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EXISTENCE OF SOLUTIONS FOR ELLIPTIC SYSTEM
WITH NONLINEARITIES UNDER THE DIRICHLET
BOUNDARY CONDITION

HyEwoON NAM

ABSTRACT. By linking theorem, we prove the existence of non-
trivial solutions for the elliptic system with jumping nonlinearity
and growth nonlinearity and Dirichlet boundary condition.

1. Introduction and main result

Presently there are many significant results with respect to the non-
linear elliptic equation and system with Dirichlet boundary condition
[2,6,8,9]. Many authors also investigated the nonlinear elliptic equation
and system with jumping nonlinearity and subcritical growth nonlinear-
ity and Dirichlet boundary condition [4,5,7].

In this paper, we consider the existence of nontrivial solutions to the
elliptic system

—Au=au+bv+ 0 (ut)P —m(u”) + fi(x,u,v) in €,

(1) —Av =bu+ cv+ oa(vT)P2 —no(v7) + folz, u,v) in Q,
u=v=0 on 0.
where u™ = max{0,u(z)}, v~ = —min{0,u(x)} and Q C R be a

smooth bounded domain with N > 2.
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The nonlinearities will be assumed both superlinear and subcritical,
that is, 1 < py,ps < 2° — 1, where 2* = % if N > 3 and 2" = oo if
N = 2.

And there exists a function F : Q x R? — R such that g—f; = f1 and

%—f = fy without loss of generality, we set

(u,v)
F(z,u,v) = / fi(z,u,v)du + folz,u,v)do.
(

070)

Then F € C'(Q x R* R).
We consider the following assumptions.
(F1) There exist M > 0 and o > 2 such that

0 < aF(z,u,v) <uF,(r,u,v)+vF,(x,u,v)
for all (z,u,v) € Q x R? with u? + v? > M2
(F2) There exist constants a; > 0 and as > 0 such that
|Fu(z,u, )| + | Fy(x,u,v)| < ay + as(|ul” + v]")

Where1§r<2%f§; HN>2and 1 <r<ooif N =2.

(F3) For (0,v) — (0,0),

F(z,0,v)
02
REMARK 1.1. The condition (F1) shows that there exist constants
by > 0 and by such that(cf. [1] )

F(z,u,v) > by(|u|*+ [v]*) — bs.

— 0.

Our main result is the following.

THEOREM 1.1. Assume F satisfies (F1), (F2) and (F3) with a = r+1.
If a, b, ¢, 01, 02, m1, and ny are positive with a + b+ 1, < A\ and
b+ ¢+ ny < Ay then system (1) has at least two nontrivial solutions.

In this paper we prove the existence of two nontrivial solutions for
the elliptic system with jumping nonlinearity and growth nonlinearity
and Dirichlet boundary condition. In Section 2, we use a variational
approach to look for critical points of the functional I on a Hilbert
space H. In Section 3, we prove the Palais Smale star condition for the
linking theorem. And we prove the Lemmas in order to applyting the
linking theorem, so we prove Theorem 1.1.
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2. Preliminaries

Let H be a Hilbert space and V a C? complete connected Finsler
manifold. Suppose H = H; & Hy and let H,, = Hy,, ® Hs, be a sequence
of closed subspaces of H such that

H,, c H;, 1<dimH;, <+oc foreach i=1,2 and néeN

Moreover suppose that there exist e; € N)°, Hy,, and ey € N02 Hop,
with fleg]| = flea] = 1.

For any Y subspace of H, consider B,(Y) := {u € Y||ju| < p} and
denote by 0B,(Y) the boundary of B,(Y") relative to Y. Furthermore
define, for any e € H,

Qr(Y,e) :={u+aceY Dle]lue€Y,a>0,|u+ad]| <R}

and denote by 0Qg(Y, e) its boundary relative to Y @ [e], and denote by
X=HxV.

We recall the two critical points theorem in [3].

THEOREM 2.1. Suppose that f satisfies the (PS)* condition with
respect to H,. In addition assume that there exist p, R, such that
0<p< R and

sup f < inf  f,
v

OQRr(Hz,e1)xV 8Bp(H1)><
Sup f < +OO7 inf f < —00,
Qr(Hz,e1)xV B,(H1)xV

Then there exist at least 2 critical levels of f. Moreover the critical levels
satisfy the following inequalities

inf f<e<  sup f< inf  f<e<  sup  f,
By(H1)xV OQR(Ha,e1)xV 0B,(H1)xV Qr(Ha,e1)xV

and there exist at least 2 + 2 cuplength(V) critical points of f.

3. Main result

We will prove the existence of nontrivial solutions by using linking
theorem.
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3.1. The variational structure.

