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WEAK AND STRONG CONVERGENCE OF THREE

STEP ITERATION SCHEME WITH ERRORS FOR

NON-SELF ASYMPTOTICALLY NONEXPANSIVE

MAPPINGS

Jae Ug Jeong† and Young Chel Kwun

Abstract. In this paper, weak and strong convergence theorems
of three step iteration process with errors are established for two
weakly inward and non-self asymptotically nonexpansive mappings
in Banach spaces. The results obtained in this paper extend and
improve the several recent results in this area.

1. Introduction

Let K be a nonempty subset of a real normed linear space E. A
mapping T : K → K is said to be nonexpansive if ‖Tx−Ty‖ ≤ ‖x− y‖
for all x, y ∈ K. A mapping T : K → K is said to be asymptoti-
cally nonexpansive [6] if there exists a real sequence {kn} ⊂ [1,∞) with
limn→∞ kn = 1 such that

‖T nx− T ny‖ ≤ kn‖x− y‖(1.1)

for all x, y ∈ K and n ≥ 1. We denote by F (T ) the set of fixed points
of T .
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The interest and importance of fixed points of nonexpansive mappings
stem mainly from the fact that it may be applied in many areas such as
imagine recovery, signal processing and equilibrium problems [1,2,13,18].

The class of asymptotically nonexpansive mappings is a natural gen-
eralization of the important class of nonexpansive mappings. Goebel and
Kirk [6] proved that if K is a nonempty closed and bounded subset of a
uniformly convex Banach space, then every asymptotically nonexpansive
self-mapping has a fixed point.

In 2003, Chidume, Ofoedu and Zegeye [4] generalized the concept
of asymptotically nonexpansive self-mapping and proposed the concept
of non-self asymptotically nonexpansive mapping, which is defined as
follows:

Definition 1.1. Let K be a nonempty subset of real normed linear
space E. Let P : E → K be the nonexpansive retraction of E onto K. A
non-self mapping T : K → E is said to be asymptotically nonexpansive
if there exists a sequence {kn} ⊂ [1,∞) with kn → 1 as n → ∞ such
that

‖T (PT )n−1x− T (PT )n−1y‖ ≤ kn‖x− y‖(1.2)

for all x, y ∈ K and n ≥ 1.

If T is self-mapping, then P becomes the identity mapping. So, (1.2)
reduces to (1.1).

Definition 1.2. Let K be a nonempty subset of real normed linear
space E. Let P : E → K be the nonexpansive retraction of E onto
K and let I : K → E be a non-self mapping. A non-self mapping
T : K → E is said to be I-asymptotically nonexpansive if there exists a
sequence {kn} ⊂ [1,∞) with kn → 1 as n→∞ such that

‖T (PT )n−1x− T (PT )n−1y‖ ≤ kn‖I(PI)n−1x− I(PI)n−1y‖

for all x, y ∈ K and n ≥ 1.

In [4], Chidume et al. obtained the strong convergence theorem of
fixed points of a non-self asymptotically nonexpansive mapping. In 2006,
Wang [20] generalized their work and obtained some strong and weak
convergence theorems of common fixed points of a pair of non-self asymp-
totically nonexpansive mappings in uniformly convex Banach spaces.
And authors of [8,12,14,21] also obtained some convergence theorems
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for such non-self mappings. However, iterative algorithms for approx-
imation fixed points of non-self asymptotically nonexpansive mappings
have not been paid too much attention. The main reason is the fact that
when T is not a self-mapping, the mapping T n is nonsensical.

Remark 1.1. If T : K → E is an asymptotically nonexpansive map-
ping in the light of (1.2) and P : E → K is a nonexpansive retraction,
then for all x, y ∈ K, n ≥ 1, we have

‖(PT )nx− (PT )ny‖ = ‖PT (PT )n−1x− PT (PT )n−1y‖
≤ ‖T (PT )n−1x− T (PT )n−1y‖
≤ kn‖x− y‖.

In 2000, Noor [10] introduced a three step iterative sequence and stud-
ied the approximate solutions of variational inclusion in Hilbert spaces.
Glowinski and Le Tallec [5] applied three step iterative sequence for
finding the approximate solution of the elastoviscoplasticity problem,
eigenvalue problem and liquid crystal theory.

