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MAXIMAL INEQUALITIES AND AN APPLICATION UNDER
A WEAK DEPENDENCE

EunJu HWANG AND DONG WAN SHIN

ABSTRACT. We establish maximal moment inequalities of partial sums
under 1-weak dependence, which has been proposed by Doukhan and
Loubhichi [P. Doukhan and S. Louhichi, A new weak dependence condition
and application to moment inequality, Stochastic Process. Appl. 84
(1999), 313-342], to unify weak dependence such as mixing, association,
Gaussian sequences and Bernoulli shifts. As an application of maximal
moment inequalities, a functional central limit theorem is developed for
linear processes with -weakly dependent innovations.

1. Introduction

Maximal moment inequalities of partial sums of random variable sequences
are important and useful to derive basic limit theorems such as central limit
theorem (CLT), functional CLT (FCLT), and law of iterated logarithm (LIL)
as well as statistical applications. For mixing sequences, Utev and Peligrad
[12], Yang [15], Xing et al. [13] and Xuejun et al. [14] among others obtained
maximal moment inequalities with various applications.

A weak dependence, called 1-weak dependence, which was introduced by
Doukhan and Louhichi [5], generalizes mixings and other dependence and has
much attention due to its wide range of applications for financial time series.
The new weak dependence condition unifies many existing weak dependence
such as mixing, association, Gaussian sequences and Bernoulli shifts, and yields
a fairly tractable framework for analysis of statistical procedures. See Ango Nze
et al. [1] and Dedecker et al. [4] for examples and applications.

For v¢-weakly dependent sequences, Doukhan and Louhichi [5], Doukhan
and Neumann [6] and Dedecker et al. [4] developed some moment inequalities.
Dedecker and Doukhan [3] compared the weak dependence coefficient with
both strong mixing and mixingale-type coefficients, and gave a new covariance
inequality involving the weakest of those coefficients. Dedecker et al. [4] gave
a maximal inequality as an extension of Doob’s inequality for martingales.
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In the aforementioned inequalities under -weak dependence, they assumed
the covariance inequality conditions of two products rather than proving the
inequalities. Recently, Hwang and Shin [7] established Roussas-Toannides [11]-
type inequalities of unbounded t-weakly dependent sequence and improved
the existing inequalities in the sense of proving covariance inequalities of two
products, which were assumed in the literature.

In this paper, we present maximal moment inequalities and their application
under -weak dependence. Our maximal moment inequalities extend results of
Yang [15] for strong mixing sequences to those for a wider class of weak depen-
dence. Our results are derived using the Roussas-loannides-type inequalities
for the ¥-weak dependence sequences, which has been recently established by
Hwang and Shin [7]. Maximal moment inequalities are applied to obtain diverse
probabilistic results such as CLT, FCLT, LLN, and LIL as studied by many
authors for strong mixing cases, as well as statistical results such as uniform
convergence of nonparametric kernel estimators and asymptotic normality of
general linear estimator for the fixed design regression as studied by Yang [15]
and Xing et al. [13] for strong mixing cases. Our results can be applied to
obtain those applications under the 1-weak dependence. In this work, as an
application a FCLT is established for a linear process with -weakly dependent
innovations by means of the maximal moment inequalities.

The remaining of the paper is organized as follows. Section 2 describes
the notion of ¢-weak dependence. Section 3 presents the results of maximal
moment inequalities. Section 4 gives the functional central limit theorem as an
application. Technical lemmas and proofs are given in Section 5.

2. 1-weak dependence

To define the notion of the weak dependence, we introduce some classes
of functions. Let L> = (J;~, L>°(R™), the set of real-valued and bounded

functions on the space R™ for n = 1,2,.... Consider a function g : R® — R
where R” is equipped with its ly-norm (i.e., |[(21,...,2n)|[1 = |z1]| + -+ |2n])
and define the Lipschitz modulus of g,
. g\r)—g\y
Lin(y) — sup 10 =9

oty |z —ylh
Let

L= L. where £, = {g € L*(R"); Lip(g) < o0, [|gllee <1},
n=1

The class £ is sometimes used together with the following functions 1 = 1)y,
Y1, Y2, 1, k and A, which yield notions of weak dependence appropriate to
describe various examples of models:

wO(ga h,?’L, m) = 4||g||oo||h||ooa wl(ga ha nam) = mln(n,m)Llp(g)Llp(h),
¥2(g, h,n,m) = 4(n + m) min{Lip(g), Lip(h)},
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n(g, h,n,m) = nLip(g) + mLip(h), x(g,h,n,m)= nmLip(g)Lip(h),
A(g, hyn,m) = nLip(g) + mLip(h) + nmLip(g)Lip(h),

for functions g and h defined on R™ and R™ respectively. See Doukhan and
Neumann [6] and Dedecker et al. [4].

