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Abstract

Variance components models incorporate various random factors in the form of linear models. There are two
experimental Layouts for the classification of factors under variance components models: nested classification
and crossed classification. We consider two-way variance components models and investigate the effect of
experimental Layout on the performance of model selection criteria AIC and BIC. The effect of experimental
Layout is studied through a simulation study with various combinations of parameters in a systematic
fashion. The simulation study shows differences in performance of model selection methods between the
two classification. There is a particular tendency to prefer the smaller model than the true model when the
variance component of a nested factor becomes relatively larger than a nesting factor that is persistent even
when the sample size is not small.

Keywords: variance components models, linear mixed models, nested classification, crossed classification,

model selection, AIC, BIC, experimental layout
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(Variance components models)-2 o]2] 7}x]2] 92| 2 ¢1E (random factors) o] kol

g 9902 Gephe 2golt 2419 Eabrh 1 Eah(fixed effects)Q) 9 QI
(General linear models) & A&3lo] A EE EASIAWH 2AE Fol I 23 (random effect) 7}
aAREe dojants FAo 1ejdh= A3 E R (Linear mixed effects models)& A}
3o AYEYRYe] SHY Frjolrh. RAARRINA mSE A PO
A9 (analysis of variance; ANOVA)o] 2= 7|7k da] AFRE Q. Zaflol] SolA
B AN WRE 5] BT RANAE 249 240l AT AT F
H(Maximum likelihood estimation) T+ 2AMJES Ho|glo] FA3E= A2 HU/ls= 74
Restricted maximum likelihood estlmatlon) o] g AR-HT} (Searle 5, 1992).

AYRYAA o 20 EE WEE AYSE WIS WSAEY, BARAEE 0|88 F-

= 7FsEH] 7";4'7§§‘§(11kehh00d ratio test)o] om ZAME AAFWWEo] thgstA AA
Ho] dth. =3 AR 7]=(Information criteria)ol] & 73t AIC(Akaike Information Criteria) =
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BIC(Bayesian Information Criteria) 5= A3l R A e o] 71531t} A q o a3t disA
= A8 INE /35“3}{— HEAMEH (o] & o] forward selection, stepwise selection)& Zt2 283}
| WS AR SOl i BALS 2 ol Byl Bl AT FEAE 2ol A
o olelE F2A TAE WeAdEel TS 47 geh £ Qe El the B4 AL AR
23 29 A balanced design) 2 BPAL ATLE 83 TLT P3RS T $2
WAQ A9t F-ARYo] ZAA R A9/ Brh $48 FAAS AeEE 474 B4
o] B2 7} Flo| Al R E 2 i‘?3’—5'_—5’-_(mlxture distributions) FE|2 Yeh} 2o R ue} £
o] Fef7t SR 7] wizoll AA FAANA o]&sh= Aol wl-% o). 7He=H] FAA (likelihood ratio
test) = VIR 2 EAHdR 0] 4& A= AFTHE StellA AR TAFY E27} Fto|AFEEE
22 ¢a1 a2 229 Fejrt EAutct @b 7] w2l Gyt Fto|AlF AR S o]-&std H7H (power)©]
Ho]d £ Qltfe= Zlo] E#A ) (Stram} Lee, 1994' Crainiceanu®} Ruppert, 2004; Pinheiro%}
Bates, 2006). ©] Uolrt F-AAR T} 7ls=x] AAL 3 #4171 9= ¥ S (non-nested models)<S
nelohe A9 A48T 4 Gk ARoEel o8 RHANYE Awe) oIt 22 Ao 2
Qo] e ot Bel A4 ol 1A A8 o] Qo] 2elol ARETL oA
AR 2GS o] L3t malo] AW o] &slel At
ATt (Miiller 5, 2013). Thyk R 7| Fo o5 YA
A% AR 2 YA 5 Fo] Wl 5 9)
ABEULGAAE QAT AP T2 A 2 Son Ul 2UNE i
3he Aol A gt FH 2ol AICE HEs W Eol wol A7 oy duxxl A2 dojias
9] F8 A% (effective degrees of freedom) £ 183k 2% AIC(conditional AIC)7} A<= 1]
%} (Vaida®} Blanchard, 2005; Greven®} Kneib, 2010; Miiller %, 2013 ) 278 AICE ojg] 29
Ay A1 E F3lo] A8 E A= A2 F (data generating model; true model)EE]— I 2 (over-
parameterized model)& A8 3= A o] Molth= o] &#A At} (Dimova &, 2011; Lee, 2015).
wlo] x| ok uiH-& o] &3k gJeola o] Mo BEAg R 3k AFAEE (prior distribution)S A1EH
e ¢ BAtdE o] Az (boundary value)Ql 49 & 71 I F ARHEES T+ o 714
HPAES Ak A A9 (Pauler 5, 1999; Chen} Dunson, 2003; Saville2} Herring, 2009) 233t &
Bl A ER XS} AT EES Atk XA ol 2wl A Al gA A8 5 gl A
o] dAlo|t}t. oA AFE o] FZ 3t 71 sl e AICS} BICT7) B2 oA AP &S