Recently, Zhou et al.[22] studied the sequence {xn} defined by{
x1 ∈ K,
xn+1 = αnxn + βn(PT1)

nxn + γn(PT2)
nxn, ∀n ≥ 1,

where K is a nonempty closed convex subset of a real normed linear
space E which is also a nonexpansive retraction of E with a retraction
P and T1, T2 : K → E are two non-self asymptotically nonexpansive
mappings with respect to P .

Inspired and motivated by these facts, we will construct a new type of
three step iterative sequence with errors for two non-self asymptotically
nonexpansive mappings as following:


x1 ∈ K,
zn = an(PI)nxn + (1− an − µn)xn + µnun,

yn = bn(PT )nzn + cn(PT )nxn + (1− bn − cn − νn)xn + νnvn,

xn+1 = αn(PI)nyn + βn(PI)nzn + (1− αn − βn − λn)xn + λnwn,

(1.3)

where T : K → E is a non-self I-asymptotically nonexpansive mapping,
I : K → E is a non-self asymptotically nonexpansive mapping, {an},
{bn}, {cn}, {αn}, {βn}, {µn}, {νn}, {λn}, {an + µn}, {bn + cn + νn}
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and {αn + βn + λn} are appropriate sequences in [0, 1],
∑∞

n=1 µn < ∞,∑∞
n=1 νn < ∞,

∑∞
n=1 λn < ∞, {un}, {vn} and {wn} are bounded se-

quences in K. The purpose of this paper is to introduce and study con-
vergence problem of the three-step iterative sequence with errors for two
non-self asymptotically nonexpansive mappings in an uniformly convex
Banach space. The results presented in this paper generalize and extend
some results in Jeong [7], Takahashi and Tamura [17], K. Nammanee et
al. [9] and H. Y. Zhou et al. [22].

2. Preliminaries

Let E be a real Banach space with the topological dual space E∗.
The modulus of E is the function δE : (0, 2]→ [0, 1] defined by

δE(ε) = inf{1− ‖1

2
(x+ y)‖ : ‖x‖ = 1, ‖y‖ = 1, ε = ‖x− y‖}.

A Banach space E is uniformly convex if and only if δE(ε) > 0 for all
ε ∈ (0, 2]. Let S(E) = {x ∈ E : ‖x‖ = 1}. E is said to be smooth if

limt→0
‖x+ty‖−‖x‖

t
exists for all x, y ∈ S(E). A Banach space E is said to

satisfy Opial’s condition [11] if for each sequence {xn} in E the condition
xn → x weakly as n→∞ and for all y ∈ E with y 6= x imply that

lim sup
n→∞

‖xn − x‖ < lim sup
n→∞

‖xn − y‖.

A subset K of E is said to be retract if there exists a continuous mapping
P : E → K such that Px = x for all x ∈ K. Every closed convex subset
of a uniformly convex Banach space is retraction. A mapping P : E → K
is said to be a retraction if P 2 = P . It follows that if a mapping P is a
retraction, then Py = y for all y in the range of P . A mapping P : E →
K is said to be sunny if P (Px+t(x−Px)) = Px whenever t ≥ 0. For all
x ∈ K we define a set IK(x) by IK(x) = {x+ λ(y − x) : λ > 0, y ∈ K}.
A non-self mapping T : K → E is said to be inward if Tx ∈ IK(x) for

all x ∈ K and T is said to be weakly inward if Tx ∈ IK(x) for all x ∈ K.

In order to prove our main results, we shall make use of the following
lemmas.

Lemma 2.1. ([9]) Let E be a uniformly convex Banach space and
Br = {x ∈ E : ‖x‖ ≤ r, r > 0}. Then there exists a continuous strictly
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increasing convex function g : [0,∞)→ [0,∞) with g(0) = 0 such that

‖λx+ µy + νz + κw‖2 ≤ λ‖x‖2 + µ‖y‖2 + ν‖z‖2 + κ‖w‖2 − λµg(‖x− y‖)
for all x, y, z, w ∈ Br and λ, µ, ν, κ ∈ [0, 1] with λ+ µ+ ν + κ = 1.

Lemma 2.2.([19]) Let {an}, {bn}, {δn} be sequences of nonnegative
real numbers satisfying the inequality

an+1 ≤ (1 + δn)an + bn, n ≥ 1.

If
∑∞

n=1 bn <∞ and
∑∞

n=1 δn <∞, then limn→∞ an exists.

