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ON PSEUDO BH-ALGEBRAS

YouNG BAE JUN AND SUN SHIN AHN*

Abstract. As a generalization of BH-algebras, the notion of pseudo
BH-algebra is introduced, and some of their properties are investi-
gated. The notions of pseudo ideals, pseudo atoms, pseudo strong
ideals, and pseudo homomorphisms in pseudo B H-algebras are in-
troduced. Characterizations of their properties are provided. We
show that every pseudo homomorphic image and preimage of a
pseudo ideal is also a pseudo ideal. Any pseudo ideal of a pseudo
BH-algebra can be decomposed into the union of some sets. The
notion of pseudo complicated BH-algebra is introduced and some
related properties are obtained.

1. Introduction

Y. Imai and K. Iséki introduced two classes of abstract algebras:
BCK-algebras and BCI-algebras ([3,4]). It is known that the class
of BC'K-algebras is a proper subclass of the class of BCI-algebras.
BC K-algebras have several connections with other areas of investiga-
tion, such as: lattice ordered groups, MV-algebras, Wajsberg algebras,
and implicative commutative semigroups. J. M. Font et al. [1] have dis-
cussed Wajsberg algebras which are term-equivalent to MV -algebras. D.
Mundici [9] proved M V-algebras are categorically equivalent to bounded
commutative BC'K-algebra, and J. Meng [8] proved that implicative
commutative semigroups are equivalent to a class of BC K-algebras. Y.
B. Jun, E. H. Roh, and H. S. Kim [7] introduced the notion of a BH-
algebra, which is a generalization of BCK/BC1I-algebras. E. H. Roh
and S. Y. Kim [11] estimated the number of BH*-subalgebras of order
1 in a transitive BH*-algebras by using Hao’s method. G. Georgescu
and A. Iorgulescu [2] introduced the notion of a pseudo BC K-algebra.
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Y. B. Jun characterized pseudo BC K-algebras. He found conditions for
a pseudo BCK-algebra to be A-semi-lattice ordered. Y. B. Jun, H.S.
Kim, J. Neggers [5] introduced the notion of a pseudo d-algebra as a
generalization of the idea of a d-algebra.

In this paper, we introduce the notion of pseudo BH-algebra as a
generalization of BH-algebra and investigate some of their properties.
We also define the notions of pseudo ideals, pseudo atoms, pseudo strong
ideals, and pseudo homomorphisms in pseudo B H-algebras and provide
characterizations of their properties in pseudo B H-algebras. We show
that every pseudo homomorphic image and preimage of a pseudo ideal
is also a pseudo ideal. Any pseudo ideal of a pseudo B H-algebra can be
decomposed into the union of some sets. We introduced the notion of
pseudo complicated B H-algebra and obtain some related properties.

2. Preliminaries

By a BH-algebra ([7]), we mean an algebra (X;*,0) of type (2,0)
satisfying the following conditions:
(I) zxx =0,
(IT) z %0 = z,
(ITT) z+xy =0 and y*xx = 0 imply x =y, for all z,y € X.

For brevity, we also call X a BH-algebra. In X we can define a binary
operation “ <7 by x < y if and only if x x y = 0. A non-empty subset
S of a BH-algebra X is called a subalgebra of X if, for any x,y € S,
rxy €95, 1ie., 5 is a closed under binary operation.

Definition 2.1([7]). A non-empty subset A of a BH-algebra X is called
an ideal of X if it satisfies:

(I1) 0 € A,

(I12) zxy€ Aand y € Aimply x € A, Va,y € X.

An ideal A of a BH-algebra X is said to be a translation ideal of X if
it satisfies:
(I3) zxy € Aand yxx € Aimply (z*2)*(y*2) € Aand (zxx)*(zxy) €
A Vx,y,z € X.

Obviously, {0} and X are ideals of X. We will call {0} and X a
trivial ideal and a improper ideal, respectively. An ideal A is said to be
proper if A # X.
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Definition 2.2([11]). A BH-algebra X is called a BH*-algebra if it
satisfies the identity (z *y) * 2z =0 for all z,y € X.

Example 2.3([7]). Let X := {0,a,b,c} be a BH-algebra which is not
a BCK-algebra with the following Cayley table:
[0 1 2
0/0 1
111 0
212 2
313 3 0

Then A := {0, 1} is a translation ideal of X.