S 4 o
s |
g

K o

AP EFRGPo|A HARE7Fo] ZASE RPMAY, E35] AICS BICY EEL B JLEA o=
ARl ZART HoAdF 2AT FPA TAZE AAEHJAAT R A4Ee] 1Hs B2
EI7L B 7HF Tedt APl X| 2 (one-way classification models)o]th. B AFoA] A}
{3t 23 o] HFE-ZHALE (repeated measures) old o] H|E ThxYY dgWEE myIHE 1
F(group) & Ut 820] 3huiel U Roltt. o]FA 71 et RP TS nejdk 2o AF
9] 37+= Miiller 5 (2013)°] 2]3) Xﬂ7]5]041:} AR ANE AFE 2 71 B RYPST
A ES 2oAddo) 93] v et 9= Dimova S (2011)0] 33kt o] AFoAN 71 £2
Jr o

AsS Bl AL BICS A o] EQ] 7|42l AlgZ(v/n)ol vl#dk= GIC(General Informa-
tion Criteria) 2 LFERJT. 349 Dimova 5 (2011)0] 283 o AHo) AT AL X2 THL A}
L31Ach HZ 2AF AIC A5S vt Lee (2015)& o] Fr X 23 (two-way classification mod-
els)e] FEefE Eletlon o] o RPMEAH TEo] 29 wixFxRe} BAMIEY A7l whet o
27 e @442 B,
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H AL oldnlX] EAMER A dlaxF el AAFR XA X] (crossed classification)} A& u]
Z] (nested classification) 28-S 12Jdtc}. o3 B sloA B4 AR ES A== AICS} BICY]
dso] B4l Wl 919 mix] Wbl wel o B A thER] AAHQ] RoATEE £35te 1 AFE
AN SHA ek

E =58 2732 F 7HA] o] duiA Ry} BFP A A AICS BICE A73kaL 330l A= BoAE
2 Bolol 2912 WA Pzt mae) Wil e RPN Ay Aol BolFuat BTk 47
A A8 FF A7 HIFE A ST

2. OIBIR| SLNE DD} DMy

2.1. O|HHIX] 2otd2 2

f0e] F 79l o]dufx] RAMRRYE A x| el AR R tro] Xtk B =FoAe T
A% 3L 95te] F3 X (balanced classification) TS 1 2istH Tt BFd o] AR 2 LR
et P A 52 A FAR 989 ATt A4St s B FHAARE
B2 A7 AA AR E AEH T&-S vw skt AEsA] ot
A AR Z o] Y WA B (two-way crossed classification model) 2] 2+ v} 2t}

Yijk = pb+ai + B +eijr, t=1,2,...,a, j=1,2,...,b, k=1,2,...,n. (2.1)

AR 2ol R WA 1FS UrE QIET aie T OAA 2Fol diE Y&} 4,9 wAS
o} ith(crossed). 3 AA L.900) that Y EF = EPHOE FFo] 00]T Bako] 029 AFEE
N(0,02)2 wett F i7) 299 JolET} = FHEE N(0,07)¢ WErh nAgtes o243
eijpE ZF 1B 2ol A o] thE exfoln SPHOR N(0,02)S WEN BE EHEL AR 5
a-g o] FE Aargolet a1 AW 1S T (plot), F A
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Yijk = b+ o + Big + e, i=1,2,...,a, j=1,2,...,b, k=1,2,...,n. (2.2)

WL yiee A WA 25 ik W2 F AR 5 jolA kA A53= Avjdith A& S0 v
) Al AT 9 5L A T6S S, % 0 268 ohol 42 g A 4
2 gelmre) REE 2 (2.1)3} 5Lk
0 B4 F7H(parameter space)= 08 33 H]
Here 00l B 4 Utk AW SARe] B4 o20) BEFUL
: Aio] AFREE war] gl 2 (2.1)F (2.2)4 td 7
(likeihood function) L2 FAo AAGE -5 ALstd tha3 vebd = 9l

tog L (1,0, 0%ly) = —5 det(V) — 2 (y — pln)'V "y — ). (2.3)
ge) HolA Iy BE U4sh 1ol Folk N = abndl Melolnt. ¥ Ve Bagt Me y =
(Y111, Y112, - - - » Yabn) ) TEA FHo|n OS3} o] Yehdt).

