
Korean J. Math. 22 (2014), No. 2, pp. 317–323
http://dx.doi.org/10.11568/kjm.2014.22.2.317

AN ADDITIVE FUNCTIONAL INEQUALITY

Sung Jin Lee, Choonkil Park, and Dong Yun Shin∗

Abstract. In this paper, we solve the additive functional inequal-
ity

‖f(x) + f(y) + f(z)‖ ≤ ‖ρf (s(x+ y + z))‖ ,
where s is a nonzero real number and ρ is a real number with |ρ| < 3.

Moreover, we prove the Hyers-Ulam stability of the above addi-
tive functional inequality in Banach spaces.

1. Introduction and preliminaries

The stability problem of functional equations originated from a ques-
tion of Ulam [12] concerning the stability of group homomorphisms. Hy-
ers [7] gave a first affirmative partial answer to the question of Ulam for
Banach spaces. Hyers’ Theorem was generalized by Aoki [1] for additive
mappings and by Rassias [9] for linear mappings by considering an un-
bounded Cauchy difference. A generalization of the Rassias theorem was
obtained by Găvruta [4] by replacing the unbounded Cauchy difference
by a general control function in the spirit of Rassias’ approach.

In [5], Gilányi showed that if f satisfies the functional inequality

‖2f(x) + 2f(y)− f(xy−1)‖ ≤ ‖f(xy)‖(1)
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then f satisfies the Jordan-von Neumann functional equation

2f(x) + 2f(y) = f(xy) + f(xy−1).

See also [10]. Gilányi [6] and Fechner [3] proved the Hyers-Ulam stability
of the functional inequality (1).

In Section 2, we solve the additive functional inequality

‖f(x) + f(y) + f(z)‖ ≤ ‖ρf (s(x+ y + z))‖ ,(2)

and prove the Hyers-Ulam stability of the additive functional inequality
(2).

Park, Cho and Han [8] investigated the additive functional inequalities
for the case ρ = s = 1, and the case ρ = 2 and s = 1

2
.

Throughout this paper, let X be a normed space with norm ‖ · ‖ and
Y a Banach space with norm ‖ · ‖. Assume that s is a nonzero real
number and that ρ is a real number with |ρ| < 3.

2. The additive functional inequality (2)

Lemma 2.1. If a mapping f : X → Y satisfies

‖f(x) + f(y) + f(z)‖ ≤ ‖ρf(s(x+ y + z))‖(3)

for all x, y, z ∈ X, then f : X → Y is additive.

Proof. Letting x = y = z = 0 in (3), we get

‖3f(0)‖ ≤ ‖ρf(0)‖.
So f(0) = 0.

Letting z = −x and y = 0 in (3), we get

‖f(x) + f(−x)‖ ≤ ‖ρf(0)‖ = 0

for all x ∈ X. Hence f(−x) = −f(x) for all x ∈ X.
Letting z = −x− y in (3), we get

‖f(x) + f(y) + f(−x− y)‖ ≤ ‖ρf(0)‖ = 0

for all x, y ∈ X. So f(x)+f(y) = −f(−x−y) = f(x+y) for all x, y ∈ X,
as desired.

Corollary 2.2. If a mapping f : X → Y satisfies

f(x) + f(y) + f(z) = ρf (s(x+ y + z))(4)

for all x, y, z ∈ X, then f : X → Y is additive.
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Now, we prove the Hyers-Ulam stability of the additive functional
inequality (2) in Banach spaces.

Theorem 2.3. Let r > 1 and θ be nonnegative real numbers, and let
f : X → Y be a mapping such that

‖f(x) + f(y) + f(z)‖ ≤ ‖ρf (s(x+ y + z))‖
+ θ(‖x‖r + ‖y‖r + ‖z‖r)(5)

for all x, y, z ∈ X. Then there exists a unique additive mapping h : X →
Y such that

‖f(x)− h(x)‖ ≤ 2 + 3 · 2r

2r − 2
θ‖x‖r(6)

for all x ∈ X.

Proof. Letting x = y = z = 0 in (5), we get f(0) = 0.
Letting y = −x and z = 0 in (5), we get

‖f(x) + f(−x)‖ ≤ 2θ‖x‖r

for all x ∈ X. So

‖f(2x) + f (−2x)‖ ≤ 2 · 2rθ‖x‖r(7)

for all x ∈ X.
Letting y = x and z = −2x in (5), we get

‖2f(x) + f(−2x)‖ ≤ (2 + 2r)θ‖x‖r(8)

for all x ∈ X. It follows from (7) and (8) that

‖2f(x)− f(2x)‖ ≤ (2 + 3 · 2r)θ‖x‖r(9)

for all x ∈ X. So∥∥∥f(x)− 2f
(x

2

)∥∥∥ ≤ 2 + 3 · 2r

2r
θ‖x‖r

for all x ∈ X. Hence∥∥∥2lf
( x

2l

)
− 2mf

( x

2m

)∥∥∥ ≤ m−1∑
j=l

∥∥∥2jf
( x

2j

)
− 2j+1f

( x

2j+1

)∥∥∥
≤ 2 + 3 · 2r

2r

m−1∑
j=l

2j

2rj
θ‖x‖r(10)

for all nonnegative integers m and l with m > l and all x ∈ X. It
follows from (10) that the sequence {2nf( x

2n
)} is a Cauchy sequence for
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all x ∈ X. Since Y is complete, the sequence {2nf( x
2n

)} converges. So
one can define the mapping h : X → Y by

h(x) := lim
n→∞

2nf(
x

2n
)

for all x ∈ X. Moreover, letting l = 0 and passing the limit m → ∞ in
(10), we get (6).