Definition 2.1 ([5]). The sequence {X;}iez is called (0, L£,v)-weakly depen-
dent, (simply, ¥-weakly dependent), if there exists a sequence 6 = (0,),cz de-
creasing to zero at infinity and a function ¢ with arguments (g, h,n,m) €
L, X Ly, x N2 such that for n-tuple (i1, ...,4,) and m-tuple (j1,...,jm) with
i <o Sp <ip 7 < J1s < i, one has

|COV(g(Xi1, s 7Xin)7 h(lev s XJm))| < 1/1(97 h’a nvm)eT'

According to Doukhan and Louhichi [5], strong mixing is 1g-weakly depen-
dent, associated sequences are ¥;-weakly dependent, and Bernoulli shifts and
Markov processes are ¥a-weakly dependent. Our main attraction is such ex-
amples of processes that are weakly dependent, but not mixing. Note that k-
or A-weak dependence can imply other kinds of 1-weak dependence.

3. Maximal moment inequalities

Let {X:} be a sequence of ¢-weakly dependent random variables and S; =
23‘21 X;. In Theorem 3.1 and Theorem 3.2 below we give two maximal moment
inequalities under -weak dependence. Yang [15] obtained the same bounds
as those in Theorems 3.1 and 3.2 for a-mixing process with the same moment
conditions and mixing coefficients «,. satisfying «,, = O(r~?). We extend the
results of Yang [15] to more general 1)-weakly dependent processes.

Theorem 3.1. Let {X;} be a sequence of ¥-weakly dependent random variables
with EX; = 0 and E|X¢|7"° < oo for ¢ > 2 and § > 0. Suppose that, for
2 < v < q+ 0, the sequence (0,) of Y-weak dependence satisfies 6, = O(r—?)
for some p > max{v/(v—2),(¢—1)(¢+0)/d}. Then, for anye > 0, there exists
a positive constant C' such that

n n n q/2
q 2
B | 15i7] < €8 SOIX g+ 3 Xl + <Z ||Xz-||v>
- =1 =1 =1

Theorem 3.2. Let {X;} be a sequence of -weakly dependent random variables
with EX; = 0 and E|X|97% < co for ¢ > 2 and 6 > 0. Suppose that the
sequence (0,.) of Y-weak dependence satisfies 0, = O(r=*) for some p > q(q +
0)/(20). Then, for any e > 0, there exists a positive constant C such that

n n q/2
g € |14 112
B s <0 40" Il + (;HXZHH(;)
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Corollary 3.3. Let {X;} be a strictly stationary sequence of -weakly depen-
dent random variables with EX; = 0 and E|X;|97° < oo for ¢ > 2 and § > 0.
If 0, = O(r—") for some p > q(q+ 0)/(29), then

q
k

E | max ZXj < Cn9/?
-1

1<k<n |4
j=
for some constant C.
4. Application: Functional central limit theorem
for linear processes

As an application, we establish a FCLT for linear processes with -weakly
dependent innovations. Let {L; : t € Z} be a linear process with a stationary
1-weakly dependent innovations {X,}:

(1) Lt = Zant_j,
=0
where {a;} is a sequence of real numbers. Let
- 1
i=1

for 0 < uw < 1, and W(u) be the standard Brownian motion on [0, 1], where
A= Z;io aj and 02 = EX? + 22;’;2 X1X;. Using the maximal inequality
given in Corollary 3.3 as well as an invariance principle result of Doukhan and
Wintenberger, we get the following theorem of the FCLT for the linear process
with -weak dependent innovations.

Theorem 4.1. Let {X;} be a strictly stationary sequence of -weakly de-
pendent random variables with EX; = 0, E|X;|97° < oo for ¢ > 2 and
d > 0. Let {Li} be the linear process defined by (1), and U, and Wp(u) be
the partial sum processes defined by (2). If 0, = O(r=*) for p > max{q(q +
8)/(26),2+ 1/(qg+ 6 — 2)} under k-weak dependence, or if 6, = O(r—?) for
p > max{q(q +8)/(26),4+2/(q+ 8§ — 2)} under A\-weak dependence, then we
have

in the space D[0,1] endowed with the Skorohod topology.