Lemma 2.3.([15]) Let E be a real smooth Banach space and let K be
a nonempty closed convex subset of E with P as a sunny nonexpansive
retraction and let T : K → E be a mapping satisfying weakly inward
condition. Then F (PT ) = F (T ).

Lemma 2.4. ([16]) Let E be a Banach space which satisfies Opial’s
condition and let {xn} be a sequence in E. Let q1, q2 ∈ E be such that
limn→∞ ‖xn − q1‖ and limn→∞ ‖xn − q2‖ exist. If {xnk

}, {xnj
} are the

subsequences of {xn} which converge weakly to q1, q2 ∈ E, respectively.
Then q1 = q2.

3. Convergence of the iteration scheme

In this section, we shall prove the weak and strong convergence of the
iteration scheme (1.3) to approximate a common fixed point for non-self
asymptotically nonexpansive mappings T and I.

Lemma 3.1. Let {an}, {bn}, {cn} and {νn} be sequences in [0, 1] such
that lim supn→∞(bn + cn + νn) < 1. Let {kn} and {ln} be sequences
of real numbers with kn, ln ≥ 1 for all n ≥ 1, limn→∞ kn = 1 and
limn→∞ ln = 1. Then there exists a positive integer N and γ ∈ (0, 1)
such that ancnl

2
nkn < γ for all n ≥ N .

Proof. From lim supn→∞(bn + cn + νn) < 1 we have that there exists
a positive integer N1 > 0 and δ ∈ (0, 1) such that

ancn ≤ cn ≤ bn + cn + νn < δ, ∀n ≥ N1.

Let δ1 ∈ (0, 1) with δ1 > δ. Since limn→∞ kn = 1 and limn→∞ ln = 1, we
have that there exists a positive integer N ≥ N1 such that

l2nkn − 1 <
1

δ1
− 1, ∀n ≥ N.
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Thus we obtain

l2nkn <
1

δ1
, ∀n ≥ N.

Put γ = δ
δ1

. Then we have ancnl
2
nkn < γ for all n ≥ N . This completes

the proof.

Lemma 3.2. Let E be a real uniformly convex Banach space and K
be a nonempty closed convex subset of E with P as a nonexpansive
retraction. Let T : K → E be a I-asymptotically nonexpansive map-
ping with a sequence {kn} ⊂ [1,∞) such that kn → 1 as n → ∞ and∑∞

n=1(kn − 1) <∞. Let I : K → E be an asymptotically nonexpansive
mapping with a sequence {ln} ⊂ [1,∞) such that ln → 1 as n→∞ and∑∞

n=1(ln − 1) <∞. Suppose that {xn} is the sequence defined by (1.3)
satisfying the following conditions:

(i) 0 < lim infn→∞ αn ≤ lim supn→∞(αn + βn + λn) < 1,

(ii) 0 < lim infn→∞ bn ≤ lim supn→∞(bn + cn + νn) < 1.
If F = F (T ) ∩ F (I) 6= φ, then

(1) limn→∞ ‖xn − q‖ exists for all q ∈ F ,

(2) limn→∞ ‖(PT )nzn − xn‖ = 0,

(3) limn→∞ ‖(PI)nyn − xn‖ = 0.

Proof. (1) For any given q ∈ F , by the boundedness of sequences
{un}, {vn} and {wn}, there exists a constant M1 > 0 such that

max{sup
n≥1
‖un − q‖2, sup

n≥1
‖vn − q‖2, sup

n≥1
‖wn − q‖2} ≤M1.

From (1.3) we obtain

‖zn − q‖ = ‖an((PI)n − q) + (1− an − µn)(xn − q) + µn(un − q)‖2

≤ an‖(PI)nxn − q‖2 + (1− an − µn)‖xn − q‖2 + µn‖un − q‖2

− an(1− an − µn)g(‖(PI)nxn − xn)‖)
≤ anl

2
n‖xn − q‖2 + (1− an − µn)‖xn − q‖2 + µn‖un − q‖2

≤ [1 + an(l2n − 1)− µn]‖xn − q‖2 + µnM1.(3.1)
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Again, from (1.3) and (3.1) we have

‖yn − q‖2

= ‖bn((PT )nzn − q) + cn((PT )nxn − q)
+ (1− bn − cn − νn)(xn − q) + νn(vn − q)‖2