Definition 2.4. A non-empty subset A of a BH-algebra X is called a
strong ideal of X if it satisfies (I1) and

(T4) (z*xy)*xz€ Aandy € Aimply zx 2z € A, Vz,y € X.

w o oo
W O O w

Example 2.5. (1) Let X :={0,1,2,3,4,5} be a set with the following
Cayley table:

*x0 1 2 3 45
0/j0 0 000 5
111 0 0 0 0 1
212 2 00 11
313 21011
414 4 4 4 0 1
5|5 5 5 5 5 0

Then X is a BH-algebra which is not a BCK/BCI-algebra, since (4
(4%5))xb=(4*1)*«5=4%x5=1+#0. Let S :={0,1,2,3,4}. It is easy
to see that S is a subalgebra and a strong ideal of X.

(2) Let X :={0,1,2,3,4} be a set with the following Cayley table:

1 2 3

W N~ OO
_ o = O
OO O -

=W N = O %
W wNn oo
LW o O oo

4 4 0

Then X is a BH-algebra, which is not a BCK/BCI-algebra, since ((4 *
2)%(4%3))*x(3%x2) =(4%3)*x1=3x1=3+#0. Let A:={0,1,2,3}.
Then A is a subalgebra, not an ideal, and not a strong ideal of X, since
4%3 =3¢€ A but4¢ A Let B := {0,1}. It is easy to show that
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B is a subalgebra, an ideal of X, and not a strong ideal of X, since
(4x1)x2=3+x2=1€B,but4x2=4¢ B.

3. Pseudo BH-algebras

Definition 3.1. A pseudo BH-algebra is a non-empty set X with a
[13%

constant 0 and two binary operations “x” and “¢” satisfying the following
axioms:

(Pl) zxz=z0x=0;
(P2) 2x0=200=ux;
(P3) xxy=yox=0imply x =y for all z,y € X.

For brevity, we also call X a pseudo BH-algebra. In X we can define
a binary operation “ =7 by x < y if and only if z * y = 0 if and only if
xoy = 0. Note that if (X *,0) is a BH-algebra, then letting xoy := xxy,
produces a pseudo BH-algebra (X;*,0,0). Hence every BH-algebra is
a pseudo BH-algebra in a natural way.

Definition 3.2. Let (X;*,¢,0) be a pseudo BH-algebra and let () #
I C X. I is called a pseudo subalgebra of X if x xy,x oy € I whenever
x,y € I. I is called a pseudo ideal of X if it satisfies

(PI1) 0 € I;

(PI2) xxy,zoy el andy € I imply z € I for all z,y € X.

Example 3.3. (1) Let X := {0,a,b,c} be a set with the following
Cayley tables:

o T o O x
o T oo
OO OO
0o O o olT
ST OoOo0|o
o T v o0
o T » OO
0o M O ol
O O v OlT
oo o0 aolo

Then it is easy to show that (X;x,0) and (X;¢,0) are not BH-algebras,
but (X;#*,0,0) is a pseudo BH-algebra. Let I := {0,a}. Then I is
a pseudo subalgebra of X, but not a pseudo ideal of X since b x a =
0,b0a=a,and 0,a € I, but b ¢ I.

(2) Let X := {0, a,b,c} be a set with the following Cayley tables:
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o T o oo
O T OOl
» OO OoOT
o T o OO0
o T v OO
o T O ol
oo o oo
oo o0 aolo

o T o O %
ST OoOolo

Then it is easy to show that (X;x,0) and (X;¢,0) are not BH-algebras,
but (X;#,0,0) is a pseudo BH-algebra. If we let J := {0, a,c}, then it
is both a pseudo subalgebra of X and a pseudo ideal of X.

Proposition 3.4. Let I be a pseudo ideal of a pseudo BH-algebra X.
Ifxel andy <z, theny € I.

Proof. Assume that x € I and y < x. Then y*xx =0 and yox = 0. By
(PI1) and (PI2), we have y € I. O

Definition 3.5. A pseudo BH-algebra (X x,0) is called a pseudo BH*-
algebra if it satisfies the identities (z xy) oz =0 and (zoy) * z = 0 for
all z,y € X.

Theorem 3.6. For any element of a pseudo BH*-algebra X, the initial
section | a = {x € X|z < a} is a pseudo ideal of X if and only if the
following implications hold:

(i) Va,y,z € X,oxy <2,y 32z = = = 2.

(i) Ve,y,z € X,zoy <2,y 22z = = =<z

Proof. Assume that for each a € X, | a is a pseudo ideal of X. Let
z,y,2 € X besuch that xxy < z,zoy X zand y < 2. Then zxy €|
z,xoy €l z and y €] z. Since | z is a pseudo ideal of X, it follows from
(PI2) that x €] z, i.e., z < 2.

