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LRFD 설계를 위한 교대의 신뢰성 해석 모델

Reliability Analysis Modeling for LRFD Design of Bridge Abutments

엄 준 식
1 Eom, Jun-Sik

  

Abstract

The objective of this paper is to develop a rational reliability analysis procedure for the LRFD design provisions 
of bridge substructures. A bridge abutments is considered in this study. The reliability analysis is applied to determine 
the relationship between the major design parameters for bridge abutment and reliability index. The considered load 
components include dead load, vertical and horizontal earth pressure, earth surcharge, and vehicle live load. Several 
limit states are considered: foundation bearing capacity, sliding, and overturning. The analysis results show that the 
most important parameter in the reliability analysis is the effective stress friction angle of the soil. The reliability 
indices are calculated using Monte Carlo simulations for a selected bridge abutment. The results of the sensitivity 
analysis indicate that reliability index is most sensitive with regard to resistance factor and horizontal earth pressure 
factor.

 
요   지

본 연구의 목적은 신뢰성해석을 통해  교량의 하부구조인 교대에 대해 주요설계변수와 신뢰성계수의 관계를 정립하

여  하중저항계수설계를 위한 신뢰성해석방법을 개발하는 것이다. 하중조건으로는 사하중, 연직토압 및 수평토압, 
상재하중, 그리고 통행차량에 의한 활하중을 고려하였다. 고려한 하중에 대해 지반의 허용지지력, 전도, 활동 등을 

반영하는 한계상태함수를 정의하여 신뢰성 해석을 몬테-카를로 시뮬레이션을 이용하여 수행하였다. 신뢰성 해석 결과 

신뢰성지수에 가장 큰 영향을 미치는 인자는 내부마찰각이었으며 민감도해석 결과 신뢰성 지수는 저항계수와 수평토

압의 변화에 따라 민감하게 변화하는 것을 알 수 있었다.

Keywords : Reliability analysis, Code calibration, Bridge abutment

1. Introduction

The recent development of the new American Association 

of State Highway and Transportation Officials Load and 

Resistance Factor Design (AASHTO LRFD 2013) for 

design of bridges focused on the superstructure components 

(Nowak, 1995 and 1999). Also, LRFD procedures for 

foundation desgin are already well established. However, 

studies on LRFD procedures for bridge substructures, 

particularly bridge abutments are relatively less established 

compared to those of superstructures and general foundation 

design criteria. Therefore, this study deals with the bridge 
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Fig. 1. Typical bridge abutment used in the reliability analysis

Table 1. Bias Factor (Mean to Nominal) of Φf

Φf (degree) λΦf CPT λΦf SPT

30 1.15 1.20

35 1.17 1.22

40 1.20 1.25

45 1.25 1.30

abutment components. The objective of this study is to 

formulate the limit state functions, develop statistical 

models for load and resistance parameters, calculate the 

reliability indices for typical abutment components, and 

develop sensitivity functions for the load and resistance 

parameters. In this study, the reliability analyses are 

performed for a bridge abutment shown in Fig. 1, with 

dimensions of height, h = 3～12 m and base width, b 

= 0.4～-0.7h. Other dimensions are h1 ≅ 0.1h, b1 ≅ 0.1h, 

and b2 ≅ 0.1h. The abutment structure analyzed is supported 

on spread footings. The retained soil is usually compacted 

(engineered) and its mechanical properties can be different 

from those of foundation soil.

2. Load Models

The load components typically required for the design 

and analysis of bridge abutments include dead load, DL, 

vertical earth pressure (EV), horizontal earth pressure 

(EH), vehicular live load (LL), and vehicular live load 

surcharge (LS). The statistical parameters of load used in 

this study are determined based on the available literature, 

test data, simulations, and engineering judgment.

For the dead load, the bias factor λDL = 1.00 and 

coefficient of variation COVDL = 0.10. Similarly, for the 

soil unit weight, γS, the bias factor λγs = 1.00 and 

coefficient of variation COVγs = 0.10 (Nowak 1999). The 

actual values of these parameters reported in literature are 

lower, however, the conservative values are consistent 

with the calibration of LRFD AASHTO Code (2013). 