5. Appendix

5.1. Lemmas

In this subsection we provide lemmas which will be used in proving the
main theorems in Section 3. Proofs of Theorems 3.1 and 3.2 are based on
the Roussas-Toannides [11]-type inequalities for ¢-weakly dependent sequences
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established by Hwang and Shin [7], which will be reproduced in Lemma 5.1
below.

Let A and B be disjoint finite sets of indices such that distance between A
and B is greater than or equal to r, and let { = (X, : j € A) and n = g(X}, :
k € B) where h and g are some real-valued functions. Assume

(i) ¢ is bounded for the class of h, g such that ||h||so, ||g]|co, Lip(h) and
Lip(g) are all bounded.

(ii) El&|P, E|n|? < oo for some p, ¢ > 1 with % + % <1,

(iil) E|1X;|P < oo for all j € A; E|Xi|? < oo for all k € B,

(iv) Dih(xj,j € A) < oo for all x;,7 € A; Dg(xx,k € B) < oo for all
T,k € B,

(v) MP := maxie s max|,; <p |Dih(z;,j € A)| = O(My) as M — oo,

NP := maxie p max,, | <y [Dig(wx, k € B)| = O(Ny) as N — oo,
where
(3) Dif(-rla o xn) — lim sup [ f(z1,..., z,)—f(z1,..., Ti—1,Yi Titlyee )| ,

yi— T lys—x4|

My, = max|h(z}" : j € A)|, Ny =max|g(zy : k€ B)|,

xéwzxj if |z;| < M; :cj—W:M if x; > M; mé-”:—M it x; < —M,

and zy is defined similarly. Here some remarks on conditions above are given:
Condition (i) is a trivial one. The t-functions corresponding to strong mixing
(v0), associated sequences (11), Bernoulli shifts, and Markov processes (12)
as well as n, k, A or the ¢ functions considered by Doukhan and Neumann
[6] all satisfy condition (i). Given the moment condition on (ii), condition
(iii) is usually not a binding one. Functions used in the proofs of Theorem
3.1 and Theorem 3.2 satisfy Conditions (ii)-(v). In (iv)-(v), operator D; is
not the standard partial differential operator, but in (3) above, D;f < oo for
the maximal function f(z,y) = max{z,y}, which is not a differential function.
The fact that D;f < oo will be used in the proof of Lemma 5.2 below. For
more detailed remarks and for the proof of Lemma 5.1, see Hwang and Shin
[7]. Now we state the Roussas-Ioannides-type inequalities in Lemma 5.1 for the
1-weakly dependent sequences.

Lemma 5.1 ([7]). Let {X:} be a sequence of -weakly dependent random vari-
ables with the weak dependence coefficient sequence (0,). Let § = h(X; : j € A)
and n = g(Xi : k € B) where h and g are some real-valued functions and A
and B are disjoint finite sets of indices such that distance between A and B is
greater than or equal to r. Under conditions (1)—(v) above, we have

1—1i_1
[E(&n) — (EOEN| < C -0 " “1[Ellplnllq
for some constant C not depending on r.

In proving Theorem 3.1 and Theorem 3.2 in the next subsection, we consider
upper bounds of maxj<;<y, |S;|?, which are splitted into three sub-partial sums.
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Let k = [(n/2)*] and m = |(n/2)!7*], where 0 < A < 1 and |z| denotes the
integral part of x. The value of A will be determined later for any given e.
Clearly, we have

1
(4) n < 2(m+ 1)k, an <k<nt m<nl™N
Let us fix n and define X; as X; = X; for 1 <i <n and X; = 0 for i > n. For
j=1,2,...,m+1,let

nA(2j—1)k nA2jk
S SRR A S
i=2(j—1)k+1 i=(2j—1)k+1

where A means the minimum, i.e., a A b = min{a,b}. Let S1; = >.7_, ¥; and
Sa,; = >.7_, Z;. According to Lemma 2.3 of Yang [15], we have

(5)  max |S;|?

1<i<n
2(m+1) (G—1)k+1 a
<ec max |S7 |7+ max |S2 |7+ E max g X;
1<j<m+1 1<j<m+1 : 1<I<k
j=1 i=(—1)k+1

for some constant c.