≤ bn‖(PT )nzn − q‖2 + cn‖(PT )nxn − q‖2 + (1− bn − cn − νn)‖xn − q‖2

+ νn‖vn − q‖2 − bn(1− bn − cn − νn)g(‖(PT )nzn − xn‖)
≤ bnk

2
n‖(PI)nzn − q‖2 + cnk

2
n‖(PI)nxn − q‖2 + (1− bn − cn − νn)‖xn − q‖2

+ νn‖vn − q‖2 − bn(1− bn − cn − νn)g(‖(PT )nzn − xn‖)
≤ bnk

2
nl

2
n‖zn − q‖2 + cnk

2
nl

2
n‖xn − q‖2 + (1− bn − cn − νn)‖xn − q‖2

+ νnM1 − bn(1− bn − cn − νn)g(‖(PT )nzn − xn‖)
≤ bnk

2
nl

2
n[(1 + an(l2n − 1)− µn)‖xn − q‖2 + µnM1]

+ cnk
2
nl

2
n‖xn − q‖2 + (1− bn − cn − νn)‖xn − q‖2

+ νnM1 − bn(1− bn − cn − νn)g(‖(PT )nzn − xn‖)
= [bnk

2
nl

2
n(1 + an(l2n − 1)− µn) + cnk

2
nl

2
n + 1− bn − cn − νn]‖xn − q‖2

+ bnk
2
nl

2
nµnM1 + νnM1 − bn(1− bn − cn − νn)g(‖(PT )nzn − xn‖).

(3.2)

Therefore we have

‖xn+1 − q‖2

= ‖αn((PI)nyn − q) + βn((PI)nzn − q)
+ (1− αn − βn − λn)(xn − q) + λn(wn − q)‖2

≤ αn‖(PI)nyn − q‖2 + βn‖(PI)nzn − q‖2 + (1− αn − βn − λn)‖xn − q‖2

+ λn‖wn − q‖q − αn(1− αn − βn − λn)g(‖(PI)nyn − xn‖)
≤ αnl

2
n‖yn − q‖2 + βnl

2
n‖zn − q‖2 + (1− αn − βn − λn)‖xn − q‖2

+ λn‖wn − q‖2 − αn(1− αn − βn − λn)g(‖(PI)nyn − xn‖)
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≤ αnl
2
n[bnk

2
nl

2
n(1 + an(l2n − 1)− µn)‖xn − q‖2

+ (cnk
2
nl

2
n + 1− bn − cn − νn)‖xn − q‖2 + bnk

2
nl

2
nµnM1 + νnM1

− bn(1− bn − cn − νn)g(‖(PT )nzn − xn‖)]
+ βnl

2
n[(1 + an(l2n − 1)− µn)‖xn − q‖2 + µnM1]

+ (1− αn − βn − λn)‖xn − q‖2 + λn‖wn − q‖2

− αn(1− αn − βn − λn)g(‖(PI)nyn − xn‖)
≤ [1 + cnl

2
nαn(k2nl

2
n − 1) + αn(l2n − 1) + βn(l2n − 1) + anl

2
nβn(l2n − 1)

+ anbnk
2
nl

4
nαn(l2n − 1) + bnl

2
nαn(k2nl

2
n − 1)]‖xn − q‖2

+ bnk
2
nl

4
nαnµnM1 + l2nαnνnM1 + l2nβnµnM1 + λnM1

− bnl2nαn(1− bn − cn − νn)g(‖(PT )nzn − xn‖)
− αn(1− αn − βn − λn)g(‖(PI)nyn − xn‖)

= [1 + cnl
2
nαn{(k2n − 1)(l2n − 1) + (k2n − 1) + (l2n − 1)}+ αn(l2n − 1)

+ βn(l2n − 1) + anl
2
nβn(l2n − 1) + anbnk

2
nl

4
nαn(l2n − 1)

+ bnl
2
nαn{(k2n − 1)(l2n − 1) + (k2n − 1) + (l2n − 1)}]‖xn − q‖2

+ bnk
2
nl

4
nαnµnM1 + l2nαnνnM1 + l2nβnµnM1 + λnM1

− bnl2nαn(1− bn − cn − νn)g(‖(PT )nzn − xn‖)
− αn(1− αn − βn − λn)g(‖(PI)nyn − xn‖)
≤ [1 + (k2n − 1)(cnl