Conversely, consider | z for any z € X. Obviously, 0 €] z. For every
yelz,letaxy<z,a0y <Xz Thenaxy €l z and aoy €] z. Since
y €l z, it follows from hypothesis that a < z, i.e., a €] z. Hence | z is
a pseudo ideal of X for every z € X. O

Proposition 3.7. If J is a pseudo ideal of a pseudo BH-algebra X,
then

(i) Ve,y,z € X,x,y € J,zxy oz — z € J.

(ii) Ya,b,c € X,a,b € J,cob=a = c€ J.

Proof. Suppose that J is a pseudo ideal of X and let x,y, 2z € X be such
that z,y € J and z*y < x. Then (zxy)ox =0¢€ J. Since z € J and J
is a pseudo ideal of X, we have zxy € J. Since y € J and J is a pseudo
ideal of X, we obtain z € J. Thus (i) is valid.
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Now let a,b,c € X be such that a,b € J and c¢b = a. Then
(cob)xa=0€ Jandsocobe J. Since b € J and J is a pseudo ideal
of X, we have ¢ € J. Thus (ii) is true. O

Theorem 3.8 Let I be a non-empty subset of a pseudo BH*-algebra
X. Then I is a pseudo ideal of X if and only if for all x,y € I and
ze€X,zox Ry, zxx 2y imply z € I.

Proof. Suppose that I is a pseudo ideal of X and zoz <X y,zxx <y
for all z,y € I and z € X. It follows from Proposition 3.4 that zox € I
and zx x € I. Using (PI2), we have z € I.

Conversely, let x € I, since 0oz < x and 0 xx < x, we have 0 € I.
Let zxy,xoyelandy € l. Sincexoy R xoyand rxy < x*xy, we
have z € I. Thus [ is a pseudo ideal of X. ]

Proposition 3.9. For any pseudo BH*-algebra X, the set
KX)={zeX |0z}

is a pseudo subalgebra of X.

Proof. Let z,y € K(X). Then0 <z and 0 X y. Hence 0 = 0%y Xz xy

and 0 = 0oy X zoyso that zxy,zoy € K(X). Thus K(X) is a pseudo

subalgebra of X. O

Example 3.10. In Example 3.3 (2), K(X) = {0,a,b} is a pseudo

subalgebra of X, but not a pseudo ideal of X since cob=0,cxb = a,

and b € K(X), but ¢ ¢ K(X).

Proposition 3.11. Let A be a pseudo ideal of a pseudo BH-algebra

X. If B is a pseudo ideal of A, then it is a pseudo ideal of X .

Proof. Since B is a pseudo ideal of A, we have 0 € B. Let y, zxy, xoy € B
for some x € X. If z € A, then z € B, since B is a pseudo ideal of A.
Ifz € X—A, then y,xxy,xoy € B C A and so x € A because A is
a pseudo ideal of X. Thus « € B since B is a pseudo ideal of A. This
competes the proof. O

Definition 3.12. An element w of a pseudo BH-algebra X is called a
pseudo atom if for every x € X, x < w implies = w.

Obviously, 0 is a pseudo atom of X.

Proposition 3.13. Let X be a pseudo BH-algebra. If an element w of
X satisfies the identity y x (y o (w*xz)) = w*x for all x,y € X, then w
is a pseudo atom of X.

Proof. Let y € X be such that y < w. Then w = wx0 = y*(yo(w*0)) =
y*x (yow)=1y=*0=y. Hence w is a pseudo atom of X. O
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Lemma 3.14. A non-zero element a € X is a pseudo atom of X if
{0,a} is a pseudo ideal of X.

Proof. Straightforward. O

Lemma 3.15. If every non-zero element of a BH*-algebra X is a pseudo
atom, then any pseudo subalgebra of X is a pseudo ideal of X.

Proof. Let S be a pseudo subalgebra of X and let z,y xz,yox € S.
Since yxx <y and yox Ry for all z,y € X and y is an atom of Y, we
have yxz =y,yox =y € 5. Thus S is a pseudo ideal of X. O

From above Lemmas we obtain the following Theorem.

Theorem 3.16. A BH*-algebra contains only pseudo atoms if and only
if its pseudo subalgebra is a pseudo ideal.

Definition 3.17. A non-empty subset A of a pseudo BH-algebra X is
called a pseudo strong ideal of X if it satisfies (PI1) and

(PI3) (x*y)oz,ye Aimply xx z € A;

(P13') (zoy)*z,y € Aimply xoz € A for all z,y,2 € X.

