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ON GENERALIZED ZERO-DIFFERENCE BALANCED
FUNCTIONS

LIN JIANG AND QUNYING Li1AO

ABSTRACT. In the present paper, by generalizing the definition of the
zero-difference balanced (ZDB) function to be the G-ZDB function, sev-
eral classes of G-ZDB functions are constructed based on properties of
cyclotomic numbers. Furthermore, some special constant composition
codes are obtained directly from G-ZDB functions.

1. Introduction and backgrounds

Zero-difference balanced functions were first introduced by Ding in con-
structing optimal constant composition codes [2] and optimal and perfect dif-
ference systems of sets [3].

Definition 1.1 ([2, 3]). Let (A, +) and (B, +) be two abelian groups of order n
and [ respectively. A function f from A to B is called zero-difference balanced
(ZDB for short) if there exists a non-negative integer A, such that

{reA: flz+a) - f(x) =0} =A

for every nonzero a € A. We also call the function f to be an (n,\)-ZDB
function. Sometimes we also call f to be a ZDB function with the parameters
(n, A).

For convenience, throughout the paper, we follow the notations defined in
[5).
e Im(f) = {bo,...,b;_;} C B denotes the image set of f and [ = [Im(f)|;
e A ={zecA|f(x)=b}and 7 =|A| for 0 <i<I—1;
e P = {A/, o A;l} denotes the set of all the preimage sets, clearly, P
constitutes a partition of A.
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Furthermore, by the ZDB property, for each i (0 < i < [ — 1), the list of
differences a — a’ with a,a’ € A and a # d/, covers all nonzero elements of
A exactly A times. In this case, the set P is called an (n,{10,...,77_1}, A)-
partitioned difference family (PDF). Because of the connection with PDF, each
ZDB function can be identified with parameters (n, {7o,...,77_1}, A) (all these
parameters are needed in some applications), we also associate every ZDB
function with the three parameters (n, [, \) since in some cases the parameters
{70,...,7{_1} may not be available.

It is well known that perfect nonlinear functions [7, 8, 12, 16, 17] and dif-
ference balanced functions [13, 18] are special types of ZDB functions. ZDB
functions unify different subjects in combinatorics, algebra and finite geometry,
and they have been found applications not only in these three areas but also
in communications, coding theory and cryptography.

For the case ged(n,A) = 1, many (n,\)-ZDB functions are constructed [1,
2,3, 4, 5, 18]. For ged(n, A) # 1, Luo, et al. [11] constructed ZDB functions
with parameters (p”,p°*) (0 < s < r), where p is a prime. Recently, by using
cyclotomic cosets, Ding, et al. [5] constructed ZDB functions with parameters
(2m —1,(2™ +m —2)/m,m — 1) (m is a prime), (2™ —1,(2™" 1 +m —1)/m,
2m — 1) (m is an odd prime), or (n,(n+e—1)/e,e — 1), where p; (1 <i < k)
are distinct primes, n = Hf p; and e | ged(pi™ —1,...,p" —1).

On the other hand, let F; = {0, ...,l—1} be the l-alphabet, and F}* be the set
of all n-tuples over Fj. An (n, M,d, [wy,...,w;—1]); constant composition code
(CCCQ) is a code over F;* with size M and minimum Hamming distance d such
that in every codeword the element ¢ appears exactly w; times for every i € Fj.
Furthermore, let A;(n, M,d, [wo,...,w;—1]); denote the maximum size of an
(n, M,d,[wo,...,w—1]);-CCC, the following upper bound for the maximum
size of a CCC is given [11].

Lemma 1.2 ([11]). If nd —n® + Y\ w? > 0, then

nd
Al TL,M,d, woy - .-, Wi—1 1 < .
(.M., s e

An (n, M,d, [wo, ..., w;—1]); constant composition code is optimal when the
bound of Lemma 1.2 is achieved. In [2, 6], the link between ZDB functions and
optimal CCCs is established.

