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A History of the Cycloid Curve and
Proofs of Its Properties
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The cycloid curve had been studied by many mathematicians in the period from
the 16th century to the 18th century. The results of those studies played important
roles in the birth and development of Analytic Geometry, Calculus, and Variational
Calculus. In this period mathematicians frequently used the cycloid as an example
to apply when they presented their new mathematical methods and ideas. This pa-
per overviews the history of mathematics on the cycloid curve and presents proofs
of its important properties.
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Figure 2. Parametric expressions of the cycloid curve; Afo]Z&0]= 49| Wi/ #d
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Aol Z 2ol ZA ot JHG9 yo] 13}7] (quadrature) A | YIS F7H= FAY
ofsta] A= AtolE&elE F419 o F7]0f sigohe= ofet A4 = SRl
F29] wols 11 449 yolo 3ufolrt.
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Aol 2 E0|E F49| Zo] F6}7] (rectification) Ato]Z & 0|= 3419 gt ofx] 9] Zo]

7 g wix B gujolct.
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Figure 3. Roberval's method to calculate the area of the region under the cycloid curve;
Aol ZRo|= 24 ofglnEel Yolg ot Zuiuo] wy
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HE TRl [10]. £ 2 et wAR L, 7hEE]o2] ] AAte]7 = Jd E2dz
(Evangelista Torricelli, 1608-1647) &= Afo]EE0]=9] Yo} H Ao gt pA4le] S
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o] A% Yttt 167349 YEH=9] E28A+ So]AlA (Christian Huygens, 1629-
1695)+= “FIAFAA (Horologium Oscillatorium)’ 2h= A Aol A 2z}l F& o] «19] 57}
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Z%0] (Jacques Bernoulli, 1655-1705) 2 &= A Q)ct. o] A9 sHS 2H2 &
QA FiL 7 FGA Arolo] vEol AU [9]. AL o] EAZF Altd & & 2o
Y= (Gottfried Wilhelm von Leibniz, 1646-1716), 2 1Y (Guillaume de 1'Hospital,
1661-1704), & (Isaac Newton, 1642-1726) = 27+ s 2ttt [7].
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Figure 4. The refraction path of the light ray through multiple layers of media of differ-
ent densities; WE7t ThE o} Ao Wide Busts o 2AYR
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Al gl Aol elEslo] AwsE 471 it THE AFE W2ieol: B4 /o] Aot
o AT Ao gt s o ® o] EANA IEE= o A A WM
2 gzies e ST (Y] 3.4). 19 oj2le A2 ol F LAY WE v
£ (the calculus of variations) 9] A|z7} H It} [6]. &3t W= o]0 9J5to] A|7]H

HANDRA BAS Beom AAEol A2 W20l 2AS B WY (BN,
the variational method)2 o]% H]523t A|7|of] &t A= W ZF (Pierre Louis
Maupertuis, 1698-1759) 2} @ 2] (Leonhard Euler, 1707-1783), gfo]|Z Y= Fof 9
slo] EPH oz TekEo] ol &AL [3,5,8], Fo ‘H4Z82] 2 (the principle of
least action)’ Zal &4 H Ut} Wo] H2AF 2R APtk HE0ke] HA L o]
HEH ARl Ao o 5E5] wehe S-8old [13]. FAHete] ol Aoz 7ot
Z2}3 (Max Planck, 1858-1947)= 204|7]0] HEH Al H1L 718 QAo z =%
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ApolZgolt T4 ot 9| yo|E L3t EA| (quadrature) 9 Alo]Z 2ol
£ 5= EA (rectification) = RobervalJ—]- Wreno]| 95t A2 A5
g Bagsg o R Zlarsael wio] ol g 1R BAAA ol F
At nj A 2ot A e 7124 L%—E—Xﬂi tFojdth 48 312 AT A
(Isochrone Problem)o] that 23S Helth Az 3.2% Alo]ZEo|=9] AN (R,
the involute) ©] ThA] Alo]EZ0|E FAU-S HQl}, A7 3.32 AO|ER0|E7} FAFF
33492 HQlth(Tautochrone Problem). A7 3.4% HEHE o]835t0] LA+
SharA EA|9] 87} Alo]E 20| =YE £tk (Brachistochrone Problem). 3] 3.5%
EZO AFL JIA L £ AR} Zo| 95te] JAursto g A7 TY o & 24 Alo]9
Azloh A7ke] WA} Alo]2RO|=E o] Erie ALAE ZHT.
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o} WA LEET|7F YA 27 ZAL 5(0) = 002 UG 1 AT s(t) =
CsinwtZ 2 & F Y& n|EHA 4]
d?s 9
ﬁ—i—w s =
e 1 d2%s . ds
= Agalorsith. whebd s = - — = — %sma, == %cosaol‘ji
d dx d
i:éi:COSOL'%COSOL:%COSQQZ%(1+COS2O¢)
d dy d
% dfii—sma wicosa—;ﬁsin%z
919 AL adf Hste] FE3}I, a =0 4 (z,y) = (0,0) o] FH,
T = 45} (2 + sin 20 , y:%;z(l—cos%z)

ojmg 29 o

F9] ol F AH2Z APIERO|EE olET
A 3.2 SIHZ o|F= AfPIERO|ETL W7 fof diste] v A o= Fo|