Note that if X is a pseudo B H-algebra satisfying x xy = x oy for all
xz,y € X, then the notions of a pseudo strong ideal and a strong ideal
coincide.

Proposition 3.18. In a pseudo BH-algebra, any pseudo strong ideal
is a pseudo ideal.

Proof. Putting z := 0 in (PI3) and (PI3’), we have x x y,z o y,y € A
imply x € A. O
Proposition 3.19. In a BH*-algebra X, any pseudo ideal is a pseudo
subalgebra.

Proof. Let A be a pseudo ideal of X. Then 0 € A and (z xy) oz =
(xoy)*xxz =0 for any z,y € X. Then for any x € A, we have (z xy) ¢
x,(zoy)*xx € A, which implies x xy,z oy € A. O

Corollary 3.20. Any pseudo strong ideal of BH*-algebra is a pseudo
subalgebra.

Example 3.21. In Example 3.3 (2), J := {0, a,c} is a pseudo ideal of
X but not a pseudo strong ideal of X, since (b*a)oc=boc=0, and
(boc)xa=0xa=0,a€ J,but bxc=>bboa=>b¢J.

We provide conditions for a pseudo subalgebra to be a pseudo strong
ideal.
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Proposition 3.22. Let X be a pseudo BH-algebra. Then a pseudo
subalgebra of X is a pseudo strong ideal of X if and only if Vx,y,z €
X,xeAjyxz,yoze X —Aimply (yxx)oz, (yox)xze X — A.

Proof. Assume that a pseudo subalgebra A of X is a pseudo strong ideal
of X and let z,y,z € X be such that x € A and y*xz,yoz € X — A.
If (yxz)oz¢ X — A, then (y*z) oz € A. Since A is a pseudo strong
ideal of X and x € A, we have y x z € J. This is a contradiction. If
(yox)xz ¢ X — A, then (yox)*z € A. Since A is a pseudo strong ideal
of X and z € A, we have yo z € A. This is a contradiction.
Conversely, assume that Vz,y,z € X,x € Ajy*xz,yo 2z € A imply
(yxz)oz,(yox)*ze€ X — A. Since A is a pseudo subalgebra of X, we
have 0 € A. For every z € A, let (y*xz)oz, (yoxr)*x2€ A. Ifyxz¢ A
oryoz¢ A, then (yxx)ozor (yox)*z € X — A by assumption. This
is a contradiction. Hence y * z € A and yo z € A. Thus A is a pseudo
strong ideal of X. O

Putting z := 0 in Proposition 3.22, we have the following Corollary.

Corollary 3.23. Let A be a pseudo subalgebra of a pseudo B H-algebra
X. Then A is a pseudo ideal of X if and only if Vx,y € X,z € A,y €
X —Aimplyyxx,yox e X — A.

Definition 3.24. Let X and Y be a pseudo BH-algebras. A mapping
f: X = Y iscalled a homomorphism of pseudo B H-algebras if f(z*y) =

f(@)* f(y) and f(zoy) = f(x) o f(y) for all z,y € X.

Note that if f: X — Y is a homomorphism of pseudo B H-algebras,
then f(0x) = Oy where Ox and Oy are zero elements of X and Y,
respectively.

Theorem 3.25. Let f : X — Y be a homomorphism of pseudo BH -
algebras. If B is a pseudo strong ideal of Y, then f~'(B) is a pseudo
strong ideal of X.

Proof. Assume that B is a pseudo strong ideal of Y. Obviously, 0x €
f7Y(B). Let z,y, 2 € X be such that (zxy) oz, (roy) *2z,y € f1(B).
Then (f(x) * f(y)) o f(z) = f((z*y) ¢ 2), f(y) € B. Sine B is a pseudo
strong ideal of Y, it follows from (PI3) and (PI3') that f(z*z) = f(x)*
f(2), f(xoz) = f(x)o f(2) € B sothat x * 2,702 € f~}(B). Hence
f~1(B) is a pseudo strong ideal of X. O

Theorem 3.26. Let f : X — Y be a homomorphism of pseudo BH -
algebras.
(i) If B is a pseudo ideal of Y, then f~1(B) is a pseudo ideal of X.
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(ii) If f is surjective and I is a pseudo ideal of X, then f(I) is a pseudo
ideal of Y.

Proof. (i) Straightforward.

