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STABILITY OF («,3,v)-DERIVATIONS ON LIE C*-ALGEBRA
ASSOCIATED TO A PEXIDERIZED QUADRATIC TYPE
FUNCTIONAL EQUATION

NASRIN EGHBALI AND SOMAYEH HAZRATI

ABSTRACT. In this article, we considered the stability of the following
(a, B, v)-derivation
aDlz,y] = B[D(z),y] + [z, D(y)]
and homomorphisms associated to the quadratic type functional equation
fkz +y) + f(kx + o(y)) = 2kg(z) + 29(y), =,y € A,

where o is an involution of the Lie C*-algebra A and k is a fixed positive
integer. The Hyers-Ulam stability on unbounded domains is also studied.
Applications of the results for the asymptotic behavior of the generalized
quadratic functional equation are provided.

1. Introduction and preliminaries

The stability problem of functional equations originated from a question
of Ulam [16] in 1940, concerning the stability of group homomorphisms: Let
(G1,-) be a group and (Ga,*) be a metric group with metric d(-,-). Given
e > 0, does there exist § > 0, such that if a mapping h : G; — G2 satisfies
the inequality d(h(z - y), h(z) * h(y)) < 0 for all x,y € G4, then there exists a
homomorphism H : G; — G2 with d(h(z), H(z)) < ¢ for all z € G1?

A C*-algebra A endowed with the Lie product

[x,y] = xy — yx

on A is called a Lie C*-algebra. Let A be a Lie C*-algebra. A C-linear mapping
D : A— Ais called a Lie derivation of A if D : A — A satisfies

Dlz,y] = [D(z),y] + [z, D(y)]
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102 N. EGHBALI AND S. HAZRATI

for all z,y € A. Following a C-linear mapping D : A — A is called an (o, 8,7)-
derivation of A if there exist «, 5,7 € C such that

aDlz,y] = B[D(x),y] + v[z, D(y)]
for all z,y € A.

The terminology Hyers-Ulam-Rassias stability originates from these histor-
ical backgrounds. Since then, a great deal of works has been published by a
number of mathematicians for other functional equations (see for example [3],
[4], 6], [7], 8], [9], [12] and [13]).

A Hyers-Ulam stability theorem for the quadratic functional equation

fla+y)+ flx—y) =2f(x) +2f(y), z,y € A
was proved by Skof [14] and later by Jung [10] on unbounded domains.
Recently, the functional equation

(L.1) flkx +y) + f(kx —y) =2k f(x) + 2f(y), v,y € A

was solved by Lee et al. [11]. Indeed, they proved the Hyers-Ulam-Rassias
stability theorem of equation (1.1).

Throughout this paper, let k denote a fixed positive integer and T = {z €
C:|z] =1}. Let A be a Lie C*-algebra and o : A — A be an automorphism of
A such that o(o(z)) = « for all z € A.

The purpose of the present paper is to extend the results mentioned due to
Lee et al. [11] to the generalized quadratic functional equation

(1.2) flkz +y) + f(ke +o(y)) = 2f(2) + 2f(y), =,y € A.
It’s clear that equation (1.2) is a proper extension of equation (1.1). The

following equation

fle+y)+ flx+ay) =2f(x) +2f(y), z,yc A
has been studied by Stetkaer [15] and the Hyera-Ulam-Rassias stability of this
equation has been obtained by Bouikhalene et al. [1, 2].

2. Hyers-Ulam stability of Pexiderized quadratic type functional
equation

Lemma 2.1. Let X and Y be linear spaces and f : X — Y be an additive
mapping such that f(px) = pf(z) for all x € X and any p € TY. Then the
mapping [ is C-linear.

Proof. See [5]. O

Theorem 2.2. Let f,g: A — A be mappings with f(0) = 0 and ¢ : A7 —
[0,00) be a function satisfying:

1
lim W@(k”x,kz”y, E"u, k", k" w, k"2, k" t) = 0,

n—o0

(2.1) ©(0,0,0,0,0,0,2) < 4,
| f(kz +y) + f(kx + o(y)) — 2kg(x) — 29(y) ||< 0,
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and
| af(xy) = Bf(x)y —vaf(y) + af(uv) — Buf(v) — v f(u)v

1
(2.2) + flpw +2) = pf(w) = f(2) + () = L F (k) |
S SO(:L') y?u, v, w, Z’ t)
for all z,y,u,v,w,z,t € A and any p € T'. Then there exists a unique
(a, B,7)-derivation D : A — A, such that

B +4k2+ k-2
I £) = D) || < 65—

V< D3R B2
U=k k(e — 1)

(2.3)
| 9(z) — D(

Proof. By letting respectively y =0 and z = y = 0 in (2.1), we get

I 9(e) = (S (ha) — gO)} | o2 w e 4

and 5
< — A.
190) < 5y 7 €
So, we deduce that
1 1) é
. S < — ¢
(24) I o) = Uk} 1< 35 + Zrr

By applying the inductive assumption we prove
1 1 1 1
2.5 — —{f(k" <=+ =——— + —9(0,0,0,0,0,0,k
(25 Ngla) = g (FF )} 1< g + gy + 39(0,0,0,0.0,0,k2)