Two lemmas below, Lemma 5.2 and Lemma 5.3, give upper bounds for the
expectations of two terms in the right hand side of (5), which will be used in
the proof of Theorem 3.1.

Lemma 5.2. Under the same conditions as in Theorem 3.1, we have

m+1 n n /2
i, 1] < ed 3o Sz s (S
=J= j=1 i=1 i=1

Lemma 5.3. Under the same conditions as in Theorem 3.1, we have

m—+1 n n Q/2
5] <4 S mp e S + (3 )
== j=1 i=1 i=1

In proving Theorem 3.2 below, under the assumption for -weak dependence
with 0 = O(k~?) for some p > g(q + 0)/(29), we will use two lemmas below,
Lemma 5.4 and Lemma 5.5.

Lemma 5.4. Under the same conditions as in Theorem 3.2, we have
m41 n a/2
B max 1550 <ed S Emr ( ||Xz-||3+5>
j=1 1

1<j<m+1

1=
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Lemma 5.5. Under the same conditions as in Theorem 3.2, we have

m+1 n q/2
2
E LS%%H |52,j|q] <ed > E|Z)|+ (Z} ||Xi||q+6>

j=1

In proving Theorem 4.1, we will use the following invariance principle for
1-weakly dependent processes, which has been developed by Doukhan and
Wintenberger.

Lemma 5.6 (Doukhan and Wintenberger, 2007). Let {X:} be a strictly sta-
tionary sequence of W-weakly dependent random wvariables with EX; = 0 and
E|X;|9%° < oo, If 0, = O(r=°) for p>2+1/(q+ 3 — 2) under k-weak depen-
dence, or if 0. = O(r=P) for p >4+ 2/(q+ d — 2) under A-weak dependence,

then we have o

=1

ovn
5.2. Proofs

In this subsection we give proofs of lemmas and theorems. Proofs of Lemmas
5.2 and 5.3 are similar. So proof of Lemma 5.2 is only given. Proof of Theorem
3.1 follows. Also, proofs of Lemmas 5.4 and 5.5 are similar. So proof of Lemma
5.4 is only given. Then proof of Theorem 3.2 follows. Finally proof of Theorem
4.1 is provided.

Proof of Lemma 5.2. Clearly, we have
q
+

q

9 <

(6) | max 151,01 <
We denote

Qj = max{0,Yj11,Yj41 + Yigo,. ... Vi1 + Yipo + o+ Vi },

Rj =max{Yj1,Yj1 + Yo, ... . Vi + Yo+ + Yo},

max Slyj

_S .
1< max ( 17])

1<j<m+1

Qj = max{0, =Yj11, =Yj41 = Yigo,.. ., = Y1 = Vigo — - = Vi },
By = max{ =Yy, ~Yja1 = Vi, Vi1 = Ygo = = Yo}
Then
1grjnga7$f+1 S1;=Ro, Rj=Y41+Qj+1, 0<Q; <|Rj|,
1§?1§357}f+1(*517j) =Ro, Bj=—Yj1+Qju1, 0<Q; < |Ryl.
We use the inequality: for any a,b € R!, and for ¢ > 2,
(7) |a+b]7 < 29a|? + q27 b7 sgn(b) + [b]7.

This holds because |1+ z|? is bounded by 29|z|?, 1+ ¢2¢~ |z, 1 for |z| > 1,0 <
r < 1,-1 < 2 < 0, respectively, and hence by 29|z|? + ¢277 x| + 1 for all
x € RY. Letting o = a/b, we get (7).
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We apply the inequality repeatedly to obtain the following two inequalities
in (8) and (9):
q

max_S1;| = [Ro|? = Y1+ Q1] < 2V1|" + 2 'V1Q{ " + Qf

1<j<m+1

<2194+ 27 'VQY T + [R? < -

m+1

(8) Z|Y|q +q277" ZY@‘“ :

q

max (—S1;)| =|Rol! = |- Y1+ Q]! <29V1|7 + 2 'V, QY ' + @

1<j<m+1

< UM+ 2N H Ry <

m—+1

9) Z|Y|q +q207" ZYQ‘”

Now in two steps below, we find upper bounds of expectations of the last
two terms in (8) and those in (9).
Step 1: We show that for any s > 0, there exists a positive constant ¢; such
that
01! |19 4
;Ek%}sQ;wwm+mELgﬁpmﬂ
j= i=
where ¢ = (¢ — 1)/q. Note that Conditions (ii)—(v) of Lemma 5.1 hold for
E=Y;, n= Q?_l and ¢ — 1 > 1, thus, together with EY; = 0, by Lemma 5.1

we have
1

-1 1*?*% —1 qqé -
B[;Q0 ] <o, IR Y lla = COF QI 1Y lars

with p1 = ¢/(¢g—1) and ¢ = ¢+, andsol———q%:q(qw) Also note that

Qj = max{S1, S141, -+, Stmar} = G153 < max Syl +151,]
j<i<

S 2 max |S11j|.