2
nαn + bnl

2
nαn) + (l2n − 1)(cnl

2
nαn + αn + βn + anl

2
nβn

+ anbnk
2
nl

4
nαn + bnl

2
nαn) + (k2n − 1)(l2n − 1)(cnl

2
nαn + bnl

2
nαn)]‖xn − q‖2

+ bnk
2
nl

4
nαnµnM1 + l2nαnνnM1 + l2nβnµnM1 + λnM1

− bnl2nαn(1− bn − cn − νn)g(‖(PT )nzn − xn‖)

− αn(1− αn − βn − λn)g(‖(PI)nyn − xn‖).
(3.3)

Since {kn}, {ln} are bounded, there exists a constant M2 > 0 such that

cnl
2
nαn + bnl

2
nαn < M2,

cnl
2
nαn + αn + βn + anl

2
nβn + anbnk

2
nl

4
nαn + bnl

2
nαn < M2

and

bnk
2
nl

4
nαnM1 < M2, l2nαnM1 < M2, l2nβnM1 < M2
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for all n ≥ 1. By (3.3), we have

‖xn+1 − q‖2

≤ [1 + (k2n − 1)M2 + (l2n − 1)M2 + (k2n − 1)(l2n − 1)M2]‖xn − q‖2

+ 2M2µn +M2νn +M1λn

− bnl2nαn(1− bn − cn − νn)g(‖(PT )nzn − xn‖)
− αn(1− αn − βn − λn)g(‖(PI)nyn − xn‖)
≤ [1 + (k2n − 1)M2 + (l2n − 1)M2 + (k2n − 1)(l2n − 1)M2]‖xn − q‖2

+ 2M2µn +M2νn +M1λn.(3.4)

Since
∑∞

n=1(kn − 1) < ∞ and
∑∞

n=1(ln − 1) < ∞ are equivalent to∑∞
n=1(k

2
n − 1) <∞ and

∑∞
n=1(l

2
n − 1) <∞, respectively, it follows from

Lemma 2.2 and (3.4) that limn→∞ ‖xn − q‖ exists.

(2) By (1), there exists a constant M > 0 such that ‖xn − q‖2 ≤ M
for all n ≥ 1. From (3.4) we have

αnl
2
nbn(1− bn − cn − νn)g(‖(PT )nzn − xn‖)

≤ ‖xn − q‖2 − ‖xn+1 − q‖2 +M2{(k2n − 1) + (l2n − 1) + (k2n − 1)(l2n − 1)}M

+ 2M2µn +M2νn +M1λn

(3.5)

and

αn(1− αn − βn − λn)g(‖(PI)nyn − xn‖)
≤ ‖xn − q‖2 − ‖xn+1 − q‖2 +M2{(k2n − 1) + (l2n − 1) + (k2n − 1)(l2n − 1)}M

+ 2M2µn +M2νn +M1λn.
(3.6)

Since 0 < lim infn→∞ αn ≤ lim supn→∞(αn + βn + λn) < 1 and 0 <
lim infn→∞ bn ≤ lim supn→∞(bn + cn + νn) < 1, there exist a positive
integer n0 and η, δ, γ ∈ (0, 1) such that

0 < η < αn, 0 < δ < bn

and

αn + βn + λn < γ < 1, bn + cn + νn < γ < 1
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for all n ≥ n0. This implies by (3.5) and (3.6) that

ηδ(1− γ)g(‖(PT )nzn − xn‖)
≤ ‖xn − q‖2 − ‖xn+1 − q‖2 +M2{(k2n − 1) + (l2n − 1) + (k2n − 1)(l2n − 1)}M

+ 2M2µn +M2νn +M1λn

(3.7)

and

η(1− γ)g(‖(PI)nyn − xn‖)
≤ ‖xn − q‖2 − ‖xn+1 − q‖2 +M2{(k2n − 1) + (l2n − 1) + (k2n − 1)(l2n − 1)}M

+ 2M2µn +M2νn +M1λn

(3.8)

for all n ≥ n0. It follows from (3.7) and (3.8) that
m∑

n=n0

g(‖(PT )nzn − xn‖)

≤ 1

ηδ(1− γ)

[ m∑
n=n0

(‖xn − q‖2 − ‖xn+1 − q‖2)

+M2M
m∑

n=n0

{(k2n − 1) + (l2n − 1) + (k2n − 1)(l2n − 1)}

+ 2M2

m∑
n=n0

µn +M2

m∑
n=n0

νn +M1

m∑
n=n0

λn
]

(3.9)

and
m∑

n=n0

g(‖(PI)nyn − xn‖)

≤ 1

η(1− γ)

