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Transverse Wave Propagation in [ab0] Direction of Silicon Single Crystal

Sangjin Yun*,**, Hye-Jeong Kim*,***, Seho Kwon*,*** and Young H. Kim*✝

Abstract The speed and oscillation directions of elastic waves propagating in the [ab0] direction of a silicon 
single crystal were obtained by solving Christoffel’s equation. It was found that the quasi waves propagate in the 
off-principal axis, and hence, the directions of the phase and group velocities are not the same. The maximum 
deviation of the two directions was 7.2°. Two modes of the pure transverse waves propagate in the [110] direction 
with different speeds, and hence, two peaks were observed in the pulse echo signal. The amplitude ratio of the 
two peaks was dependent on the initial oscillating direction of the incident wave. The pure and quasi-transverse 
waves propagate in the [210] direction, and the oscillation directions of these waves are perpendicular to each 
other. The skewing angle of the quasi wave was calculated as 7.14°, and it was measured as 9.76°. The amplitude 
decomposition in the [210] direction was similar to that in the [110] direction, since the oscillation directions of 
these waves are perpendicular to each other. These results offer useful information in measuring the crystal 
orientation of the silicon single crystal.
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1. Introduction

The propagation speed and the oscillating 
direction of the wave propagating through a 
solid can be calculated by Christoffel’s equation. 
The propagating direction and the oscillating 
direction are parallel for the longitudinal wave 
and perpendicular for the transverse wave in 
isotropic medium. Wave velocity in anisotropic 
solids depends on propagation direction as well 
as on the direction of particle displacement. 
Three modes of waves, one (quasi-) longitudinal 
and two (quasi-) transverse modes, can propagate 
in a bulk anisotropic medium. The quasi wave 
whose propagating direction and oscillating 
direction are neither parallel nor perpendicular 
can propagate in anisotropic medium. The 
direction of group velocity differs from that of 
phase velocity, and this phenomenon is called 
beam skewing [1]. 

The acoustical birefringence is a decomposi- 
tion of bulk transverse wave into two or more 
waves in the solid medium. Most of previous 
researches focused on the relationship between 
the acoustical birefringence and directions of the 
stress in the solid medium. 

Properties of the acoustical birefringence 
observed in distorted solid and its similarity to 
optical birefringence shown in photoelastic 
materials was discussed [2]. Also, methods to 
analyze characteristics of solid materials based 
on ultrasonic birefringence have been proposed 
[3-7].

Quasi waves are categorized into quasi 
transverse wave and quasi longitudinal wave by 
their skewing angle. Quasi longitudinal wave has 
skewing angle closer to 0° and quasi transverse 
wave has skewing angle closer to 90°. Waves 
propagating in the direction between [210] and 
[310] has maximum skewing angle of 7.3°. 
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Oscillating direction of quasi transverse wave is 
parallel to the surface of the medium which is 
in contact with the transmitter. Therefore, the 
propagating direction of quasi transverse wave is 
askew from the normal line of the surface. 
When the quasi transverse wave is reflected 
from the opposite side of the medium, which is 
parallel to the oscillating direction, it returns to 
the exactly same place where it was transmitted 
from [1].

Understanding the properties of slowness 
surface is one of the great concerns in non- 
destructive testing of highly anisotropic materials 
such as fiber-reinforced composites and austenitic 
steels. In order to assess these problems, 
numerical modeling such as modular multi- 
Gaussian beam(MMGB) was applied to study 
the effect of material anisotropy on ultrasonic 
beam profile [8,9].

In the present work, wave speeds and 
oscillating directions in [ab0] direction of silicon 
single crystal were obtained by solving 
Christoffel’s equation, and these propagation 
properties for [110] direction and [210] direction 
were confirmed by experiments. Especially, 
decompositions of transverse waves were mainly 
considered.

2. Christoffel’s Equation

Christoffel’s equation is expressed as below [10].

     = 0 (1)

Where  is the density of a medium,   is 

elasticity constant tensor,  is wave number,   
is angular frequency,   is particle displacement, 
and   is unit tensor.

The following matrix equation should be 
satisfied if the equation (1) has a nontrivial 
solution.