Throughout the paper, we will denote by A the eigenvalues and by
er the corresponding eigenfunctions, suitably normalized with respect to
L?(Q) inner product, of the eigenvalue problem —Au = Au in Q, with
Dirichlet boundary condition, where each eigenvalue \; is respected as
often as its multiplicity. We recall that 0 < Ay < Ay < A3 < -+ N\ —
+oo and that e; > 0 for all x € Q. Then H = span{e;|i € N}, where
H = W,y"(9), the usual Sobolev space with the norm ||u|? = [, |Vu|?dz.

Let e} = (e;,0) and e? = (0,¢;). We define H; = span{el|i € N}, for
j=1,2and £ = H; ® H, with the norm ||(u,v)||% = ||[ul]® + [|v]]*.

We define the energy functional associated to (1) as

I(u,v) = 1/(]Vu|2+|Vv\2) dx—l/(au2+2buv+cv2) dx
2 /, 2 /,
01 +\p1+1 02 +\p2+1
@) - et
0

p1+1 p2+1

+/Q (B +Zep) das—/QF(:v,u,v)d:c

It is easy to see that I € C''(E, R) and thus it makes sense to lock for
solutions to (1) in weak sense as critical points for I i.e. (u,v) € E such
that I'(u,v) = 0, where

Iuo) @) = |

—

VuVe¢ + VoVi) dx

(aug + bvg + bup + cv)) dx

(61 (u")Prd + 2 (vh)P20) da

+ [ (mw )¢+ n(v)y)de

S— 55—

—/ (fi(z,u,v)0 + folz,u,v))dx.
Q
3.2. The Palais Smale star condition.

In this section we will prove the (PS)? condition which was required
for the application of Theorem 2.1. In the following, we consider the
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following sequence of subspaces of E :
Enzspan{eﬂi:l,---,n and j=1,2}, for n > 1.

LEMMA 3.1. Assume F satisfies (F1) and (F2) with o = r + 1. If
a+b+m < A and b+c+1ny < Ay, then any (PS)* sequence is bounded.

Proof. Let {(un,v,)} C E be a sequence such that
(Un, V) € By, I(up,v,) = ¢, I'(tup,v,) =0 as n— oo.

To show the contradiction, we assume that {(u,,v,)} is not bounded
i.e. ||(un,vn)|| g — 00.
In the following we denote different constants by C, Cs etc.

500 (| + 1ol

1
> ](unv Un) B §]/(un’ Un) ) (u"’ U")

(3) _ /Q(M(un-&-)m-i-l_‘_M(vnﬂ-)pz—&-l) A

2(p1+1) 2(p2 +1)
1
+= /(unfl + v fo)dr — / F(z,up,,v,)dz.
2 Ja Q
(F1) and Remark imply that
1
_/(unfl +Unf2)dx - /F(xuunavn)dx
2 Jo Q
— 1) / F(x, uy, v,)dx
Q
~1)n /(|un|a lon|?)dz — s
Q

= 1) billlunlZn + Jval5e) = Co.

Gy +

v

(4)

Y
/N /N N
(GRS G ol GY o)

A%

Combining (3), (4), we obtain

1
G+ 50(1) (lunll + llvall)

o1(p1 — 1) p1+l da(p2 — 1) v Y2 g
G =z /Q(2<p1+1>(““+) i) ) +)d

+ (5 _ 1) b ([l 3o + [|vn]|$a) = C



596 Hyewon Nam

Since a > 2 and b; > 0, we get

o1(p1 — 1) ol do(pa — 1) o Pt g
2(p1 +1) /sz(un+) e+ 2(p2 + 1) /Q( n )

1
< G+ 5o(1) (fJuall + flvall)

By observing that each term in the expression above is nonnegative, we
conclude that the estimate from above holds for each of them, and then

1

1
6 —/ up, )P dr — 0, —/ v, )P dr — 0.
O Mmool Jo) Mmool Jo )

On the other hand

oW lunll = I'(tims va) - (tn, 0)
ZHWWiﬂwﬁHmmm
Q

_/ (51(un+)p1+1 _n1<un_)2) dm—/unfl(x,un,vn)dw,
Q Q
o(Wllvall = 1'(un,vn) - (0,v5)

= oall® - /Q(bunvn + cv,?)dx

_/Q(éz(vn+)pz+1 _n2(vn_)2)dm_/Uan(l",Un,vn)dm,

Q

We know that

1
/Q(u_)Qda: < /Quzdx < )\—lHuH2
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for any v € H. Using (F2), we obtain

Jun||® + |lua]? < 0(1)(Hun|l+anH)+/Q(aun2+2bunvn+cvn2)dx
+/ (51(un+)p1+1+52(Un+)p2+1) dr
Q
- / (11 (n™)? + o007 )?) dit
Q