Lemma 1.3 ([2, 6]). Suppose that f is an (n,l,\)-ZDB from an abelian group
(A,+) of order n to an abelian group (B, +) of order 1, and Im(f) is the image
set of f with [Im(f)| =1. Let A= {ag,...,an—1} and Im(f) = {bo,...,b;_,}.
Define 7, = [{x € A: f(z) = b;} for 0 <i <1—1. Then the code

C={(f(ao+ai),...,flan-1+a;)): 0<i<n—1}

is an (n,n,n — A, [10,...,7_1]);-CCC over Im(f) meeting the bound of Lemma
1.2, which means that such code is optimal.
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Besides, it is well known that difference systems of sets (DSS) are introduced
by Levenstein [9, 10] for the construction of comma-free codes for synchroniza-

tion. An (n,[ro,...,7 — 1], p) difference system of set (DSS) is a collection of
[ disjoint sets D; C Z,, such that |D;| = 7; for all 0 < i < [ and the multiset
(1.1) {x(b—"0") (mod n):be D;, b € D;, i #35, 0<4,j <Il—1x}

contains every nonzero z € Z, at least p times. A DSS is called perfect if every
nonzero element & € Z, is contained exactly p times in the above multiset.
For applications of DSS to the code synchronization, the number r;(n,p) =
Zi;é | D;| is required to be as small as possible.

Lemma 1.4 ([14]). For any DSS with parameters (n, [1o,...,71 — 1], p),

r(n.p) 2 \/SQUARE (P<" - [%D

where SQUARE(x) denotes the smallest square number no less than the positive
integer x, and [x] denotes the ceiling function. In particular, a DSS is called
optimal when the lower bound is achieved.

The correspondence between ZDB functions and perfect DSSs is first estab-
lished in [2].

Lemma 1.5 ([2]). Suppose that f is an (n,1, \)-ZDB function from an abelian
group (A,+) of order n to an abelian group (B,+) of order I, and Im(f) is
the image set of f with |Im(f)| = 1. Define D; = {x € Z,, : f(z) = b;} and
7; = |D;| for 0 <i <1—1. Then the set

D={D;:0<i<l—1}

is an (n,[10,...,77_4],n — A) perfect DSS. Furthermore, if IA < n, then D is
optimal.

In the present paper, we generalize the definition of ZDB functions to the
general G-ZDB functions, and then give two constructions for G-ZDB functions
(Sections 2-3), which generalize the main results in [5]. Furthermore we obtain
some constant composition codes and difference systems of sets directly from
G-ZDB functions (Section 4), which also generalize the main results in [2, 5, 6].

2. Generalized ZDB functions and p-cyclotomic sets

This section generalizes the definition of ZDB functions to be the G-ZDB
function as follows.

Definition 2.1. Let (A4,+) and (B, +) be two abelian groups of order n and
I, respectively. A function f from A to B is called generalized zero-difference
balanced (G-ZDB for short) if there exists a non-empty S, such that

{xeA: f(x+a)— f(x) =0} €S
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for every nonzero a € A. We also call the function f to be an (n,S) (or
(n,1,5))-G-ZDB function, where [ is defined as above. Then ZDB functions
are the special G-ZDB functions.

For any prime p, basing on p-cyclotomic cosets, we can construct several
classes of G-ZDB functions and improve the constructions of ZDB functions
in [5] from the even prime case p = 2 to the general prime cases. Further-
more, some constant composition codes (CCC) are constructed from G-ZDB
functions.

Before giving our main results, we need to introduce the definition of the
p-cyclotomic coset first, where p is a prime.

Let p be a prime, m be a positive integer and n = p”™ — 1. Suppose that

A; = {i,ix p (mod p™ —1),...,i x p"~1 (mod p™ — 1)} C Z,,

is the p-cyclotomic coset modulo n containing ¢, where [; is the least positive
integer such that i = i x p’ (mod p™ — 1) and is called the size of this p-
cyclotomic coset. The leader of a p-cyclotomic coset modulo n is the least
integer in the p-cyclotomic coset. Then we have the following result.

Lemma 2.2. (1) All the p-cyclotomic cosets modulo n form a partition of Z,,.
(2) If m is a prime, then every nonzero p-cyclotomic coset has size m or 1,
p"=p

and the total number of nonzero p-cyclotomic cosets modulo n is p — 2+ *——F.

(3) If m is a prime, then every nonzero 2-cyclotomic coset has size m, and

the total number of nonzero 2-cyclotomic cosets modulo n is 277;;2.