[ m∑
n=n0

(‖xn − q‖2 − ‖xn+1 − q‖2)

+M2M
m∑

n=n0

{(k2n − 1) + (l2n − 1) + (k2n − 1)(l2n − 1)}

+ 2M2

m∑
n=n0

µn +M2

m∑
n=n0

νn +M1

m∑
n=n0

λn.(3.10)
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Letm→∞ in (3.9) and (3.10). Since
∑∞

n=1(kn−1) <∞,
∑∞

n=1(ln−1) <
∞ are equivalent to

∑∞
n=1(k

2
n−1) <∞,

∑∞
n=1(l

2
n−1) <∞, respectively,∑∞

n=1 µn < ∞,
∑∞

n=1 νn < ∞ and
∑∞

n=1 λn < ∞, it follows from (3.9)
and (3.10) that

∞∑
n=n0

g(‖(PT )nzn − xn‖) <∞

and
∞∑

n=n0

g(‖(PI)nyn − xn‖) <∞.

Hence we obtain

lim
n→∞

g(‖(PT )nzn − xn‖) = 0(3.11)

and

lim
n→∞

g(‖(PI)nyn − xn‖) = 0.(3.12)

Since g is strictly increasing and continuous at 0 with g(0) = 0, it follows
from (3.11) and (3.12) that

lim
n→∞

‖(PT )nzn − xn‖ = 0

and

lim
n→∞

‖(PI)nyn − xn‖ = 0.

This completes the proof.

Lemma 3.3. Let E be a real uniformly convex Banach space and K
be a nonempty closed convex subset of E with P as a sunny nonex-
pansive retraction. Let T : K → E be a I-asymptotically nonexpansive
mapping with a sequence {kn} ⊂ [1,∞) such that kn → 1 as n→∞ and∑∞

n=1(kn − 1) <∞. Let I : K → E be an asymptotically nonexpansive
mapping with a sequence {ln} ⊂ [1,∞) such that ln → 1 as n→∞ and∑∞

n=1(ln − 1) <∞. Suppose that {xn} is the sequence defined by (1.3)
satisfying the following conditions

(i) 0 < lim infn→∞ αn ≤ lim supn→∞(αn + βn + λn) < 1,
(ii) 0 < lim infn→∞ bn ≤ lim supn→∞(bn + cn + νn) < 1.

If F = F (T ) ∩ F (I) 6= φ, then
(1) limn→∞ ‖(PI)nxn − xn‖ = 0,
(2) limn→∞ ‖(PT )nxn − xn‖ = 0,
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(3) limn→∞ ‖(PI)nzn − xn‖ = 0.

Proof. By Lemma 3.2, we have

lim
n→∞

‖(PT )nzn − xn‖ = 0(3.13)

and

lim
n→∞

‖(PI)nyn − xn‖ = 0.(3.14)

By (1.3) we obtain

‖xn − zn‖ = ‖an(PI)nxn + (1− an − µn)xn + µnun − xn‖
≤ an‖(PI)nxn − xn‖+ µn‖un − xn‖(3.15)

and

‖xn − yn‖ = ‖bn(PT )nzn + cn(PT )nxn + (1− bn − cn − νn)xn + νnvn − xn‖

≤ bn‖(PT )nzn − xn‖+ cn‖(PT )nxn − xn‖+ νn‖vn − xn‖.
(3.16)

By (3.15) and (3.16), we have

‖(PT )nxn − xn‖
≤ ‖(PT )nxn − (PT )nzn‖+ ‖(PT )nzn − xn‖
≤ kn‖(PI)nxn − (PI)nzn‖+ ‖(PT )nzn − xn‖
≤ knln‖xn − zn‖+ ‖(PT )nzn − xn‖
≤ knln{an‖(PI)nxn − xn‖+ µn‖un − xn‖}+ ‖(PT )nzn − xn‖

= anknln‖(PI)nxn − xn‖+ knlnµn‖un − xn‖+ ‖(PT )nzn − xn‖
(3.17)
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and

‖(PI)nxn − xn‖
≤ ‖(PI)nxn − (PI)nyn‖+ ‖(PI)nyn − xn‖
≤ ln‖xn − yn‖+ ‖(PI)nyn − xn‖
≤ ln{bn‖(PT )nzn − xn‖+ cn‖(PT )nxn − xn‖+ νn‖vn − xn‖}