For vehicular live load bias factor λLL = 1.00 and 

coefficient of variation COVLL = 0.10 (Nowak and Hong 

1991, Nowak 1993). Live load surcharge is treated as a 

deterministic load.

The horizontal (lateral) earth pressure is a function of 

retained soil properties. The retained soil is usually 

compacted cohesionless soil. The effective friction angle, 

Φr, is the most important soil related parameter. 

Load bearing capacity of foundation is a function of 

foundation soil properties. The most important soil parameter 

is the effective friction angle, Φf . It has been observed 

that the bias factor of Φf, λΦf increases with increasing 

value of Φf. The assumed relationship between λΦf and 

Φf is given in Table 1, based on conservative engineering 

judgment. Two test methods are considered: standard 

penetration test (SPT), and cone penetration test (CPT). 

CPT is recognized as a more accurate method. 

The coefficients of variation of Φf in the available 

literature were calculated for various sets of test data. 

However, the cumulative distribution function (CDF) of 

Φf is non-normal, with a higher degree of variation at 

the upper tail of the distribution function. Therefore, in 

the reliability analysis, it is assumed that Φf is lognormally 

distributed. 

The reliability analysis is performed for a conservative 

case of design value of the friction angle Φf = 30°. CDF 

of Φf, being lognormal with the parameters, λΦf = 1.15 

for CPT and λΦf = 1.20 for SPT, and four different values 

of COVΦf = 0.05, 0.10, 0.15 and 0.20. The considered 

CDF are plotted on the normal probability paper in Fig. 

2 for CPT, and Fig. 3 for SPT.



LRFD 설계를 위한 교대의 신뢰성 해석 모델 7

Fig. 2. CDF of Φf for the nominal Φf = 30° for CPT and COVΦf

= 0.05, 0.10, 0.15, 0.20   

Fig. 3. CDF of Φf for the nominal Φf = 30° for SPT and COVΦf

= 0.05, 0.10, 0.15, 0.20

3. Limit States

The basic format of the limit state functions considered 

in this study is

g = R - Q (1)

where R is resistance (load carrying capacity), and Q is 

load effect. However, both R and Q are expressed in 

terms of parameters such as load components, material 

and soil properties, and dimensions.

Several limit states depending on structure types  were 

considered for inverted T bridge abutment:

∙ Bearing capacity of the foundation soil 

∙ Sliding

For normal inverted T shape retaining walls, limit state 

function for overturning moment must be considered. 

However, in case of bridge abutment, there is governing 

magnitude of loads delievered from the superstructure, 

and the possibility of overturning failure is negligible. 

Therefore, for this study, overturning moment is not 

considered.

The limit state functions were based on the current 

design code (AASHTO LRFD 2013). For the bearing 

capacity limit state, the limit state function is

gBC = qult - qV (2)

where qult is bearing capacity of foundation soil, given 

as a function of soil Φf , footing shape, eccentricity of 

loading, and load inclination factor, and qv is vertical 

stress in soil due to loads.

For the sliding limit state, the limit state function is 

gSL = QS - H (3)

where Qs is sliding resistance and H is resultant horizontal 

load. Sliding resistance is a function of Φf and total vertical 

force applied to the foundation soil.

4. Reliability Analysis

The available reliability methods are presented in several 

publications (Nowak and Collins 2000). For the limit state 

functions (Eqs. 1-3) if g≥0, the structure is safe, otherwise 

it fails. The probability of failure, PF , is equal to,

PF = Prob(R - Q < 0) = Prob(g < 0) (4)

The reliability index, β, is defined as a function of PF,

β = Φ-1(PF) (5)
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where Φ-1 is inverse standard normal distribution function. 

In this study, reliability is calculated using Monte Carlo 

simulations because it is currently the most accurate and 

efficient approach (e.g., Elishakoff, 1999; Smith, 1986).  