Proof. (1) It is easy to see that Ay = {0} and Z, = U,ez, 4;. Now for any
i and j with 1 <4 # j < p™ — 2, if there exists some z € A; N A;, then
i-pt=j-p® (mod p™ — 1) for some t and s with 0 < t,s < m — 1. From i # j
we know that t # s. Without loss of generality, set s =t+ &k (1 <k <m—1),
then we can get i = j - p* (mod p™ — 1), thus i € 4;, i.e., A; C A;. Now from
the definition of the leader of the cyclotomic coset, we can obtain ¢ = j, this is
a contradiction. Therefore the sets A; are disjoint to each others, which means
that all the p-cyclotomic cosets modulo n form a partition of Z,,.

(2) From p™ =1 (mod n) we know that for any i,|A4;] < m. Now for any
i (1 < i < p™—2), we consider the size of the coset A;. This reduces to
compute the least integer I; such that i - pi =i (mod p™ — 1), equivalently,
p™ —1|i-(p' —1). Note that m is a prime and 1 < [; < m, thus

p—1, if1<; <m-1;
pm_la li:ma

ged(p™ — 1,pt — 1) = p&cdimt _q — {

this means that

. m_q,.
1, if B |4
l; = =l
m, otherwise.

Then for any i =1,...,p" — 2, we have

. mo_ .
A = 1, if ppTllh;
! m, otherwise.
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This means that every nonzero p-cyclotomic coset A; has size 1 or m, depending

on p:_—11 | i or not, respectively. Note that A; = {0} if and only if ¢« = 0, and
m_1

the number of i (1 < i < p™ — 2) satisfying 2=~ | i is p — 2. Hence the total
number of nonzero p-cyclotomic cosets modulo n is
(" —-2)—(p—-2)

p—2+ =p—-2+
m

p"—p

(3) If p = 2, then for any i (1 < i < 2™ — 2), we consider the least integer ;
such that i - 2% =4 (mod 2™ — 1), i.e., 2™ — 1 |4 - (2% —1). Note that m is a
prime and 1 < I; < m, thus

1

; <l <m-1,
om =

m.

gm@m—13h—nz2@mmm—1:{ ;
3 3
Now from 1 <l; <m —1and 2™ —1|i- (2% — 1), we have 2™ — 1 | i, namely,
t > 2™ — 1, which is a contradiction. Therefore, for any ¢ (1 < i < 2™ — 2),
we can obtain I; = m, and so |4;| = m. This means that every nonzero 2-
cyclotomic coset A; has size m. Note that A; = {0} if and only if i = 0, hence
the total number of nonzero 2-cyclotomic cosets modulo n is THT_Q
Thus we complete the proof of Lemma 2.2. O

3. The constructions for two classes of G-ZDB functions

Before giving our main results and their proves, the following two lemmas
are needed.

Lemma 3.1 ([15]). Suppose that a,ny,nz € Z1, n1 # na, then
(1) ged(a™ — 1,a" — 1) = @8°d(mm2) 1,
(2) gcd(a"1 — (—1)(”;#2),0,”2 — (_1)(7117%2)) = g8cd(ni,n2) +1;
(3) otherwise,

1; Zf2|a’a

ng(amil’amil):{ 2, if2ta.

Lemma 3.2 ([15]). Suppose that m1 and mo are both two positive integer
numbers, by and by are both integer numbers, then the congruence

x=0b; (mod my),
x =by (mod ma),

has solutions if and only if ged(my, ms) | by — ba. Furthermore when the con-
gruence has solutions, it has unique solution modulo lem[my, ms).