1<j<m+1
Thus,
iE[Y—Q‘Z*l] <09#5>2Q*1i||y-|| (E max |S -|q)(q v
- J¥j = k = Jllg+é <i<mtl 1,5 :

By Minkowski inequality, we have 3770, [|Yjl[g+6 < D22 [|Xillg+s, and thus,
the last term above is less than or equal to

o, " (¢—1)/q
(MﬂWWAKW”MZN&MM<£ max ﬁﬂﬂ

<j<m+1
i=1



. 1 -1
.— AYaple=1)/ a,

where

qu‘s/(Q+6)2q(q 1) n
= |4
E ||X||q+5 , B <SE1<IJ_n<a;§HISm|)-

By Hoélder inequality: AY4Bla—1/a < iA + %B,

S e

Cq95/(q+5)2q(q 1)

L la=Ds
gs1—1 <Z||X ||q+6> TE 1<J<m+1|51,3|

5/(a4+6) g1\
c1t9k/(qu Ind 1Z||Xi||g+5+025E[ max, |S1j|q]

i=1

IN

where ¢; = C92909=1) /(¢gs9~1) and ¢; = (¢ — 1)/q. Under our assumption for
1-weak dependence: 0, = O(k~?) for some p > max{v/(v—2),(¢—1)(¢+0)/d},
by (4),

92/(q+5)nq_1 _ O(k_pa/(q+6)nq—1) _ O(n—/\p6/(Q+5)nQ—1) =0(1)

if we choose A = (¢ —1)(¢+0)/(pd) (with 0 < A < 1). Thus the desired result
in Step 1 is completed.
Step 2: For any s > 0, with ¢; and ¢y in Step 1,

ZE [Yj@gfl} <c Z 1 Xilla s +c2sE [ max, |Sl,]|q]
j=1 i=1

Its proof is similar to that of Step 1 and is omitted.
We go back to the inequality results in (8) and (9) and take expectations to
both sides of the inequalities. By results in Steps 1-2, we obtain inequalities

for

q q

E| max S| and E

S
1<j<m+1 max_ (=51,5)

1<j<m+1

)

and then by (6), we have

m—+1
i < q+1 q q
E ng‘ng%a- |51, } 2 Z ElY;|T | + c1q2 <Z %8 ||q+6>

j=1 =1

+02q2qu[ max |S1j|q]
<<
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Equivalently, with Cy = c2¢29, we have

m+1 n
U =Cos} B {m,;: Isurl] <207 | 3B | + g2 ( ||Xz-||3+5> -
- j=1 1

If we choose 0 < s < 1/C}, then we obtain the desired result of Lemma 5.2. O
Proof of Theorem 3.1. By (5), and by Lemmas 5.2 and 5.3, we have

E {max |S¢|q}
1<i<n
m—+1 n n q/2
S 2<Em|q+E|zj|q>+z||xi||g+5+(znxini)
j=1 i=1 i=1
2(m+1) (i—1)k+1 q
P2 B my) ) X
i=1 i=(j-Dk+1
for some positive constant Cy. Applying Minkowski inequality to
(G—1)k+1 e
E|Y:|9 |4 X .
IY;|9, E|Z;|9 and E 1I£Za§Xk Z Xl ],
i=(j—1)k+1
we have
nA(2j—1)k a nA(2i—1)k
EY;|* = IY;l5 < Yoo Xillg ] <k YT IXllg,
i=2(j—1)k+1 i=2(j—1)k+1
nA2jk
E|lZ;|" < k0 Y Xl
i=(2j—1)k+1
(G—1)k+l a
E X .
max | > X
i=(j—1)k+1
(G—1)k+l nA((F=1)k+1)
<KUY Xl = Rt Y Xl
i=(j—1)k+1 i=(j—1)k+1