    = 0

This equation is modified to the equation (2) in 
terms of the direction cosine and the wave 
speed.
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Where   ,  is propagation direction 

vector and   is wave speed. Direction vectors 
of oscillation are calculated from the original 
equation represented as below.
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Silicon crystal has cubic crystal structure and 
values of  are given simply as following 
[11].

     165.64 GPa

           63.94 GPa

     79.51 GPa

 = 2.329 × 103 kg/m3

3. Theoretical Analysis of Transverse Waves 
Propagation in [ab0] Direction of Silicon 
Crystal

[ab0] direction transverse waves propagate 
on xy-plane. Propagation directions of these 
waves are denoted by [cos sin ], where   is 
the angle between the propagation direction and 
the x-axis. Speeds and oscillating directions of 
waves propagating in the silicon crystal were 
determined by putting [cos sin ] as the 
propagation direction vector in Christoffel’s 
equation.

Depending on the propagation direction of 
the wave, Christoffel’s equation gives two 
transverse waves and one longitudinal wave as a 
solution. For some propagating direction, the 
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Fig. 1 Speeds of transverse waves on xy-plane

Fig. 2 Speed of longitudinal wave on xy-plane

Fig. 3 Skewing angle in [ab0] direction

Table 1 Solution of Christoffel’s equation for incident 
wave on xy-plane

Wave Oscillating 
direction Speed

Transverse [001] 5842.9 m/s

(Quasi-) transverse [α0] Dependent

(Quasi-) longitudinal [α0] Dependent

solution of Christoffel’s equation included waves 
whose propagation direction and the oscillating 
direction are neither perfectly parallel nor 
perfectly perpendicular. These waves are called 
either quasi-transverse wave or quasi-longitudinal 
wave, depending on the angle between the 
propagating direction and the oscillating direction. 
In this case, the directions of phase and group 
velocities are not parallel and beam skewing 
appears. The solutions of Christoffel’s equation 
are shown in Figs. 1, 2 and 3. Fig. 1 and Fig. 
2 show speeds of transverse waves and longitu- 
dinal wave in [ab0] direction, respectively. Fig. 
3 shows the skewing angle, angle between phase 
and group velocities, of quasi waves in [ab0] 
direction. Skewing angle of quasi-transverse 

wave and that of quasi-longitudinal wave are 
equal. Waves propagating in [ab0] direction are 
summarized in Table 1.

When elastic wave propagates in principal 
axes such as [100]. [110] and [010], only pure 
waves exist. When   is 19~20º or 70~71º from 
x-axis, skewing angle becomes maximum which 
is about 7.2º. Waves propagating in [110] direc- 
tion and [210] direction, which make skewing 
angle of 7.13º, were main concern of present 
work.

4. Ultrasound Propagation in [110] Direction

4.1. Birefringence in [110] Direction

Silicon plates of [110] direction orientation 
were employed for the study of propagation in 
[110] direction. Detailed specifications and 
coordinates of plates [12] are as follows:
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● Diameter: 50.8 mm
● Thickness: 8000 ± 50 μm
● Type / Dopant: P / B
● Resistivity: 40.6 ohm¢cm
● Surface: one side polished

Table 2 Solution of Christoffel’s equation for [110] 
direction

Wave Oscillating direction Speed

Transverse [] 5842.9 m/s

Transverse [] 4672.6 m/s

Longitudinal [] 9133.8 m/s

  Transducer of 20 MHz (Panametrics V220BA- 
RM, 6 mm element size with delay line of 
13 mm diameter) that has 7 μs delay line 
produced the transverse wave. Shear wave 
couplant (Panametrics SWC) was used as a 
contact medium. For elaborate control of angle 
of incident transverse waves, optical rotating 
stage was used. Using pulse/echo method, bulk 
transverse waves reflected at the opposite end of 
the silicon wafer were detected by the 
transducer, which was used to generate waves. 
The oscillation directions of transverse waves 
that travel in [110] direction through silicon 

single crystal are [001] and [], which means 
that no quasi-transverse wave is formed. Table 2 
is the solution of Christoffel’s equation for 
[110] direction.