N =

V =02In+ 02257y + 02 25 Zs.
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9] oA Iy N-2H4 F5d Lol 2,3 Zo+ 89 a9} g9 AAPE o) o] PR Fulx] 23
NeZ1=1.01Q1n, Zo =10, ®1, 22 YER}L oAU A BHANME Z1 =1, ® 1, ® 1n,
Zy =1, @ I, ® 1, 2 YEPdT} 97|14 @+ Z24|#AH (Kronecker product)o|th. 7Fe= 8 (2.3)]
719kt A7t e SR FE e AFHERE o] FolR 7HeE WA SR FaA e EAd Rl it
EHFAFE 7T T e AP EFFAHE ALT 5 Aok AAsE ARG A= Searle 5
(1992, pp. 146-163) 0] 4] 2L 4= 9lT}.

2.2. AIC2} BIC

AIC(Akaike Information Criterion):= Akaike (1973)¢] 23] Aotd ZyPAEe] 7|EozA =}
BE Adske FEIH ARE A S 1" 29 A=E s Kullback-Leibler
divergence(K-L dlvergence)E nidsls BYAEY JjEoty A5 E A FEIS fi(y)=

3 3k B AMEE 28] IS {fu(y)|v € Vet W K-L divergence= T3} 7ro] A<
HAct

KL(ft, fo) = E(log fi) — Et(log fy).

K-L divergence®l A E:(log f:)= 18" 233 o] gl A<ol7] wl&o —FEi(log fy,)9 3] &
5] A1 243 3= Folod 2 ol 4855 1A 235 ke meb ol 2ol 4
A 2o 7712 AEE e+ %o 2 A Akaike Informationg TH-3} Zo] Ao 3t}

Al = —2E;(log fy).

B4 e BRE s E 2AF ¢ = (y) 2 3451 Akaike Informationol] ti3k F2gko] AICe]
Y ole TFeEEgst BE BExdo] At Fejoltt. AFEFEF | it AIC thaat 2ol 9
Zch
AIC = —2log L + 2K = —2log L (ﬂ, 0, &§|y) 12K, (2.4)
AA71A L& A (2.3)0 FolR 7Fe=dgoln 239 E4E Uil S5 K+ Fo3 2o
249] £(number pf parameters)e} 2Tt 2 =FoA 1= BAEREY AN B BEFAEE
UeEtl & S5 K+ 4 (2.3)0] FolX 7Fs =85l tigh B9] Jigoln thea) o] Foiith
K = dim(p) + dim(6) + 1. (2.5)

BIC(Bayesian Information Criteria T+ Schwarz Information Criteria)& B 0] ] ot 2o A} wo]=
Q12+ (Bayes factor)E ©]-83F B¥-& M= Aol AR 7otk /i By {My, Mo, ...,
M.}& $HEFoR WEdh= 5 1A 2 thdt SERFo] fi(yly)E FARAL AHAEET}
(i) 2 FARTL skt BICE B9 o] BF &2 A%, P(M) = P(Mz) = --- = P(M,),
AEHE P(Mify)7h o) FHLE fi(y)o) WA ol ehEeks 2AHLaplace approximation) &
ARg8to] ZARSE 7] o)t

BIC = —2log L + log(N)K ~ —2log f(y) = —2log/f(y|1p)7r(w)d77/1. (2.6)

BIC?| K+ AICE Bod uf AH&3F 28] 7l (2.5)9) 2t
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A7)z BYAEEY EA P AICS BICE AsERss wos st o] $5007

H 2o 7H—’,\—§ x3el= M A (penalty term)o] AICE 2E,

log(N)< wallFe X on FryL 233 RPEL pestd Yubdog BICY AICKHTH 2

ol 47t Ae BRE AEe Aael St Ao) 2 A Atk ¥ =Eol A8SE AICS)

BICE et Siel 4YSURYE Js ool ) 29 13 AT Ao 3915 7
X

(Dlmova =, 2011) & %oﬂ/ﬂ% 4] (2 4)3} (2 6)01W %H% AICS} BICE Ak%%}o:] 54@63 2 +
ot =3 TMe e
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3.1. &SE

QAR B} o AwANA RN RAE) ABA 4AE Bolus] Aol 2ol
E AARCE AAHTE. WA 243 R4k AAY 1.002 I (0. = 1.0), F 24H3

F(oz,0p)°) dste] 23 22 2PEL 13T
Oq = T4, Op =T X Tj, i7j:1727"'197 (31)

AN rE vt 22 9748 AR Fol At
= (0.0,0.25,0.50, 0.75, 1.00, 1.25, 1.50, 1.75, 2.00).

dE Eo) 0, = 0522 TAHA AL 0,9 g 0.0 33k (0.5)(0. 5) =0. 125—‘7‘—13 (0.5)(2.0) =
=} B
EMI %%:D}.

