we perform numerical experiments with different
sets of parameters. As a result, we find that three algo-
rithms have different regions of parameters at which
they are efficient.

The rest of this paper is organized as follows. Sec-
tion 2 studies basic properties of the shifted Poisson
distribution. Section 3 introduces three simulation meth-
ods for the distribution. Section 4 presents an applica-
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tion to CEV model. Section 5 provides numerical results.

Section 6 concludes this paper.

2. BASIC PROPERTIES

In this section, we investigate some basic proper-
ties of the shifted Poisson distribution. First, we recall
the holomorphic expansion of the incomplete gamma
function, e.g. see (Abramowitz and Stegun, 1964)

v _ ® A"
P AT ety

Using the above representation, we can find the mo-
ment generating function of the shifted Poisson distribu-
tion.

Lemma 2.1: Let N ~SP(v; 4). The moment generating
function m(s) of N is given by

m(s) =E[e™ ]
7(v; Ae*)

= Wexp(i (es - 1) - VS).

Proof: We use the holomorphic expansion to have

m(s)=y"_e"p,

_ LT o (A7)
- 7’(\»;/1)/1 ¢ Z":OF(v+n+1)
= —7;‘(); ;/1;;) Ae*(1e’) " exp(ie’)
= %exp(ﬂ(es —1)—vs).

]

Then we find the mean, variance, and mode of the
shifted Poisson distribution.

Lemma 2.2: Let N ~SP(v; ). The mean and variance of
N are given by

E[N]=2-v(- p,)
:A_M and
yvid)

V(N) = A+ py(1— py) +v(v+1)p, = 2vA p,.

The random variable N has a mode at max(l_/l -v],
0) if 1-ve N, and it has modes at max (1 -v,0) and
max(/l—v—l, 0) if A-veN.

Proof: Notice that (v+n)p, = Ap,_, for all n=1,2,.... This
implies that

E[v+N]=vp, + z:ozl(er n)p,
=VPo + /Izjzopn

=A+vp,.

That is, E[N]=A4-v(1- p,). Using integration by parts,
we can easily see that

y(v+1; A) =vp(v; A) = e
It follows that

vy(v; A) = A'e?
r(vi 4)

_y(v+1; 1)

S ormA

v(l=po) =

Similarly, (v+n)(v+n-1)p, = A*p,_, forall n=2,3,-... So,
we have

E[(v+ N)(v+ N -1)]
=v(v-1Dpy +v(v+1)p
+z:°:2(v+ n)(v+n-1)p,

=v(v=1)py+v(v+1p, + A2
Therefore, the variance is

V(N)=V(+N)
=E[(v+ N)*]-(E[v+ N])*
= py +v(v+)p + A%+ A)
—(vng +2Avpy + /12)
=1 +v2p0(1— po) +v(v+1)p, —2vAp,.

From the recursive relation p, = A p,_i» We can easily
v+

see that p, decreases if A-v<n, and it increases oth-

erwise. [l

In particular, the shifted Poisson distribution has a
unique mode at 0 if v> 4.

Corollary 2.3: We denote by E[N|v, 1] the expectation
of N ~SP(v; 1). Then

1imE[1v|v, A]1=0,
for all 2>o0.
Proof: We recall a series expansion of the incomplete
gamma function, e.g. see (6.5.33) of (Abramowitz and

Stegun, 1964)

. (_1)’71\7"’”
=0 (v +n)n! '

rvmA) =y
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It follows that

Zw (71)niv+}1
jf(erl;Z.):/1 =0 (v + 1+ n)n!
y(v;4) Zw (=n" A"

=0 (v + n)n!

Z:ﬂ v (71)}11\"”’1
I Pl e nt
. v (_l)nﬂl"Fﬂ
ZM:O

v+n n!

By the dominated convergence theorem, we have
lim, ,, y(v+1; A)/(v; 1) = . Hence, by Lemma 2.2, the
mean converges to zero as v tends to infinity. O

The next lemma explains why we call it the shifted
Poisson distribution.

Lemma 2.4: Let N ~SP(v; 1). Then
(N =m|N 2m)~SP(v+m; A),
for all nonnegative integer m.

Proof: Since the normalizing constant is uniquely de-
termined, it suffices to observe that

1V+ﬂl+ﬂ
P(N—m=n|N2m)~—,
Fv+m+n+1)

forall n=0,1,2, . Il

The next lemma gives an upper bound which will
be used in our acceptance-rejection algorithm.

Lemma 2.5: Let p, and ¢, be the probability mass func-
tion of SP(v; 1) and Poisson(1), respectively. Then

&gﬂ’—v
g, vy(vid)

forall n=0,1,2, .

Proof: Firstly, we observe that

L) 1y &
Frv+n+1) TE+1)+Hr=lyik

c ]
T(v+1)

>

forall n=0,1,2,---. So we have

D _ I'(v) P I'(n+1)

q, r(v;Ad) T@E+n+l)
rey) r 1
Ty A T+

— ﬂv
vy (v A)

O

We give another construction of the shifted Poisson
distribution using a gamma random variable and a Pois-
son random variable. This lemma will be used to de-
velop an algorithm for generating a shifted Poisson ran-
dom number, namely Algorithm 3 in Section 3.