4.2. Amplitude Analysis

Amplitudes of these transverse waves were 
recorded as the incident angle varied from 5º to 
90º with 3º interval. Figs from 4 to 10 show 
recorded data for typical angles. As shown in 
Figs from 4 to 10, two peaks appeared after the 
delay line (7 μs). As the angle of the oscillation 
direction of the incident wave with respect to 

[001] direction increased, the amplitude of the 
transverse wave oscillating in [001] direction 

decreased and that in [] increased. When the 
oscillation direction of the incident angle was 

45º for both [001] and [] direction, 
amplitudes of two peaks were same.

As shown in Figs from 4 to 10, the 
amplitudes of two peaks changed as the 
oscillation direction of the incident bulk wave 
changes. From Figs from 4 to 10, the higher 
amplitude between two peaks at 0º and that at 
90º were different. The peak voltage of 0° 
(20.9 mV) was larger that of 90° (11.8 mV). 
This is due to change of contact condition 
during each data acquisition. Since this deviation 
affects the propagation of both component 
waves, ratio of amplitudes for all cases was 
analyzed.

Incident bulk transverse wave is decomposed 
into two transverse waves, which are the 
solutions of Christoffel’s equation for [110] 
direction in silicon crystal. The first peak 
following the delay line is transverse wave of 
speed 5842.9 m/s and the second peak is wave 
of speed 4672.6 m/s. Table 3 compares 
measured and theoretically predicted speeds of 
two transverse waves. In Table 3, measured 
speeds are bigger than predicted ones. The time 
might have estimated smaller in both cases, 
leading to error of the same trend.

Fig. 4 0º with respect to [001] direction 
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Fig. 5 15º with respect to [001] direction Fig. 8 60º with respect to [001] direction

Fig. 6 30º with respect to [001] direction Fig. 9 75º with respect to [001] direction

Fig. 7 45º with respect to [001] direction Fig. 10 90º with respect to [001] direction

Table 3 Measured speeds and predicted speeds in [110] direction

Oscillation direction Predicted Speed Measured speed Difference

[001] 5842.9 m/s 6041.4 m/s 3.40 %

[] 4672.6 m/s 4797.3 m/s 2.67 %
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Fig. 11 Regression of ratio of two amplitudes with 
square of the trigonometric functions

Fig. 12 Schematic diagram of obtaining specimen 
for propagation direction of [210]

The contact condition between the transducer 
and the silicon single crystal via shear couplant 
affects the amplitude of the incident wave, and 
amplitudes of echoes will be changed. However 
the variation of amplitudes will be the same for 
two echoes. Therefore, to compansate the 
deviations due to contact conditions, the ratio of 
amplitudes of two waves was considered. 
Among one pulse of ultrasonic wave, the highest 
peak (biggest amplitude) value was taken to 
analyze the amplitudes of component waves of 
incident waves. At each case, ratio of amplitude 
of [001] and [110] wave was calculated and 
plotted. When the ratio between two amplitudes 
was bigger than 1, the inverse of the ratio was 
plotted. Fig. 11 is the regression of the plot 
with cot and tan.

The plotted experimental values have period 
of π [rad], and the maximum value of ratio is 1 
at the same positions where the squares of 
cotangent and tangent intersect. As one amplitude 
increased, the other decreased, and each com- 
ponent had its maximum when the incident bulk 
transverse wave was parallel to its oscillation 
direction. The two amplitudes becomes the same 
when the incident transverse wave is 45˚ from 
[001] axes, and 45˚ from [110] axes.

5. Ultrasound Propagation in [210] Direction

5.1. Silicon Crystal Specimen

The [210] specimen is obtained from the 
[100] specimen of 20 mm thickness and 50 mm 
diameter as shown in Fig. 12. Cutting direction 
was determined by considering the skew angle 
as well as the crystal orientation [12]. The 
oscillation direction of quasi-transverse wave is 
parallel to the surface contacting with transducer, 
and the direction of propagation is in [210] 
direction. Therefore the specimen is cut along 
the line which makes an angle of 7.13˚ with the 
line normal to the [210] direction. Thickness of 

obtained specimen, distance between line 1 and 
2, was 1.55 cm. 