By

)
n

R ol H
pu. — RS U OAT T
7 Qe gmgolth. ofd AEMA BRI A9 theH 2L 319 BRE] FHEHT,

[M1] yije = o+ o + €ijie,  [Ma] yijie = p+ Bij + €iji,  [Ms] Yiji = po+ i + Bij + €ijk.
ol AP 2P A4 o3 22 3719 BYE0] SHEF o).

[Mi1] yije = pp+ i +eijr,  [Ma] yijre = p+ B85 + eijr,  [Ma] yije = po+ i + 85 + eigr.

BoAFA A (3.1)0A HH ZF 27l thate] o] YA Eu x| BE T} wxpulx] BRFPA xE 3
N a=b=n=5(N=15)% B a=0b=8,n=>5 (N =325)9 F 7[x A5 dste] 13}
I ZF B40] ZFolA 1000718] BoyAtsE A48kl Al 7He] $EEYPE F AICS BIC 7|2 A
g9 2yo] Aodd =48 H]E—?ﬂ'dr/} AAE5E sk FERFPL FAHEe] 09 BE At
A

A (2.1)8F (2.2)0l Fo1 2F Msolth

Figure 3.1-2 o] apilx] 23 (2.1)& 1jst FE] 377} 759 B¢(a =b=n = 5) BIAPE
Eo] AthAQ 3719 2ol ulet Al A FHEFPEo] Z+2F BICY AICH olste] Ae9d A=

S Uehd 23Stk ZE BAAEY] 23elA a4 #4te] 1.002 1uAF o Yrkoe = 1.0).

~
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Figure 3.1. Relative frequency of selected candidate models by BIC and AIC under two-way crossed classification
models; 0. = 1.0 and sample size is N = 75 (a = b = n = 5); Dotted line indicates relative frequency of the model
M, selected, dashed line indicates the model Ms, and solid line indicates the model Ms3s.
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TR RS] 277 e A #ake] A En iAo w vl 22 e F

719] Zpolef wgIste] Y My v BF Mo7F ¢ wo] AgAnt. o & 50 0. = 0.25¢ 3% ov7}
o BT} A2 ARole BY M o] 2 A9E 2 Afolle B Myt 2 A= Ert (Figure 3.1¢]
A g 29). L] Badell thE & B3RS A 2717 AR wet Als S Adse IR
A M35 At =7t whaA S7hske A & 5 Aok A& 0] 00 = 1.09] BF 09
A 27]7F 0.75 2T 2W (0 > 0.7504) 90% o4 IR QA M3z E st} Figure 3.100A4 &
T AXol AIC7F FRF S Aeshe 4¥e] £571 BICKH T miat: 2 &+ vk 2829 27|17
n = 325¢ 3¢ olduapuolA R e L n = 75¢ F9e FAFeH EI BE 23lA
FRYYA M3E Aesks Ahes7 whaA S71stkal BICS AICS] Atha o] fArste = Aetst
At

Figure 3.2+ o]9X|Eix] By (2.2)& 13t 22 I7|7F 759 499} 3258 H %ol E4dE
=9 AiA < 2719 23l wet Al 7Re] FHEH S o] BIC| ofste] AEd =4S vehd 17
Solty. BE B4R 23ollA eapde] #4to] 1.0 1AF ] ko = 1.0). F BAHE2
37]7]' LAee] FA4ke] Z7)He AiH o v A2 A9 Figure 3.1000A4 vehd o] w il x] =
B B A S HojEth(Figure 3.29] A I7). A1) #4kol tigh + B3RS 4
2 2717 Al wet A5 S Agshe FRIA Mz & dEshe A=s7 S716kA R 09 A
A A717F oo itk AAE B MaE ATk Bl Aok o3t 4-A-2 o] duxfulx] 2o
A UERA] k2 A2 2ye] 533 sfdolty. ol & £ 0, = 1.0<] A 0,8 A 2717}
LOETE 2R (0 > 04) 50% ©)d FEFETE 2 BYPQ MoE T Wol Auditt. 8] 27|71 5
7hetd RS Aeste AHA < vl&o] S7HHARE 0,9 A 2717t o Btk 2 B A2
B M2 AEsks Aol S7teke @42 A% dojdth