Lemma 2.6: Let X be a gamma random variable with
shape parameter v and scale parameter 1 conditional on
X < A. That is,

_rvix)

P(XSx):'[ ,
jt“’le"dt 7(v; x)

for 0<x <. If N~Posson(4-X), then the distribution
of Nis SP(v; 1).

Proof: Observe that

P(N =n)
=E[P(N =n|X)]

_ 1 J‘l (A1) om0 =t g
y(v; A)° 0  n!

-1
2 ,
=———[ (-0 e ar
nly(v; 1)70

v+n _—A
e
nly(v; A)7 0
v+n _—A
A B,
nly(v; 1)

where B(-,-) is the beta function. Recall that

T (v)

B(n+1,v) = T'(n+DHI(v) _
’ Tv+n+1)

- Frv+n+1)

Hence, we have

F(v) /I\Hrn 7/1
yv;A) T(v+n+1)

P(N =n)= =D

forall n=0,1,2, . ]

3. SIMULATION METHODS

We shall introduce three simulation methods of the
shifted Poisson distribution.

The first algorithm is the inverse transform method.
We use the following recursion formula
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ﬂ/v ,/’:

= e and
P A
A
pn: pnfh l’lzl, 2’
v+n

Data: v>0,1>0
Result: N ~SP(v; 1)
Generate U ~ unif(0, 1);
A et s« p,ne 0
vA(v; 1)

while U > s do

<«

n<n+l, p« p, S<Ss+p;

v+n
end
return n

Algorithm 1. Inverse transform method

Algorithm 1 requires a single computation of the
incomplete gamma function. We use the algorithm of
(Press et al., 2007) in our numerical experiments. The
expected number of iterations of Algorithm 1 is E[N]=

PRNACAIEON Therefore, by Corollary 2.3, it is efficient
y(vid)
for large v.
Our second algorithm is a rejection sampling using
Lemma 2.5. We shall write

¢y =0, and

c, = —log[—v}/(/{}j 2] &]
qn

n v
=zk:]10g(l+;j, n=1,2,-

Data: v>0,1>0
Result: N ~SP(v; 1)
reject <— true;

while reject do
Generate E ~ exp(l);

Generate N ~ Poisson(4);
If E>c, then
reject < false;
end

end
return N

Algorithm 2. Rejection sampling

Algorithm 2 avoids any computations of incom-
plete or complete gamma functions. But it requires gen-
erations of Poisson random numbers. There are many
well-known algorithms for generating Poisson random
numbers. Among them, the algorithm of (Devorye, 1986)

is a uniformly fast for all 2>0. In our numerical ex-
periments, we used his algorithm for generating Poisson
random numbers. The expected number of iterations is
the upper bound for p,/q,, i.e. 1" /(vy(v; A). Notice that
this upper bound grows very rapidly as A increases for
v> 1. Therefore, we recommend the reader to use Algo-
rithm 2 for only very small values of 4 for v>1.

Our third algorithm is based on Lemma 2.6. We
first generate a gamma random variable and then we
generate a Poisson random variable conditional on the
gamma random variable.

Algorithm 3 requires generations of gamma ran-
dom variables and a Poisson random variable. We use
Algorithm GKM1 if v>1 and Algorithm GS™ if 0<v<1
from (Fishman, 1996) for generating gamma random
variables. The expected number of iterations is 1/ p where
p =P(X < A). Therefore, this algorithm is efficient when
4 is sufficiently larger than v.

Data: v>0,1>0
Result: N ~SP(v; 1)
reject < true;
while reject do
Generate X ~T'(v, 1);

If X <2 then
reject < false;
end
end
Generate N ~ Poisson(A — X);
return N

Algorithm 3. Gamma-Poisson hierarchy sampling

4. CEV MODEL

Several authors studied the exact simulation of the
constant elasticity of variance model. For instance, (Ma-
karov and Glew, 2010) provided a mixture sampling
method with a shifted Poisson mixing variable, and (Lin-
dsay and Brecher, 2012) suggested an inverse transform
method based on a root-finding algorithm. In this section,
we review the exact simulation method of (Makarov and
Glew, 2010).

The CEV model is an option pricing model which
generalizes the celebrated Black-Scholes model. The
stock price is described by the following stochastic dif-
ferential equation

ds, =rS,dt + oSP'*aw,, S, = s,

where > 0 is the instantaneous interest rate and g < (0, 2)
is the elasticity of variance. This model is in-troduced
by (Cox and Ross, 1976).

According to (Delbaen and Shirakawa, 2002), S,
can be represented as follows



Simulation of the Shifted Poisson Distribution with an Application to the CEV Model

Vol 20, No 1, May 2014, pp.27-32, © 2014 KORMS

31

S, =e"(X, ,)"?7 in distribution,
where X; is the solution of
dX, = dt+2,[|X,[aW,. X, =x,
with §=2-28)/(2- ), x=5"",

2
T, = 0'—[1 _ exp{i}j, and
2r(2-190) 2-6

¢ =inf{r>0; X, =0}.