Basing on the properties for p-cyclotomic sets, this section generalizes the
main results in [5] and constructs two classes of G-ZDB functions (Theorems
3.1-3.2).
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Theorem 3.1. For any two prime p and m, there exists a G-ZDB function
with the parameters

0"~ 1p =14+ 2L {m = 1)(p - 1),0})

Proof. Let n = p™ — 1 and TI';,, be the set of all leaders of p-cyclotomic cosets
modulo n. Since p and m are both primes, from (2) of Lemma 2.2, we have

mo__
|Fm|:p_1+p p-
m

Now we define a function f from (Z,,+) to itself by f(z) = i, where i,
is the leader of the p-cyclotomic coset containing z. By (2) of Lemma 2.2,
every nonzero p-cyclotomic coset has 1 or m element(s) modulo n = p™ — 1,
and there are exactly p — 2 nonzero cosets with only one element, hence the
sizes of the preimage sets of f form the set {1,...,1,m,...,m}. Therefore
(/)] = [Pon| = p— 1 + 252,

On the other hand, for any given a # 0 (mod p™ — 1), if there exists some
z (1 <z <p™—1)such that f(z+a) = f(z), i.e., both  + a and z belong to
the same p-cyclotomic coset A;, then p;:l {i. Otherwise, by the proof of (2)
of Lemma 2.2, such A; includes only one element, and so z+a = z, i.e., a = 0,
this is a contradiction. Hence x € A; with |A;| = m, and so there exists some
k with 1 < k < m — 1 satisfying = + a = p¥z (mod p™ — 1), equivalently,

(3.1) (p* — 1)z = a (mod p™ — 1).

Note that m is a prime and 1 < k < m — 1, thus from (1) of Lemma 3.1,
we have ged(p® — 1,p™ — 1) = p — 1. Hence (3.1) has solutions if and only if
p — 1] a. In this case, (3.1) is equivalent to

a pm =1
pr -1 (mOd p—1 )

Therefore the size of the set {x € Z,, | f(x +a) = f(z)} is (m —1)(p — 1)
for any nonzero a € Z,, with p—1]| a.

Otherwise, i.e., congruence (3.1) has no solutions. Therefore the size of the
set {x € Zy | f(x+a) = f(x)} is 0 for any nonzero a € Z,, with p— 11 a.

Hence by Definition 2.1 of the G-ZDB function, the function f defined above
is a G-ZDB function on (Z,,+) with the parameters (p™ — 1,p — 1 + me_p,
{(m—1)(p— 1),0}).

This completes the proof of Theorem 3.1. (|

r =

Theorem 3.2. For any prime p and odd prime m, there exists a G-ZDB
function with the parameters (2™ — 1,(2™~1 +m — 1)/m,{2m — 1}) (p = 2),
or (p™ — 1, B5E + P22 {mp —p+m +1,2m,0}) (p > 3).

2m
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Proof. Let n = p™ —1, ], be the set of all p-cyclotomic cosets modulo n, and

Am{BU(B)|B€H},

where —B ={n—i|i € B}. Let I, as defined in the proof of Theorem 3.1.
Now similarly to the proof of Theorem 3.1, for any B € [[,,, the leader of
B U (—DB) is the least integer in this set. It is easy to see that B and —B are

disjoint to each other when {0} # B € [[,,, or "=l ¢ B with the odd prlme p
p "

Notethat forany:=1,...,p™—2, we have |z1fandonly1f |n

1 | p—1
2

and £ < 2t p. Hence we have the followmg two cases.

T For the case p = 2, we know that B and —B are disjoint for each {0} #
B € I1,,- Thus by (3) of Lemma 2.2 we can get [I',| = 1+ 2= 2=2_ Hence
|Am|*1+2 '—2 _ 2m~! —ltm

Now we define the functmn g from (Z,,+) to itself by g(z) = j., where
Jo is the leader of the set B U (—B) containing . Since every nonzero set
B U (—B) has 2m elements, hence the sizes of the preimage sets of g is the set
{1,2m,...,2m}. Thus [Im(g)| = |A,,| = 2Z—=Ltm_

Note that for any nonzero element a € Z,, ,n;f there exists some x such that
1<z<2™—1and g(x+a) = g(z), which means that « + a belongs to the 2-
cyclotomic coset B containing either = or —z. Note that for B with QmT_l € B,
we have |B| =1 and B = —B. Hence the existence of such « means that there
exists some B such that % ¢ B and B # {0}, and so there is some integer

k with 1 < k <m — 1, such that
(3.2) z+a=2"z (mod 2™ — 1),

or there is some ¢t with 1 <t < m such that
(3.3) r+a=—2"z (mod 2" — 1).