Figure 3.3& o] @Awwx] RYelA 22 77} 7591 399} 3259 Aol 2AESe] AhA
& 2o wek Al el FHRFE] AICO] 2lsje]l ARE AE4E el TREoIT
AR Z7)7F LARke] ke AvHo AriAe R we 22 A BICS FARRE siEE Ho
th(Figure 3.39] 4tk 1%‘) Aol theh = 2R At 2717F ARl wet Aks
E ANske FRPA MzE A =57 F7VHARE 0,9 AL 2717} o Kk AA™E B
3 MxE A%3= ﬁﬁko] 70" ?} A AL Figure 3.20014 Yehd BICS} FAFSHA 9F Figure

R R ERIE]
] o

=

ru]ru

H:I oly

>

l‘
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(

ot

>~
JE 1“0
FF
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8

1
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:<I>I=I,‘
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3.2%} Figure 3.3914 & 4 9% o] AIC } ICHT} F23S Helsls AtE4r) o7 3o}
Table 3.1 AR 2YPoX 53 B459] 23S 183 3¢ BICS AICT7L Al 9] 235 A
A5t AUESE vud A9E BolErh F Y EARRE A (00 = 1, 00 = 1) 09 2
719k 829 7ip] W] wet RS MEske AES wlaskgint. BICY B¢ iﬂ.oq 47b =
I(N = 75) op = 0.25¢1 4% FE2YP oA 2 PS M= H&L 5.6%°|t} = 0.758
3 ghol FUkelHA ARFS El

A Z7VA 9 o, = 1.09] AL oﬂ: 23
o= AR P HEdt= H]Eo] 13.3%7HA
o] 7} 2 wl=(N = 325) FEFL M
g AYH oz e AT o, = 209
ot HE 63.2% Hr} srh AICY] A &

oM,
o

AEshE Hl&o] Eol57] AlFsEA o, = 2.09
oA By My AdEstE Hl&o] we] SUHIth 3
st= HE2 vshAl ehA R 3RS A= sk vl
3 FEFS Ak HlEo] 36.8%% B M E

o
FH
yis
lo

P

A =
2ol 7} A3 (N = 75) op = 0.25% ¢ FRFQ oY S Ashe vg&2 22.3%]t}.
o, = 0.752 1 gro] Z71etdA FRYL AEshe &2 824%=2 A Z71HAIT 0 = 1.0 7
o= FRYS sk o] 257 AFBEA 0, = 2.02 A9olls FRFS AEshe v&o
m- 2
= T

4w
BLE%7HA ol B8 MyE AesHe wlgol wel F/Th R £/ 2 We(N = 325) B
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Figure 3.2. Relative frequency of selected candidate models by BIC under two-way nested classification models;
o = 1.0 and sample size is N =75 (a =b=n =5) or N = 325 (a = b = 8,n = 5); Dotted line indicates relative
frequency of the model M; selected, dashed line indicates the model Ms, and solid line indicates the model Ms.
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AIC: N=75 0,=0.25

under Variance Components Models
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Figure 3.3. Relative frequency of selected candidate models by AIC under two-way nested classification models;
o = 1.0 and sample size is N =75 (a =b=n =5) or N = 325 (a = b = 8,n = 5); Dotted line indicates relative
frequency of the model M; selected, dashed line indicates the model Ms, and solid line indicates the model Ms.
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Table 3.1. Relative frequency(percentage) of selected candidate models by BIC and AIC under two-way nested
classification models (o. = 1.0)

BIC AIC
N Oa oy

M, Mo M3 My Mo M3

1.0 0.25 91.1 3.3 5.6 75.3 2.4 22.3

- 1.0 0.75 3.9 32.7 63.4 1.1 16.5 82.4

1.0 1.0 0.4 49.3 50.3 0.0 27.8 72.2

1.0 2.0 0.0 86.7 13.3 0.0 68.5 31.5

1.0 0.25 84.6 0.0 15.4 54.9 0.0 45.1

395 1.0 0.75 0.1 4.1 95.8 0.0 1.6 98.4

1.0 1.0 0.0 10.9 89.1 0.0 3.6 96.4

1.0 2.0 0.0 63.2 36.8 0.0 32.5 67.5
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