Thus, we obtain, noting (4),

n n n q/2
|a q—1 |19 114 12
E [mx il ] < Co (K DIl + 3Nl + (}1: ||Xz||v>

n n n q/2
(12) < Co { n DN IXG[[9+ Y ||1XGl[¢, 5+ (Z ||Xz-||3>
1=1 =1 =1
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Note that if we apply the inequality in (12) to E|Y;|9, then we get

nA(2j—1)k nA(2j—1)k
ElY;[9 <coq BMD > Ixli+ > X,
i=2(j—1)k+1 i=2(j—1)k+1
nA(2j—1)k a/2
+ > Xl
i=2(j—1)k+1

for some cy. Also we apply the inequality in (12) to E|Z;|? and

q

(J—1)k+1
E .
AP
=T li=(i—1)k+1

in (11) to get similar results of inequalities for them. Then in (11), we obtain,
noting (4),

q/2
B 511] < €1 e ”ZIIX ||q+2||x 125+ (ZHX ||v>

q/2
2
(13) <Oy {ntlmh E |1 2XG]13 + E 1 Xillg1s + (E |1 X |Iv>

for some constant C7. Again we apply the inequality in (13) to E|Y;|?, E|Z;|4
. Y
and Fmaxi<;<k ‘Zgi(ﬁﬁ;ﬁ“ ;| in (11). We repeat ¢ times, (£ positive in-

teger), in this way to obtain

q/2
B | 1] < 0§ Yo 1>Z||X||‘I+Z||X|| +5+<Z||X||2>

for some constant C'. For any given € > 0, since 0 < A < 1, we choose ¢ such
that A\‘(¢ — 1) < € and then we obtain the result in Theorem 3.1. ]

Proof of Lemma 5.4. The result follows from the same procedures as in the
proof of Lemma 5.2 except for the two steps below.

Step 1: We show that for any s > 0, there exists a positive constant ¢; such
that

q/2
ZE[YQQ f<a <Z||X||q+6> +E[ nax |51,J|q}

where ¢z = (¢—1)/q. We have the same inequality in (10) for 337" | ¥ {Yngfl] .
In the first term of the right hand side in the inequality of (10), we have
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qa/2
(7 11Xl o) < 972 (S0, [1Xl12,5) "+ Thus (10) is less than

n q/2
6/(q+6) q/2 2
16y ! (lexzﬂm) +oroB |, 11,1

i=1

Under the assumption for ¢-weak dependence with 8, = O(k~?) for some
p>q(q+6)/(20), and by (4),

92/(Q+5)nq/2 = O(k=P/(a+9)pa/2) = O(n=7P?/(a+9) pa/2) — O(1)

if we choose A = (¢ —1)(g+9)/(2pd) (with 0 < A < 1). Thus the desired result
in Step 1 is completed.
Step 2: For any s > 0, with ¢; and ¢ in Step 1,

m n q/2

Na—1 2
> E[ne <a (Z ||Xi||q+6> Fers |, e 19111
J= i=

Like the proof of Lemma 5.2, we choose sufficiently small s so that we obtain
the desired result in Lemma 5.4. O

Proof of Theorem 3.2. By (5), and by Lemma 5.4 and Lemma 5.5, we have

m+1 n q/2
B 9] < Cod DB+ EIZ + @HXA@H)
j= i=
2(m+1) (G—1)k+1 a
+ Z E 1rgla§xk Z X;
=1 i=(-Dk+1

for some positive constant Cy. We use the same arguments (Minkowski in-

equality and subsequent inequalities repeatedly applied to E|Y;|?, E|Z;|? and
j—Dk+l 5 |4

E (mamglgk ‘ZZ(-J:(J»ZJHI X;

{ times, we obtain

n n a/2
, X (a—1) , |12
E[lrgiagxnmﬂsc (@ §||Xz||z+(§ll&llq+a>

For any given ¢ > 0, since 0 < A\ < 1, we choose £ such that \’(g — 1) < ¢ and
then we get the desired inequality in Theorem 3.2. O

) as in the proof of Theorem 3.1. As we repeat

Proof of Theorem 4.1. Let

zt — AXt = Za] Xta ﬁn = Zii, Wn(u) = —U[nu]
j=0 i=1
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We first show that n=1/2 maxi<k<n |Ux — ﬁk| 20 in Step 1 below. In Step
2, we show the asymptotic normality of U,,/(Ac+/n) and the weak convergence

of W, (u). Then by Slutsky’s Theorem, we obtain the desired results.
Step 1: Show that