In practice, the accuracy of the Monte Carlo method is 

a function of the number of simulation runs. The new 

generation of computers allows for tens of thousands to 

millions of runs in seconds. Therefore, the computations 

can be performed very efficiently and accurately for any 

format of the limit state function and type of the random 

variables.

The only practical limitation to the Monte Carlo method 

is the accuracy of the assumptions used to formulate the 

limit state function and statistical parameters of the random 

variables (e.g., type of distribution function, bias factor 

and coefficient of variation).

Let the limit state function be g(X1, …, Xn), where X1, 

…, Xn are random variables and n is the number of 

simulations. The limit state function can be linear or non- 

linear. For each random variable, the cumulative distribution 

function (CDF) is needed, or at least value of the mean 

and coefficient of variation. If the type of CDF is not 

available, then a normal or lognormal distribution can be 

assumed. The reliability index is calculated by a random 

generation of values of the limit state function, and the 

analysis of the lower tail of the obtained CDF. The 

reliability analysis procedure used in this study includes 

the following steps:

1. Prepare input data: the limit state function with random 

variables representing the load and resistance parameters.  

For each random variable, select the type of CDF and 

the basic parameters such as the bias factor and coefficient 

of variation.

2. Generate a value for each random variable X1, …, Xn 

using a random number generator. Actually, the computer 

generates uniformly distributed random numbers u1, 

…, un, and for each generated 0 ≤ ui ≤ 1, the 

corresponding value of xi can be calculated from the 

following formula:

xi = F-1(ui) (6)

3. where F-1 is the inverse of the cumulative distribution 

function (CDF) of Xi.

4. Using the values of X1, …, Xn, generated in Step 2, 

calculate value of the limit state function g(x1, …, xn), 

and save it in a file.  This value represents the safety 

margin.

5. Steps 2 and 3, to obtain the required number of values 

of g, e.g. 100,000.

6. Plot a cumulative distribution function of the obtained 

values of g. The probability of failure is equal to the 

value of CDF for g = 0. The determination of PF may 

require interpolation or extrapolation to extend the 

lower tail of the distribution of g. In some cases, an 

increased number of simulations may be required.

It can be more convenient to plot the CDF of g on 

the normal probability paper. The most important properties 

of the normal probability paper are that any normal 

distribution function is represented by a straight line, and 

any straight line represents a normal distribution function.  

Therefore, data plotted on the normal probability paper 

can be more efficiently evaluated with regard to degree 

of variation and type of distribution. The construction and 

use of normal probability paper is presented in textbooks 

(e.g. Nowak and Collins, 2000).

In this study, the resulting cumulative distribution function 

of g was plotted on the normal probability scale to determine 

the reliability index.

5. Result of Reliability Analysis 

The reliability analysis is performed for a representative 

bridge abutment. The maximum (and minimum) load 

factors specified by the AASHTO LRFD Code (2013) 

are as follows: 1.25/0.9 for DL, 1.50 for EH (active), 

1.35/1.00 for EV, 1.75 for LL. For cohesionless soils the 

resistance factors are 0.45 for CPT and 0.35 for SPT for 

bearing capacity, 0.80 for sliding, and 1.00 for overturning.

For the abutment (CPT design), the geometry (deterministic) 

is as follows (see Fig. 1): h = 6 m, h1 = 0.6 m, h2 =1.8 

m, b = 4.25 m, b1 = 1.8 m, b2 =0.9 m, b3 = 0.3 m

The unit weight of concrete is γc = 23.5 kN/m3. Retained 

soil internal friction angle is considered as a lognormal 
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Fig. 4. Simulated CDF of gBC (Bearing) for Abutment on Cohesionless 

Soil; COVΦf = 0.10 and β = 3.85

Fig. 5. Simulated CDF of gSL (Sliding) for Abutment on Cohesionless 

Soil; COVΦf = 0.10 and β = 6.5

Fig. 6. Sensitivity of βBearing to COV of Φf for Foundation Soil; 