5.2. Direction of the Quasi-Transverse Wave 
Reflection Point of the Quasi-Transverse 
Wave in [210] Direction

The solution of Christoffel’s equation for 
[210] direction is summarized in Table 4. Since 
angle between the oscillation direction and the 
propagating direction of the quasi-transverse 
wave is 97.13°, the propagating direction of the 
quasi-transverse wave was predicted to be 
deviated by 7.13° from the normal to the 
surface of medium.

Two transverse wave probes of 10 MHz 
(Ultran SWC25-10, 6 mm element size) were 
used in this experiment. Signals were detected 
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Fig. 14 Signals of the transverse wave (left) and 
the quasi-transverse wave (right)

Table 4 Solution of Christoffel’s equation for [210] 
direction

Wave Oscillating 
direction Speed

Transverse [001] 5842.9 m/s

Quasi-transverse [1,-1.55,0] 5060.6 m/s

Quasi-longitudinal [1.55,1,0] 8924.7 m/s

Fig. 13 Amplitude according to the angle from the 
transmitter probe

by pitch-catch method. The transmission probe 
was attached to the center of one side and the 
receiver probes moved along the other side.

Since the wave spreads out from the 
propagation direction as the center, maximum 
signal amplitude is recorded at the propagation 
direction. The signal amplitude of the quasi- 
transverse wave was measured using the receiver 
probe that traveled along the other side in the 
interval of 2 mm in order to determine the 
arrival point of the quasi-transverse wave, and 
result is shown in Fig. 13. The maximum peak 
of the signal appeared around 9.76°. This value 
is different by 2.63° from the predicted one. 

5.3. Birefringence in [210] Direction

In this research, we focused on the propa- 
gation of two transverese waves. The incident 
transverse wave, propagating in [210] direction 
and oscillating in arbitrary direction, was generated 
by 10 MHz shear wave probe. Then, their time 
durations and amplitudes were measured by the 
same probe using pulse/echo method. Since 

speeds of the quasi-transverse wave and the 
transverse wave were 5060 m/s and 5843 m/s 
respectively, those waves were expected to be 
detected around 6.2 μs and 5.3 μs. The trans- 
mission probe rotated total of 90° in 10° step.

Fig. 14 shows typical pulse-echo signal 
obtained from the specimen. The quasi-transverse 
wave and the transverse wave are indicated with 
arrows in Fig. 14. Time of flights of the 
quasi-transverse wave and the transverse wave 
were 6.1 μs and 5.2 μs, respectively. They were 
both different by 0.1 μs from predicted values. 

In order to analyze the amplitude decom- 
position in [210] direction, the ratio of two 
peaks shown in Fig. 14 was measured as similar 
to [110] direction. The results was similar to 
that in [110] direction as shown in Fig. 11, 
since oscillation directions of them are perpen- 
dicular to each other.

6. Conclusion

Speeds and oscillation directions of elastic 
waves propagating in [ab0] direction of silicon 
single crystal were obtained by solving 
Christoffel’s equation. One longitudinal wave 
and two transverse waves can propagate with 
different wave speeds. It was found that quasi 
waves propagate in off-principal axis, so that 
directions of phase and group velocities are not 
the same. Maximum deviation of two directions 



388 Sangjin Yun, Hye-Jeong Kim, Seho Kwon and Young H. Kim

was 7.2˚. Two modes of pure transverse waves 
propagate in [110] direction with different 
speeds, so that two peaks were observed in 
pulse echo signal. Amplitude ratio of two peaks 
was dependent on the initial oscillating direction 
of the incident wave. Pure and quasi-transverse 
waves propagate in [210] direction, and 
oscillation directions of them are perpendicular 
to each other. The skewing angle of quasi wave 
was calculated as 7.14°, and measured value 
was 9.76°. The amplitude decomposition in 
[210] direction was similar to that in [110] 
direction, since oscillation directions of them are 
perpendicular to each other. 

These results offer useful information in 
measuring the crystal orientation of single 
crystal silicon. In general, the determination of 
[001] silicon orientation was determined using 
complex methods [13,14]. However, this result 
gives may be applied to determine the axes of 
single crystals such as silicon.
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