+ ‖(PI)nyn − xn‖
≤ bnln‖(PT )nzn − xn‖+ cnln{anknln‖(PI)nxn − xn‖+ knlnµn‖un − xn‖

+ ‖(PT )nzn − xn‖}+ lnνn‖vn − xn‖+ ‖(PI)nyn − xn‖
= (bn + cn)ln‖(PT )nzn − xn‖+ ancnknl

2
n‖(PI)nxn − xn‖+ ‖(PI)nyn − xn‖

+ cnknl
2
nµn‖un − xn‖+ lnνn‖vn − xn‖,

which implies

(1− ancnknl2n)‖(PI)nxn − xn‖ ≤ (bn + cn)ln‖(PT )nzn − xn‖+ ‖(PI)nyn − xn‖
+ cnknl

2
nµn‖un − xn‖+ lnνn‖vn − xn‖.(3.18)

By Lemma 3.1, there exists a positive integer N1 and γ ∈ (0, 1) such
that ancnknl

2
n < γ for all n ≥ N1. This together with (3.18) implies that

for n ≥ N1

(1− γ)‖(PI)nxn − xn‖ ≤ (bn + cn)ln‖(PT )nzn − xn‖+ ‖(PI)nyn − xn‖
+ cnknl

2
nµn‖un − xn‖+ lnνn‖vn − xn‖.(3.19)

Taking limit of both sides (3.19), it follows from (3.13) and (3.14) that

lim
n→∞

‖(PI)nxn − xn‖ = 0

This with (3.13) and (3.17) implies that

lim
n→∞

‖(PT )nxn − xn‖ = 0.

Noting that

‖(PI)nzn − xn‖ ≤ ‖(PI)nzn − (PI)nxn‖+ ‖(PI)nxn − xn‖
≤ ln‖zn − xn‖+ ‖(PI)nxn − xn‖
≤ ln{an‖(PI)nxn − xn‖+ µn‖un − xn‖}+ ‖(PI)nxn − xn‖
≤ (1 + anln)‖(PI)nxn − xn‖+ lnµn‖un − xn‖,
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we have

lim
n→∞

‖(PI)nzn − xn‖ = 0.

This completes the proof.

Theorem 3.1. Let E be a real uniformly convex Banach space and K
be a nonempty closed convex subset of E with P as a sunny nonexpansive
retraction. Let T : K → E be a I-asymptotically nonexpansive mapping
with a sequence {kn} ⊂ [1,∞) such that kn → 1 as n → ∞. and∑∞

n=1(kn − 1) <∞. Let I : K → E be an asymptotically nonexpansive
mapping with a sequence {ln} ⊂ [1,∞) such that ln → 1 as n→∞ and∑∞

n=1(ln − 1) <∞. Suppose that {xn} is the sequence defined by (1.3)
satisfying the following conditions:

(i) 0 < lim infn→∞ αn ≤ lim supn→∞(αn + βn + λn) < 1,
(ii) 0 < lim infn→∞ bn ≤ lim supn→∞(bn + cn + νn) < 1.

If PT , PI are completely continuous and F = F (T ) ∩ F (I) 6= φ, then
{xn}, {yn}, {zn} converge strongly to a common fixed point of T and I.

Proof. By Lemma 3.2 and 3.3, we have

lim
n→∞

‖(PT )nzn − xn‖ = 0, lim
n→∞

‖(PI)nyn − xn‖ = 0,

lim
n→∞

‖(PI)nxn − xn‖ = 0, lim
n→∞

‖(PT )nxn − xn‖ = 0,(3.20)

lim
n→∞

‖(PI)nzn − xn‖ = 0.

Since

xn+1 − xn = αn((PI)nyn − xn) + βn((PI)nzn − xn) + λn(wn − xn),

we have

‖xn+1 − (PI)nxn+1‖
≤ ‖xn+1 − xn‖+ ‖xn − (PI)nxn‖+ ‖(PI)nxn − (PI)nxn+1‖
≤ (1 + ln)‖xn+1 − xn‖+ ‖xn − (PI)nxn‖
≤ (1 + ln)αn‖(PI)nyn − xn‖+ (1 + ln)βn‖(PI)nzn − xn‖

+ (1 + ln)λn‖wn − xn‖+ ‖xn − (PI)nxn‖

and
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‖xn+1 − (PT )nxn+1‖
≤ ‖xn+1 − xn‖+ ‖xn − (PT )nxn‖+ ‖(PT )nxn − (PT )nxn+1‖
≤ ‖xn+1 − xn‖+ ‖xn − (PT )nxn‖+ kn‖(PI)nxn − (PI)nxn+1‖
≤ (1 + knln)‖xn+1 − xn‖+ ‖xn − (PT )nxn‖
≤ (1 + knln)αn‖(PI)nyn − xn‖+ (1 + knln)βn‖(PI)nzn − xn‖

+ (1 + knln)λn‖wn − xn‖+ ‖xn − (PT )nxn‖.