Inverted T Abutment (CPT)

Fig. 7. Sensitivity of βBearing to COV of Φf for Retained Soil; 

Inverted T Abutment (CPT)

Fig. 8. Sensitivity of βSliding to COV of Φf for Foundation Soil; 

Inverted T Abutment (CPT)

Fig. 9. Sensitivity of βSliding to COV of Φf for Retained Soil; 

Inverted T Abutment (CPT)
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Fig. 10. Sensitivity of βBearing to COV of Φf for Foundation Soil; 

Inverted T Abutment (SPT)

Fig. 11. Sensitivity of βBearing to COV of Φr for Retained Soil; 

Inverted T Abutment (SPT)

Fig. 12. Sensitivity of βSliding to COV of Φf for Foundation Soil; 

Inverted T Abutment (SPT)

Fig. 13. Sensitivity of βSliding to COV of Φr for Retained Soil; 

Inverted T Abutment (SPT)

random variable, with nominal value Φr = 30°. The weight 

of retained soil is γr = 18.1 kN/m3. The same values are 

assumed for foundation soil,  Φf = 30°, γf = 18.1 kN/m3.

The vehicle live load surcharge is assumed to be a 

uniformly distributed load, with qs = 11.3 kN/m2. Dead load 

from superstructure, DL = 117.4k N/m. Live load from 

superstructure, LL = 99 kN/m (Nowak 1999). Foundation 

soil and retained soil are treated as uncorrelated random 

variables. The computations were performed for four values 

of the coefficient of variation of ΦS, COVΦS = 0.05, 0.10, 

0.15 and 0.20.

The simulated CDF of the safety margin, g, for COVΦf 

= 0.10 (for both foundation soil and retained soil), is 

plotted on the normal probability paper in Fig. 4 for the 

bearing capacity, in Fig. 5 for sliding.

The reliability indices were also calculated for other 

values of load and resistance factors. The reliability indices 

calculated for other values of the coefficients of variation 

of Φf for foundation soil and retained soil are presented 

in Figures 6 and 7 for bearing and CPT, Figures 8 and 

9 for sliding and CPT, Figures 10 and 11 for bearing and 

SPT, and Figures 12 and 13 for sliding and SPT.

The relationship between the considered load factors 

related to earth pressure (horizontal and vertical) and 

reliability index is practically linear (within the practical 

range). It has been observed that friction angle of the 

soil, ΦS, is the most important variable. The foundation 

soil is more important than retained soil. The reliability 
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Fig. 14. Bearing reliability index vs. bearing resistance factor

index is very sensitive with regard to the coefficient of 

variation of Φf. An increase of COV from 0.10 to 0.15 

results in a decrease in the bearing reliability index by 

about 1.5. However, it was found that the reliability 

index can be considerably increased by reduction of the 

resistance factor, as shown in Fig. 14.

6. Conclusion

The objective of this study is to formulate the limit 

state functions, develop statistical models for load and 

resistance parameters, calculate the reliability indices for 

typical bridge abutment, and develop sensitivity functions 

for the load and resistance parameters. 

The reliability indices were calculated using Monte Carlo 

analysis for a typical example of a bridge abutment. Two 

limit states are considered: bearing capacity and  sliding. 

The distribution of the safety margin, g, can be treated 

as a normal random variable for sliding and overturning, 

and it is closer to lognormal for the bearing capacity. 

The effect of various parameters on the reliability index 

is evaluated. It has been observed that friction angle of 

the soil, ΦS, is the most important variable. The foundation 

soil is more important than retained soil. The reliability 

index is very sensitive with regard to the coefficient of 

variation of Φf. An increase of COV from 0.10 to 0.15 

results in a decrease in the bearing reliability index by 

about 1.5. 

It was found that the bearing reliability index can be 

considerably increased by reduction of the bearing resistance 

factor, which indicates that the rational reassessment of 

bearing resistance factor is very important for economic 

design of bridge abutments.
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