It follows from (5) that

‖h(x) + h(y) + h(z)‖ = lim
n→∞

2n
∥∥∥f ( x

2n

)
+ f

( y
2n

)
+ f

( z
2n

)∥∥∥
≤ lim

n→∞
2n

∥∥∥∥ρf (sx+ y + z

2n

)∥∥∥∥
+ lim

n→∞

2nθ

2nr
(‖x‖r + ‖y‖r + ‖z‖r)

= ‖ρh (s(x+ y + z))‖

for all x, y, z ∈ X. So

‖h(x) + h(y) + h(z)‖ ≤ ‖ρh (s(x+ y + z))‖

for all x, y, z ∈ X. By Lemma 2.1, the mapping h : X → Y is additive.
Now, let T : X → Y be another additive mapping satisfying (6).

Then we have

‖h(x)− T (x)‖ = 2n
∥∥∥h( x

2n

)
− T

( x
2n

)∥∥∥
≤ 2n

(∥∥∥h( x
2n

)
− f

( x
2n

)∥∥∥+
∥∥∥T ( x

2n

)
− f

( x
2n

)∥∥∥)
≤ 2(2 + 3 · 2r)2n

(2r − 2)2nr
θ‖x‖r,

which tends to zero as n → ∞ for all x ∈ X. So we can conclude that
h(x) = T (x) for all x ∈ X. This proves the uniqueness of h. Thus the
mapping h : X → Y is a unique additive mapping satisfying (6).

Theorem 2.4. Let r < 1 and θ be positive real numbers, and let
f : X → Y be a mapping satisfying (5). Then there exists a unique
additive mapping h : X → Y such that

‖f(x)− h(x)‖ ≤ 2 + 3 · 2r

2− 2r
θ‖x‖r(11)

for all x ∈ X.
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Proof. It follows from (9) that∥∥∥∥f(x)− 1

2
f(2x)

∥∥∥∥ ≤ 2 + 3 · 2r

2
θ‖x‖r

for all x ∈ X. Hence∥∥∥∥ 1

2l
f(2lx)− 1

2m
f(2mx)

∥∥∥∥ ≤ m−1∑
j=l

∥∥∥∥ 1

2j
f(2jx)− 1

2j+1
f(2j+1x)

∥∥∥∥
≤ 2 + 3 · 2r

2

m−1∑
j=l

2rj

2j
θ‖x‖r(12)

for all nonnegative integers m and l with m > l and all x ∈ X. It
follows from (12) that the sequence { 1

2n
f(2nx)} is a Cauchy sequence for

all x ∈ X. Since Y is complete, the sequence { 1
2n
f(2nx)} converges. So

one can define the mapping h : X → Y by

h(x) := lim
n→∞

1

2n
f(2nx)

for all x ∈ X. Moreover, letting l = 0 and passing the limit m → ∞ in
(12), we get (11).

The rest of the proof is similar to the proof of Theorem 2.3.

By the triangle inequality, we have

‖f(x) + f(y) + f(z)‖ − ‖ρf (s(x+ y + z))‖
≤ ‖f(x) + f(y) + f(z)− ρf (s(x+ y + z))‖ .

As corollaries of Theorems 2.3 and 2.4, we obtain the Hyers-Ulam sta-
bility results for the additive functional equation (4) in Banach spaces.

Corollary 2.5. Let r > 1 and θ be nonnegative real numbers, and
let f : X → Y be a mapping such that

‖f(x) + f(y) + f(z)− ρf (s(x+ y + z))‖
≤ θ(‖x‖r + ‖y‖r + ‖z‖r)(13)

for all x, y, z ∈ X. Then there exists a unique additive mapping h : X →
Y satisfying (6).

Corollary 2.6. Let r < 1 and θ be nonnegative real numbers, and
let f : X → Y be a mapping satisfying (13). Then there exists a unique
additive mapping h : X → Y satisfying (11).



322 S. J. Lee, C. Park, and D. Y. Shin

References

[1] T. Aoki, On the stability of the linear transformation in Banach spaces, J. Math.
Soc. Japan 2 (1950), 64–66.

[2] P. W. Cholewa, Remarks on the stability of functional equations, Aequationes
Math. 27 (1984), 76–86.

[3] W. Fechner, Stability of a functional inequalities associated with the Jordan-von
Neumann functional equation, Aequationes Math. 71 (2006), 149–161.
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