(7) +/Q(unfl(xuunavn)+Unf2(x7umvn))dx

a+b+m
A

+/ (51(un+)}71+1+52<Un+)172+1) dr
Q

b+c+mn
A1

IA

o(1)(flunl + l[onll) + e l* +

e / (Jun]™* + [oa ] V)dz + Cs.
Q

(7) imply that if a + b+ < Ay and b+ ¢+ 1y < Ay then
Junl® + lonll” < 0(1)Co([lunll + llvnll)

(8) +/Q (61 (up )P+ Sy (v, P2 d

+C7/<|un|r+1+ |Un|r+1)d$+08.
Q

Combining (5), (8) and using o = r + 1, one infers that
lunll® + llval* < o(D)Cs(llunll + [lvall) + Co

+Clo/ (51(un+)p1+1+62(Un+)p2+1) dr.
Q

We get
o(D)Cs([[unll + llvall) + Co
[ (tin vn)[|
ClO ) +\p1+1 5 +\p2+1 d 0
el Jo P10 Bl b

which, by using (6), imply that ||(u,,v,)||z — 0 This gives rise to a
contradiction to the assumtion of {(uy,, v,)}. We conclude that {(u,,v,)}
is bounded. O

[(tn, va)llE <

v ®
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LEMMA 3.2. Assume F satisfies (F1) and (F2) with o = r + 1. If
a+b+mn <A and b+ ¢+ ny < Ay, then the functional I satisfies the
(PS)% condition with respect to E,,.

Proof. By Lemma 3.1, any (PS)? sequence {(u,,v,)} in E is bounded
and hence {(un,v,)} has a weakly convergent subsequence. That is
there exist a subsequence {(uy;,v,,)} and (u,v) € E, with u,; — u and
Up, — v. Since {uy,,;} and {v,,} are bounded, by Remark of Rellich-
Kondrachov compactness theorem [4], u,, — u, v,, — v and thus [
satisfies (PS)? condition. O

3.3. Proof of main theorem.

LEMMA 3.3. Assume F' satisfies (F3). If ¢ < \i, then there exists
p1 > 0 such that

inf [I>0.
0By, (H2)

Proof. By (F3), for any ¢ > 0, there exists p > 0 such that
0<|v|<p = [|F(z,0,9) <elv]
Then

/F(:U,O,v)dx </|F(x,0,v)\dx</a\v|2d:c< T
Q % Q At
By the continuous embedding of H in LP>*! we get

(v") p2+1 v |p2+1
/ W / WL —dw < gl
Q p2+1

where (3 is a positive constant.
and hence

1
I(0,v) = §/Q\VU|2da:—g

02
Q
B2 (v_)de—/ F(z,0,v)dx
2 Jo Q

0o

dr — +P2+1d

T p2+1/ (v™) T
)

9
> —H I* - HvH2 ) Gl A—IH’UH2

1 2
> —(1—C+ S 288,02 1) ]2 > 0

2 A
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which gives the result for sufficiently small ¢ and p. Therefore we can
choose 0 < p; < p such that I(0,v) > 0 for any ||v|| = p;. O

LEMMA 3.4. Assume F satisfies (F1). If a, b, ¢, 01, 92, m, and ny are
positive, then there exists an R > 0 such that for any Ry > R

sup [ <O.
BQRl (H176%)

Proof. In the following we denote different constants by C1,Cs etc.
Remark 1.1 implies that

2 2
I(u,fer) = 1/\Vu|2d:c+)\16 —E/UQd:L’—bﬁ ueldx—i
0y +yp1+1 02 / +
— O p2+1d
p1+1/<u> o= [ (e
-1-% (u )2d + ((561) )2dx—/F(x,u,Bel)dx
0 0
< —|| I” + || (=
—l—% (u )2d33+ /((ﬁel) )zdx—/F(x,u,Bel)dx
Q 0
1 A 52 b n ﬁ
< Slul”+ 1 - llull® — H I+
—bl/(]u|°‘—|— |Be1|*)dx + C4
0
< )\1—55)\14—771” I+ (Af +m2) 32 _bp
- 21 21 2

—Collul|* — C5]B|* + C4,

for any (u,0) € H; and any constant . Since a > 2, I(u, fe;) — —o0
for |Ju|| — oo or || — oo. Therefore we can choose 0 < R; < oo such
that I(u, Se;) < 0 for any ||(u, Be1)||r = Ry. O

Proof of Theorem 1.1. By Lemma 3.3 and 3.4, there exists 0 < p; <
R; such that

sup <0< inf [I.
OQr, (H1,€?) 0By, (Hz2)
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By Theorem 2.1, I(u,v) has at least two nonzero critical values c1, ¢y

inf I<¢ < sup I < inf I<e< sup I
By, (H2) OQRr, (H1,€?) 0B, (Hz) Qr, (H1,€?)

Therefore, (1) has at least two nontrivial solutions.
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