As for (3.2), similarly to the proof of Theorem 3.1, the number of solutions for
xis m—1. As for (3.3), note that m is an odd prime and 1 < ¢t < m, hence from
(3) of Lemma 3.1, we have ged(2f +1,2™ — 1) = 1 and then (3.3) is equivalent
to
—a .
= 71 (mod 2™ —1).

Therefore the size of the set {x € Z,, | g(x + a) = g(x)} is m for any nonzero
a € L.

On the other hand, suppose that z is a solution both for (3.2) and (3.3),
then from Lemma 3.2, there are some k (1 <k <m—1) and ¢t (1 <t < m)
such that a a

2k—1+2t+1’

equivalently, (2 —1)(2% — 1)(2® + 1) | (2% + 2")a. Then we have
2m —1]a(2* 4 1).

2m 1|
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Note that m is a prime and |k — t| < m, thus from (3) of Lemma 3.1, we have
ged(2™ — 1,2/t 4 1) = 1, and then 2™ — 1| a, this is a contradiction. Thus
the total number of z satisfying either (3.2) or (3.3) is (m — 1) +m = 2m — 1.
From the above, when p = 2 one can get G-ZDB functions with the param-
eters
2™ —1,2™  +m—1)/m,{2m — 1}).

(IT) For the case p > 3, we have p;nfl | 221 From the proof of (2) of

1 2

Lemma 2.2, we know that if pm;l € B, then |B| = 1 and B = —B. Therefore

there are another p—3 nonzero cosets B such that |B| = 1 and B # —B. Hence

p=3 pr-1-(p-1) _ p+l p"—p
A, =2 = .
| | * 2 * 2m 2 + 2m
Now we define the function h from (Z,, +) to itself by h(x) = s, where s, is
the leader of the set BU (—B) containing x. Since every nonzero set B U (—B)

with pm2_1 ¢ B has 2m elements, the sizes of the preimage sets of h form the

set {1,1,2,...,2,2m,...,2m}. And so [Im(h)| = |A,,| = 2EL 4 22=2,
Note that for any nonzero element a € Z,, if there exists some x such that
1 <ax <p™—1and h(x+a) = h(z), which means that x 4 a belongs to the p-

cyclotomic coset B containing either z or —z. Note that for B with 2 m;l € B,
we have |B| =1 and B = —B. Hence the existence of such « means that there
exists some B such that & 2_1 ¢ B and B # {0}, and so there is an integer k

with 1 < k <m — 1, such that

(3.4) z+a = pFr (mod p™ — 1),

or there is some t with 1 <t < m such that

(3.5) r+a=—p'z (mod p™ — 1).

As for (3.4), similarly to the proof of Theorem 3.1, the number of solutions for

xis (m—1)(p—1) or 0 depends on that either p—1 | a or p—1 1 a, respectively.
As for (3.5), we have

(p" + 1)z = a (mod p™ — 1).

Since m is an odd prime and 1 < ¢t < m, hence from Lemma 3.1, we have
ged(p! + 1,p™ — 1) = 2. Hence (3.5) has solutions if and only if 2 | a. In this
case, (3.5) is equivalent to

pm—1
P (mod 5 ).

T

Therefore the size of the set {x € Z,, | h(xz + a) = h(z)} is 2m for any nonzero
a € Z, with 2 | a.

Otherwise, i.e., congruence (3.5) has no solutions. Therefore the size of the
set {x € Zyp, | h(z + a) = h(z)} is 0 for any nonzero a € 7Z,, with 21t a.
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On the other hand, suppose that z is a solution both for (3.4) and (3.5),
then from Lemma 3.2, there are some k (1 <k <m—1)and ¢t (1 <t < m)
such that

pm—1 | a n a
p—1 '"pF—-1 pt4+1’
equivalently, (p™ — 1)(p* + 1)]”;%11 | (p* + pt). Then we have

p™ =1 a@* 1)

Note that m is a prime and |k — | < m, thus from (3) of Lemma 3.2, we
have ged(p™ — 1, pl*=* + 1) = 2, and then pm;1 | a. Note that p — 1| a, thus
lem[p—1, pm2_1] = p"™—1| a, this is a contradiction since 0 < a < p"™—2. Hence
the total number of x satisfying either (3.4) or (3.5) is (m —1)(p—1) +2m =
mp—p+m-+1or2mor 0.