The distribution of X, is well-known in the literature, e.g.

see (Going-Jaeschke and Yor, 2003). For 6 > 0 (or ge

(0, 1)), X; has a scaled non-central chi square distribution.

Now, we consider the case 6 < 0 (or g e (1, 2)). We shall
write v=1-¢6/2. In this case,

_y(v;x/2t)

P >1) )

,t>0,

and the transition density of X, conditional on ¢ >¢ is
given by

r'(v)

q,(x, y)=—F—~
)
/3]
XL[&T exp[_ X+ yj,[ﬁj
2\ y 2t t
__I'm
_7(v;x/2t)

Xzoo (x/zt)ernefx/Zt ynefy/Zt
=0 T(v+n+1) a2y

Therefore, (X,|¢ >¢) has a gamma mixture distribution
with a shifted Poisson mixing variable. We summarize
these observations in Algorithm 4.

5. NUMERICAL RESULTS

In Section 3, we introduced three different simula-
tion methods and we gave the expected number of itera-
tions for those methods. This section is devoted to nu-
merical comparison of those algorithms.

Table 1 shows the elapsed time in seconds to gen-
erate 10° samples from SP(v=1; 4) using three different
algorithms. We find that Algorithm 2 is very inefficient
for large values of 1. As expected, the elapsed time for
Algorithm 1 increases as A increases. Algorithm 3 is
almost uniformly fast for those values of 1. The reason
is that the expected number of iterations is 1/p, with
p =P(X < 1), which is almost the same as 1.

Table 1. Elapsed time in seconds to generate 10° samples
from SP(v=1; 1)

Algorithm /
1 10 100 500
1 0.0321 0.0263 0.0667 0.2547
0.0170 0.4170 19.0477 | 412.2158
3 0.0139 0.0288 0.0384 0.0370

Table 2 shows the elapsed time in seconds to gen-
erate 10° samples from SP(v; 4 =0.1) using three differ-
ent algorithms. In this case, Algorithm 2 is almost uni-
formly fast for v. The reason is that the expected number
of iteration A"/(vy(v; 4)) is almost 1. On the other hand,
Algorithm 3 failed to generate any sample for v>10. The
acceptance probability P(Xx <0.1) is about 2.52x107" for
v=10.

Table 2. Elapsed time in seconds to generate 10° samples
from SP(v; 1 =0.1)

Data: s>0,7>0,7>0,6>0, fe(1,2)
Result: 5, from the CEV model

S« 22_2ﬂ, vel1-68/2, x « 77,

o? 2rt
T4 ———| l—-expy— ;
2r(2-9) 2-6

Generate G ~T'(v, 1);
if G ~ x/27 then
return S <0
end
Generate N ~ SP(v; x/21);

Generate X ~ (N +1,1);

return S « ' (20X)"*P

Algorithm ?
1 10 100 500
1 0.0285 0.0252 0.0241 0.0305
0.0058 0.0057 0.0057 0.0057
3 0.0715 ) 0 0

Algorithm 4. Simulation of the CEV model

We close this section with an application to the dis-
crete monitoring asian call option pricing under the
CEV model. The payoff is given by

n+1

1 +
v =( XS, —Kj .

where 0<¢, <---<t, <T are monitoring dates. Then the
risk neutral price is IT1=E[¢"7V]. We can estimate the
price using the Monte-Carlo method, i.e.

1 N
8 zFZ:[:lVi’

where ¥, ---, 7, are independent samples of the payoff.

n
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Table 3 shows Monte-Carlo estimates of the option un-
der the CEV model. We found that prices of out-of-the-
money (in-the-money) options under the CEV model are
higher (lower) than those of the Black-Scholes model.

Table 3. Monte-Carlo estimates of discrete monitoring asian
call option prices under the CEV model; parame-
ters are setto »=0.05, 0=0.05,T=1,K=1,¢=
j/10, j=0, ---, 10; 10° independent samples are
used to estimate.

y; %o

0.6 0.8 1.0 1.2 1.4
1.2 0.0071 0.0394 0.1207 0.2544 | 0.4238
14 0.0065 0.0388 0.1210 0.2551 0.4247
1.6 0.0059 0.0380 0.1207 0.2560 | 0.4262
1.8 0.0054 0.0374 0.1210 0.2568 | 0.4269
BS 0.0049 0.0368 0.1201 0.2569 | 0.4266

6. CONCLUDING REMARKS

We introduced three different algorithms for gener-
ating shifted Poisson random variables. The first is the
inverse transform, the second is the rejection sampling,
and the third is gamma-Poisson hierarchy sampling. We
provided the expected number of iterations for each me-
thod, and conducted numerical experiments to compare
efficiency of three algorithms. We recommend the reader
to use Algorithm 2 for small 4, say 4 <1, and Algorithm
3 for large A, say 1>v. Otherwise, the reader may use
Algorithm 1.

As an application, we gave a simulation method for
the CEV model with an example of discrete monitoring
asian call option pricing. Numerical experiments revea-
led that the prices of out-of-the-money (in-the-money)

options under the CEV model are higher (lower) than
that of the Black-Scholes model.
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