(ii) Assume that f is surjective and let I be a pseudo ideal of X. Ob-
viously, 0y € f(I). For every y € f(I), let a,b € Y be such that
axy € f(I),boy € f(I). Then there exist x.,z, € I such that
f(zs«) =axyand f(x,) =boy. Since y € f(I), there exists z, € I such
that f(zy) = y. Also f is surjective, there exist x,, 2, € X such that
F(a) = @ and f(z5) = b. Hence f(zawiy) = f(za) +(ry) = axy € F(I)
and f(zpoxy) = f(xp)of(xy) = boy € f(I), which imply that x4xzy € 1
and xp x v, € I. Since I is a pseudo ideal of X, we get 4,2, € I and
thus a = f(z4),b = f(xp) € f(I). Therefore f(I) is a pseudo ideal of
X ]

Corollary 3.27. Let f : X — Y be a homomorphism of pseudo
BH-algebras. Then Kerf = {x € X|f(z) = 0} is a pseudo strong
ideal(ideal) of X .

Proof. Straightforward. O

Proposition 3.28. Let f : (X;*1,01,0) = (Y;%2,09,0) be a homomor-
phism of pseudo BH-algebras. Then x % y,y<¢1x € Kerf if and only if
f(x) = f(y), vz € X.

Proof. If x %1 y,yo1 x € Kerf, then f(x)*2 f(y) = f(z %1 y) = 0 and
fly) o2 f(z) = f(y o1 x) =0. Using (P3), we have f(z) = f(y).
Conversely, assume that f(z) = f(y),Vx € X. Then f(x) %2 f(y) =
fxx1y) =0and f(z)os f(y) = f(xory) = 0. Hence x *1 y,y o1 x €
Kerf. O
Proposition 3.29. Let f : (X;#1,01,0) = (Y %2,02,0) be a homomor-
phism of pseudo BH-algebras. If y € Kerf, then x %1 (x*1y), (x1*y) %
x,xo1(x%1Y), (T1xy)o12, T (T01Y), (T1%Y) %12, 01 (TO1Y), (T101y)012 €
Kerf.
Proof. Straightforward. O

Lemma 3.30. Let f : X — Y be a homomorphism of pseudo BH-
algebras. Then f is a monomorphism if and only if Kerf = {0}.

Proof. Straightforward. O
The following theorems are easy to prove, and we omit the proofs.

Theorem 3.31. Let X,Y and Z be pseudo BH-algebras, and h : X —
Y be an onto homomorphism of pseudo BH-algebras and g : X — Z
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be a homomorphism of pseudo BH-algebras. If Kerh C Kerg, then
there exists a unique homomorphism of pseudo BH-algebras f : Y — Z
satisfying foh = g.

Theorem 3.32. Let X,Y and Z be pseudo BH-algebras, and g : X —
Z be a homomorphism of pseudo BH-algebras and h : Y — Z be an
one-to-one homomorphism of pseudo BH-algebras. If Img C I'mh, then
there exists a unique homomorphism of pseudo BH-algebras f : X — Y
satisfying ho f = g.

Note that the standard projections from their direct product or sum of
pseudo B H-algebras to their components are homomorphism of pseudo
BH-algebras with kernels having the usual form.

4. Pseudo Complicated BH-algebras

Let X be a pseudo BH-algebra. For any a,b € X, we denote
A(a,b) :={z € X|(xxa)ob=0}.
Theorem 4.1. If I is a pseudo ideal of a pseudo BH-algebra X, then
I =UgperAla,b).
Proof. Let I be a pseudo ideal of a pseudo BH-algebra X. If a € I,
then (a*a)©0=000=0. Hence a € A(a,0). It follows that
I C UgerA(a,0) C UgperA(a,b).
Let z € Uy perA(a,b). Then there exist a,b € I such that x € A(a,b) so

that (zxa)ob=0 € I. Since [ is a pseudo ideal of X, we have x € I.
Thus Ug perA(a,b) C I, and consequently I = U, perA(a,b), O

Corollary 4.2. If I is a pseudo ideal of a pseudo BH-algebra X, then
I - Uae]A(a/, 0)
Proof. By Theorem 4.1, we have

UaeIA(CL,O) - Ua,bEIA<a7 b) c .

If a € I, then a € A(a,0), since (axa)o0 =000 = 0. Hence I C
UaerA(a,0). This completes the proof. O

Example 4.3. Let X := {0, a,b,c} be as in Example 3.3(2). Set J :=
{0,a,c}. Then J is a pseudo ideal of X and A(a,0) = {z € X|(x*xa)o0 =
0} =J.