7= (f(B),9(B)) = (B —sinB, 3+ cos B)
2 ol ki st ol A (0,4)0] WY Zol7k 49 1Ae] 0] AH (x(8),y(8))

©(B)=B+sinf,  y(t)=1-cosp
o} o] Fo1A4 Alol2Ro|ES o] Eeh,
Z. o) IelA ME S0 PARRE Zo| Aol 29 XS T 4 k.

s(1 —cos S, sin )
\/(1 —cos 8)* + (sin §)°

=(8 —sinf, 3+ cosfB) +
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s(1 —cosf, sin 3)
V2+/T =cos

s = /ﬁ V@) +(g(3) dB = /ﬁ i /(1= cos B)? + (sin ) B
:ﬁ/”mdﬁ:ﬁ/”./zsin2§dg:z ”sinﬁd5:4cos§
B
x(ﬁ)zﬁ—smﬂ—k%\/l—cosﬂ B—smﬂ—i——cos—\/l—cos

=(8—sinf, 3+ cosfB) +

:ﬂ—sinﬁ+4cos§sin§:ﬁ—sinﬁ+2smﬂ:ﬁ+smﬁ

B s sing 4 Bsmﬁx/l—i-cos
y(ﬂ)—3+cosﬁ—ﬁm—3+cosﬂ Wi cos o — sng

:3+Cosﬁ—4cos2§:1—cos5

49 33 y=9 ¥ o] ot & Fotes AHI s s A FRYHA
(z,y) =70 —sinf, 1 —cosf), (0 <0 < 7) & Fo]Z Alo|FRo|E TAL we} L&
7Hks] gob 2@ 7Hes sk 4 0(0,0) oM F&5 FoF A A(rr, 2r) = r(m—
sinw, 1—cosm) ol ZET wW7tx]Q] A7k ToF H O%F A Ato]9] Q19]9] Z\uq P(xo,y0) =
7(0o—sinfy, 1—cosbp) oA & FoF A Aol =2 w79 At T of] tistod
T =Tyolt}.

3. 0(0,0)°1A4 F&2 FAL A7} 7Hs] s o (R7]1&5E = 0) FAS w2t We
7hHaA] oA EEH Z o] ofsto] L-FoUX|} S o3t Ao x| o] Ha}gFo] .
Z, tmv? = mgy. O|ZEH v =2gy 0|1, v=%L0]BZ 4t = \/ledeO]E}. o 7]
oA s+= FA9 dolE UEdl= #4olil, ds = \/W = /14 (2)2 dx
EEds = /(dr)2+ (dy)? = /(L2)2+ (%)2 do = Jepd 4= Sk w2kA 0(0,0)

oA &L Fot AAH A(nr,2r) = r(r —sinw, 1—cos) o] E‘j{%} W 7kx] 9] A7t T
of tisto] thZ Aol -t

/dt /F / % %

™ /r2(1 — cos0)2 + r2sin? 0 & = ™ /r2(1 — 2cos 6 + cos? ) + r2sin? 0
Zgr V/2gr(1 — cos 6) 2¢gr(1 — cos )

/ \/ — cos ) / \/7 o \/7
Qgr (1- cosé‘ B
A9 A P(xg,y0) oM &S o T4 wet 2 o] oA EEHZ] ITme? =
mg(y —yo) 22 FE v = \/29(y — yo) ©12L, v = FE JERE dt = 1 o]t}
29(y — o)
w2kA P(xo,y0) = 7(6p —sinfy, 1 —cosby) oA & Eof HAF Ao =2 wj7t

do
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A19] A7k Tyl thate] the Alo] At

/ dy
ﬂ’:/‘“:/m /9 =

9y — yo)
V/72(1 — cos )2 + r2sin? @ g0 — 4 2r2(1 — cosf)
9o /2gr(1 —cosf — 1+ cosb) 60 /297 (cos By — cos0)

20

2sin” 5 sm (4
dG = do
fo \/ 2c0s2 % — 1) — (2cos? § - 0o y/cos? % —cos? §
Sln >
g | CcOSs 7U| 0o 1_ cos? 9 v1— U2

cos? 20 0

J8BRE T =Ty 0], olk Eo]oA &2 UL A|ER0|EE wet A 7R
e o= AT A

H B (variational method) & ©]-835F0] &4 y = y(x) < 11 =3k o o tigt thex
22 AEFHE 1dH M4 (functional) T'(y) o] gto] S = 471 == off y.(z)
£ ZbobH A}