Note that
~ 0o k k—1 k [
Up=> | D_ai | Xi=D (D aj | X+ aj | Xi
i=1 \j=0 i=1 \j=0 i=1 \ j=k—i+1
k i—1 k 0o
— Z anz_] + Z Z a_] Xz
i=1 \j=0 i=1 \j=k—i+1
Thus
_ k %) k fe’e)
Uk - Uk = — Z Zanifj + Z Z aj Xi = U17k + UQ,k-
i=1 \ j=i i=1 \j=k—i+1
Now we may show that
1 p
14 — U — 0
(14) Tn gggﬂl 1kl = 0,
and
(15) ! U | 20
— m .
vn 1gkagxn 2.k

To prove (14), we use Corollary 3.3 for ¢ > 2. For any § > 0, denoting
j Ak =min{j, k}, we have

1 1
[ > < U q
(16) P (ﬁ 1?12(71 Ul 2 5> - n‘J/Q(SqE [1r<nl?§n| L] }

and

k oo
F | max |U1 k|q =F max E E anifj
1<k<n ’ 1<k<n

i=1 j=i

oo JAk

= F | max ZZa‘X'_‘
1<k<n ey

j=1i=1
I 0o JNnk a

<FE Z|aj| max ZXi_j
i=1

1<k<n

j=1
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1 q
Nk a\ /4

o0
E la;| | £ max
- 1<k<n

q
00

<O lajl(iAn)'?

j=1
by the Minkowski’s inequality, and then by Corollary 3.3. Thus the right term
in (16) is less than or equal to

q
C | jAn 1/2
5q Z|%‘|(T)
j=1

which converges to 0 by the dominated convergence theorem.
To prove (15), we write

k 0o
Ugyk:Z Z aj Xi:Zaj Z X; + Z a]ZX
i=1 \j=k—i+1 J=1 i=k—j+1 j=k+1 i=1

=: Uz + Uyp.

We show that
1 1
T 120 Vsl 5 0, and - max [Ual 5 0.
Let
1 k k

1
T, = — max Zaj Z Xi || = —= max |Us ]
VN 1<k<n ot M V/n 1<k<

and for a sequence of positive integers {T(= 7,,)} such that 7 — oo and 7/n —
0, let

k k
1
T, =—= max Zajl(j <7) Z X;
\/n 1<k<n = B
For any 6 > 0, we have
1 [ k k E
P(lTn — Tn7-,—| > 6) S WE 1r§nka§xn Zl j < T)) ' ;+1 Xi
j= i=k—j

q
1 k
< ——F | max a X;
— na/24q T<k<n( | _ Z ¢
j=7+1

%) k
1
< nal25a Z |a;] (E 125, ZXi

j=7+1
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Thus, by Corollary 3.3, we have
lim limsup P(|T}, — Ty,.-| > §) = 0.

T—00 n—oo

On the other hand,

k k
1
= J(i < )
Tn,T \/ﬁ 121]32(" ZG‘JI(] = T) ' Z Xz
7j=1 i=k—j+1
1 kAT
S | 2 X
Jj=1 i=k—j+1

L T - T . o
< ;w @w) %0

by the stationarity of {X;} and since 7/n — 0. Thus T, , = 0, and hence

T, % 0.
Now
1 1 [e'S) k
— max |Uyi| = —= max a; ¥ X;
V1N 1<k<n V1N 1<k<n j:zk;rl J; ’
1 00 k 1 0o k
(17) < — la;| max Xi|l+—= |a;| max X;
\/ﬁjgo Thi<k<r ; ! ﬁj;l T 1<k<n ; ¢

where {7} is the sequence of positive integers above. By Corollary 3.3, and
since 7/n — 0, we have

q
0o k q
1
na/2§4 z; |aj| E 12113%(7 Z;Xi - 0(1)
Jj= 1=

and thus the first term in (17) = 0. Similarly by Corollary 3.3 and since
> ieri laj| — 0 for 7 — oo the second term in (17) 2 0. We complete (15)
now and obtain the desired result in Step 1.
Step 2: We have
1

Aoy/n
The convergence results in Step 2 follows immediately from Lemma 5.6. By
Slutsky’s theorem we complete the desired results in Theorem 4.1. O

ﬁni>N(0,1), and W, (u) = W.
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