Theorem 4.4. Let I be a non-empty subset of a BH-algebra X such
that 0 € I and I = UgperA(a,b). Then I is a pseudo ideal of X.
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Proof. Let xxy,xoy,y € I = UgperA(a,b). Since (zxy)o(z*y) =0, we
have x € A(y,z *xy) and so z € I. Hence I is a pseudo ideal of X. [

Combining Theorems 4.1 and 4.4, we have the following corollary.

Corollary 4.5. Let X be a pseudo BH-algebra. Then I is a pseudo
ideal of X if and only if I = UgperA(a,b).

Note that A(a,b) is not a pseudo ideal of X in general as seen in the
following example.

Example 4.6. Let X := {0, a,b,c} be a set with the following Cayley
tables:

*‘Oabc O‘Oabc
0/0 0 0 a 00 0 0 c
ala 0 0 a ala 0 a a
bib 0 0 b b|/b b 0 0
clc a a 0 clc ¢ 0 O

Then it is easy to show that (X;*,0) and (X;¢,0) are not BH-algebras,
but (X;x,¢,0) is a pseudo BH-algebra. Let I := {0,a,b}. Then I is
not a pseudo ideal of X since ¢x b =a,cob=0¢€ I, and a,0 € I, but
cé¢ . Also A(a,0) ={z e X|(x*xa)o0=0}=1.

A pseudo ideal I of a pseudo BH-algebra X is said to be closed if
Oxxz,00x € I for any x € I.

Proposition 4.7. Let X be a pseudo BH*-algebra. Every pseudo ideal
of X is closed.

Proof. Since (0xx) o0 =02z =0and (0oz)*0 =00z =0 for all
r € X,wehave 0xz=0and 0ox = 0. [

Proposition 4.8. Let I be a subset of a pseudo BH-algebra X with
the following conditions:
(i) 0 € I,
(ii) zx z,z0z,y*x z,yoz € [ and z € I imply x xy,x oy € I for any
x,y,z € X.

Then I is a pseudo subalgebra(closed ideal) of X.

Proof. Let z,y € I. By (P2), we have x = z %0 = 20 = 0 and
y=1yx*0=yo0. It follows from (ii) that x xy € I and z oy € I. Hence
I is a pseudo subalgebra of X.

Assume that I satisfies (i) and (ii). We claim that I is a pseudo
closed ideal of X. Let x xy,zoy,y € I. Since 0x0=000,y*x0 =y <0,
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and 0 € I, it follows from (ii) that 0 * y,0 ¢y € I which proves that
is closed. Since z xy,zoy,0xy,00y,y € I, by applying (ii) again, we
obtain that x =z *0 =200 € I, so that [ is a pseudo ideal of X. O

Definition 4.9. A pseudo BH*-algebra X is said to be pseudo compli-
cated if the following condition holds:

(PC) there exist, for all a,b € X,
a® b "ereen max{z|r * a < b} = max{z|r ca =< b}.
Note that A(a,b) is a non-empty, since 0,a,b € A(a,b), where X is a
pseudo BH*-algebra.

Proposition 4.10. In a pseudo complicated B H*-algebra, the following
hold:

(i) z=z0yezrsr 3y zoxr 2 y.
(i) afa@band b= a®b.
(i) a©0=a =00 a.

Proof. Straightforward. O

Theorem 4.11. Let A be a non-empty subset of a pseudo complicated
BH*-algebra X. If A is a pseudo ideal of X, then it satisfies the following
conditions:

(i) Vee A)(Vye X)(y<x=ye€A).
(ii)) (Vo,y € A)(Fz € A)(z =2 z,y < 2).

Proof. (i) Assume that A is a pseudo ideal of X. Let x € A,y € X with
y = x. Then y*xx = yoxz = 0. Since A is a pseudo ideal of X, y € A.
Thus (i) is valid.

(ii) Let z,y € A. Since (zxOy)*x <y and (zOy)ox yand y € A, it
follows from (i) that (z @ y) *z,(x ©@y)ox € A. Hence x ©®y € A, since
x € A and A is a pseudo ideal of X. If z := 2 ® y, then x < = ® y and
y = x ®y by Proposition 4.10(ii). This completes the proof. O

Theorem 4.12. Let I be a non-empty subset of a pseudo complicated
BH*-algebra. Then I is a pseudo ide al of X if and only if for all z,y € 1
andze€ X,z zOy imply z € 1.

Proof. By Theorem 3.8 and Proposition 4.10(i). O
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