=~

O

/ H(y,y) do
olE fI5td Al y = y.(2) TG A2 Wi TASS
y =ys(z) + en(x)
= Yepdth. 71004 ¢ 9 [a,b] = RE n(a) = n(b) U
T W T(y) 7y = v (o) D W S3he et sgene

d
7T(y* + 677) =0
de

olofof g}, wheba] theo] AUgit.

d
0= T(y* + 577)

dH
— (e +enyi+en’)n+ @(y* +en,y, + 677’)77’] dx
e=0

L dH
( (Y U2) +3 ,(y*vy*)n> dx

de

[ 1%

[

/ i ——(Yw, y2) n d + [(Zg(y*,yi)nr —/ab d dH(y*,y*)n da
/ dH

[

“ dz dy’

b
d dH
—— (Y, ¥i) n d +0 — /dd,(y*,y*)ndx

dy
( 2 d dH
y*7y*

TG dy (y*,y*)) n dx
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9 oA g () = n(b) = 09 A} BT F4E UehBR T4 4, & e

=3
dH d dH
Euler-Lagrange equation : G drdy 0
T1E]aL 9] A9 ol v S 5T AS T o] MIAZ & Stk
A ddH_ o dH dHdy dH dy o d (AN dy dH | d dH
ydy ydxdy’_ ' odx dy dx dy' dx’  dx ydy’ dx dy ydmdy’
= . dH d [ ,dH _
o 4E€ Aese T - 1 (v ) - 0clnz e e slwgAe dud,
. . ,dH b
Beltrami equation: H —y i C (CE= A=)

wtetA] Euler-Lagrange equation©]|4} Beltrami equation O 2 F0]%] u]EH}7 4] 9] §
£ ot WS T(y) = [} H(y.y)do® I8} B F2301 T4 y = y(o) &
8 5 e,

ForoA WL o|F A7HE H Ao = vzoke) YT 2
ul ol A o] S5} stk S viRoR WS o] gslo] Yo] g
ol 44 A2 o EFTHE AU HY & QL E o2 RE We] vt ¥ (Law of
Reflection) ¥+ =4 H2Z] (Law of Refraction, Snell's Law)< & 4 it} o2 A
= HERZ ol&sto] DA sIEAC] AlolE R =Y

49 3.4 AT 2] Ao 9 HoM TE ot H2 AETh= ol® F=E T 7
&o] 28 W& o, AS HAadole A2+ AIEEo| B0t (B, 59 59
tisto] oL FAISkAL S-S

9. 7+ & Pi(0,0) % Py(mr, 2r) ol Histe] &0l ofd A4S weEt P oA P 7HA
=2 W32 o A= AP T(y) = o2 2ol Yehd

oM,
Hul
il
)
ot
rol
£

=

1
rd

[o
=]
)
o
H

w14 ()2 " JTE P
= Yy dw:/ dx
/0 2gy

[\
)
<
=

Py (mr, 2r)

T(y) S Hastele TA y = y.(z) S F817] Yokl TS Beltrami equation o] 3E

Copoy _VIEWE v VIEWP @)VIE WP
dy’' V29y V29y\/1+ ()2 V2qy V295 (L+ ()2
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oL 1

20y 1+ ()2 2y /1+ (y)?

S EEgEs - = —4+20%yQ3W}T§ﬂiﬂﬁ%§¢=()ﬂq
dy Vydy 2 1
=+ [dz = =+(z+C Ak =
/ %2 12 / z / s (z+C1) 471904 507

0
o|A] y = k? sin? (() <O<7m)E A5 dy = k? sm§ COS*dQ ojlmg,

/ VY dy /ksm k?sin & cos ¢ df /ks1n9k25mcos do
VEk2—y _ k2sin2? kcos2

2
:kQ/Sinzng = I<:2/1_Tcosed9 = %Z(H—Sine)
otk weba] £ (4 —sinf) = + (z+Cy) 0T, 2(0) = 00]BZ 2 = £ (9 —sing) o]tk
18Ty = k2sin? § = £ (1 - cos0) O] 2 (2(6),y(h)) = Ao]ZFRo|=E o] &},
E22 A% mg AL T A7t S0l QJoto] JaAgos Az Td o FEO
Rheolele) WA LEMYoRNE £ QA Alolo] AT r3} A7t t9] AE h23
ol vehd % gk

2G
r’ = 2m 3.

r
A7) " = L2 o3, G TrFlEARE Uehith ekt ol 2o E A<
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ol
dt = m VO dr (3.4)
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Al (3.4) 9] FHS HHEstH
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)
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t=08%1 271 +'(0) = \/m°1 ZASol= 4] (3.4)9 omao Husm
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=3 F (rVr+0C)  (Ce JEYS)
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