From the above, when p > 3 one can get G-ZDB functions with the param-
eters

p+1 p"—p
mo 1 r -
(» S R
This completes the proof of Theorem 3.2. (]

Remark 3.3. By (3) of Lemma 2.2, we know that each nonzero 2-cyclotomic
coset has exactly m elements. And so by taking p = 2 in the proofs of Theo-
rems 3.1 and 3.2, the corresponding G-ZDB function is just the ZDB function
constructed by Ding [2, 6], and so one can obtain Theorems 2 and 3 in [5],
respectively.

4. The constant composition codes and difference systems of sets
basing on G-ZDB functions

In this section, we study the applications of the G-ZDB functions for both
constant composition codes and difference systems of sets. In the same way as
that in [2, 6], basing on G-ZDB functions, one can construct a class of CCCs
and DSSs as follows.

Theorem 4.1. Suppose that f is an (n,1,S)-G-ZDB function from an abelian
group (A,+) of order n to an abelian group (B,+) of order 1, and X is the
largest positive integer of S, and Im(f) is the image set of f with [Im(f)| = 1.
Let A = {ao,...,an—1} and Im(f) = {bo,...,b;_,}. Definer;, = |[{x € A :
f(x) =b;} for 0 <i<I1—1. Then the code

C={ci=(flao+ai),..., flan-1+a;)) :0< i <n—1}
is an (n,n,n — A\, [1,...,7_4]);-CCC over Im(f).

Proof. Tt is easy to see that the length of every codeword of C and the number
of all codewords in C are both n. Now we consider the minimum Hamming
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distance of C. For any 0 < i # j < n — 1, the Hamming distance between two
codes ¢; and ¢; is

du(ci,cj) =n—#{ar| fla;i +ar) = fla; +ax),0 <k <n-1}
=n—#{a; +ar| flai +ar) = fla; +ar + (a; —a;)),0 <k <n—1}
=n—t{ar | f(ar) = flax + (aj — a;)),0 < k <n—1}.

Note that f is an (n,[, S)- G-ZDB function and X is the largest positive integer
of S, namely, for any nonzero = € A,

Ha | flar +2) = far)} > A

Therefore the minimal distance of C equals n — . O

Theorem 4.2. Suppose that f is an (n,l, \)-G-ZDB function from an abelian
group (A,+) of order n to an abelian group (B,+) of order 1, and X is the
largest positive integer of S, and Im(f) is the image set of f with |Im(f)| = 1.
Define D; = {x € Z,, : f(z) = b;} and 7; = |D;| for 0 <i <1— 1. Then the set

D={D;:0<i<[-1}

is an (n,[70,...,7_4],n — X\)-DSS. In particular, such DSS is perfect if and
only if the corresponding G-ZDB function f is ZDB.

Proof. Since f is an (n,1,S)-G-ZDB function and ) is the largest positive in-
teger of S, namely, for any nonzero z € A,

Har | flar +2) = flar)} > A

Thus from the construction of DSSs, we know that the multiset in (1.1) con-
tains every nonzero element x € Z, at least n — A times. Hence we get an
(n,[70,...,7_4],m — X)-DSS. In particular, such DSS is perfect if and only if
for any nonzero x € A,

Haw | far +x) = flar)} = A,
namely, f is a ZDB function. This completes the proof of Theorem 4.2. O

5. Conclusions

For any prime m, basing on 2-cyclotomic sets modulo n = 2™ — 1, Ding et
al. [5] obtains two families of ZDB functions on (Z,,, +) with new parameters.
For any prime p, the present paper generalizes the definition of ZDB functions
and the corresponding results in [5], i.e., employing p-cyclotomic sets modulo
n = p™ — 1, constructs two families of G-ZDB functions on (Z,,,+). We show
that these two families of ZDB functions in [5] are just the special case in our
constructions.

Moreover, in the same way as that in [2, 6], we can construct constant
composition codes and difference system of sets directly from G-ZDB functions.
Basing on some special G-ZDB functions, we prove that the corresponding
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CCCs are optimal, and the DSSs constructed by the G-ZDB function f is
perfect when f is a ZDB function.
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