It follows from (3.20) that

lim
n→∞

‖xn+1 − (PI)nxn+1‖ = 0

and

lim
n→∞

‖xn+1 − (PT )nxn+1‖ = 0.

Thus we obtain

‖xn+1 − (PI)xn+1‖ ≤ ‖xn+1 − (PI)n+1xn+1‖+ ‖(PI)n+1xn+1 − (PI)xn+1‖
≤ ‖xn+1 − (PI)n+1xn+1‖+ l1‖(PI)nxn+1 − xn+1‖
→ 0 as n→∞,

‖xn+1 − (PT )xn+1‖ ≤ ‖xn+1 − (PT )n+1xn+1‖+ ‖(PT )n+1xn+1 − (PT )xn+1‖
≤ ‖xn+1 − (PT )n+1xn+1|+ k1l1‖(PT )nxn+1 − xn+1‖
→ 0 as n→∞.(3.21)

Since PT , PI are completely continuous and {xn} ⊆ K is bounded, there
exists a subsequence {xnk

} of {xn} such that {(PT )xnk
}, {(PI)xnk

}
converge strongly to q. From (3.21) we have xnk

→ q as k →∞. By the
continuities of P, T and I, we have q = (PI)q = (PT )q and q ∈ F (T ) ∩
F (I) by Lemma 2.3. By Lemma 3.2, we know that limn→∞ ‖xn − q‖
exists. Therefore {xn} converges strongly to q as n→∞. Since

‖yn − xn‖ ≤ bn‖(PT )nzn − xn‖+ cn‖(PT )nxn − xn‖+ νn‖vn − xn‖
→ 0 as n→∞

and

‖zn − xn‖ ≤ an‖(PI)nxn − xn‖+ µn‖un − xn‖
→ 0 as n→∞,
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it follows that limn→∞ yn = q and limn→∞ zn = q. This completes the
proof.

Theorem 3.2. Let E be a real smooth and uniformly convex Banach
space satisfying Opial’s condition and K be a nonempty closed convex
subset of E with P as a sunny nonexpansive retraction. Let T : K → E
be a weakly inward and I-asymptotically nonexpansive mapping with a
sequence {kn} ⊂ [1,∞) such that kn → 1 as n→∞ and

∑∞
n=1(kn−1) <

∞. Let I : K → E be a weakly inward and asymptotically nonexpansive
mapping with a sequence {ln} ⊂ [1,∞) such that ln → 1 as n→∞ and∑∞

n=1(ln − 1) <∞. Suppose that {xn} is the sequence defined by (1.3)
satisfying the following conditions:

(i) 0 < lim infn→∞ αn ≤ lim supn→∞(αn + βn + λn) < 1,
(ii) 0 < lim infn→∞ bn ≤ lim supn→∞(bn + cn + νn) < 1.

If F = F (T ) ∩ F (I) 6= φ, then {xn}, {yn}, {zn} converge weakly to a
common fixed point of T and I.

Proof. Let q ∈ F (T ) ∩ F (I). Then, by Lemma 3.2, we know that
limn→∞ ‖xn − q‖ exists. We now prove that {xn} has a unique weak
subsequential limit in F (T ) ∩ F (I).

We assume that q1 and q2 are weak limits of the subsequences {xnk
}

and {xnj
} of {xn}, respectively. By (3.21), limk→∞ ‖xnk

− (PT )xnk
‖ = 0

and limk→∞ ‖xnk
− (PI)xnk

‖ = 0. By Chang et al. [3,Theorem 1], we
conclude that

q1 = (PT )q1 and q1 = (PI)q1.

Since F (PT ) = F (T ) and F (PI) = F (I) by Lemma 2.3, we have Tq1 =
q1 and Iq1 = q1. In the same way, Tq2 = q2 and Iq2 = q2. Therefore
we have q1, q2 ∈ F (T ) ∩ F (I). From Lemma 2.4 we have q1 = q2. This
completes the proof.
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