1 n—1
+...+m@(0,0,0,0,0,0,k x)]

for all n € N. From (2.4) it follows that (2.5) is true for n = 1. Assume now
that (2.5) holds for n € N. The inductive step must be demonstrated to hold
for n + 1, that is

I 9@) ~ e (G2} |

< 1 9(@) — o LF G} | o L g(hme) — LA} |
1 1

1
< a7 —_— —
B 6[2]{3 T 2([€+ ]_)) + k@(OaO,O,O,O,O,Im)

1 1
+- = ©(0,0,0,0,0,0, k" z)] + k—ngo(O, 0,0,0,0,0,k"x).
This proves the validity of the inequality (2.5). Let us define the sequence of
functions

fu(z) = kin{f(k:"x)}, zre€A, neN.
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We will show that {f,(x)}nen is a Cauchy sequence for every x € A. By
using (2.4), we have
1 n
PeaCAGKDN

| fasa(®) = fulo) | = | g ")} — o

1 n 1 n
= = (k")) = S {f (")} |
k k
0
< —.
S
It follows that {f,(z)}nen is a Cauchy sequence for every x € A. However,
A is a complete normed space, thus the limit function D(z) = lim, e fn(2)
exists for every x € A. Assume now that there exist two mappings D, : A —
A (i = 1,2) satisfying (1.2) and (2.3). By mathematical induction, we can
easily verify that

(2.6) Dy(k"z) = k"D;(z), (i =1,2).

For all z € A and all n € N,we have

I Di(x) — Da(x) || kin | Di(E"2) — Dy (k") ||

1 1

< o I Duk"z) = g(k"2) ||+ || Da(k"z) — g(k"2) |
§ 3k 43k -2

SRt 21

If we let n — 400, we get Dy(z) = Do(X) for all x € A. We show that
D:A— Ais (a,8,7)-derivation. By setting z = y = u = v = 0 and using
(2.2) we have

(2.7) | f(pw + 2) = pf(w) = f(z) < #(0,0,0,0,w, 2,0).
Replacing w, z in (2.7) by k™w, k™z respectively, and divide both sides by
k™ we obtain
(2.8) D(pw + z) = uD(w) + D(z)
for any u € T' and all w, z € A. Letting u = 1 in (2.8), we conclude that D is
additive. Set z = 0, we have D(pw) = pD(w). Thus, Lemma 2.1 implies that
D is C-linear.
By using the inequality (2.2) we get
29) |l affzy] =Bl (@),y] =z, fW]
= | af(zy —yz) — B(f(2)y —yf(2)) —v(zf(y) — fW)z |
= | af(zy) — af (yz) — Bf(@)y + Byf(z) — vz f(y) +vf(y)z ||
<l af(zy) = Bf(x)y —vzf) || + [ af(yx) = Byf(z) —vf(y)= |
S (,D(x, Y, 0) Oa 0) Oa 0) + (10(0’ 0) x,Y, 0) Oa 0)
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Replacing x,y by k", k™y respectively in (2.9), and divide both sides by
k2" we obtain

aD[z,y] = B[D(z),y] + ~[z, D(y)]
for all z,y € A. Hence D is a («a, 8, y)-derivations on A. O

Corollary 2.3. Let 0 < g < 2,7 >0 and f,g : A — A be mappings with
£(0) = 0 satisfying:

| f(kx+y)+ f(kx +y) — 2kg(x) — 29(y) [|< 6,
and
[ aof (wy) — Bf(x)y —vaf(y) + of (w) — Buf(v) — v f(u)v
+ f (ot 2) — pf ) ~ f)+ F(0) — (k) |
<l lFly 1Tl ul? ol F w7 =177

for all z,y,u,v,w,z,t € A and any pn € T'. Then there exists a unique
(a, B,7)-derivation D : A — A, such that

| f(z) = D(w) || < g7 48 + k=2

2k(k%2—1)
6 3k* 4+ +3k —2
_ < = =" = .
lg(e) = D) || < o= = e A
Proof. Tt is a desired result of Theorem 2.2. O

Theorem 2.4. Let f,g : A — A be mappings with f(0) = g(0) = 0 and
0 : AT = [0,00) is a function satisfying:

1
lim W(p(k”x,k:"y, E"u, kv, k" w, k"2, k"t) = 0,

n—oo

(2.10)  £(0,0,0,0,0,0,2) < 0 || = |,
| f(kx +y)+ f(kx +o(y)) — 2kg(x) — 29(y)

<oz [I”+ 1y ")
and
| af(zy) = Bf(x)y — v f(y) + af(uv) — Buf(v) — v f(u)v
(211) P+ 2) - pf(w) — F(2)+ F0) — k) |
< oz, y,u,v,w, z,t)

for some 6 > 0, p € (0,1) and for all z,y,w,z,u,v,t € A and any p € T*.
Then there exists a unique (a, B, )-derivation D : A — A, such that

0 2kPTL — kP 4 k2P
| @) - D@ || < 5= — |17,

0 ki=P42k—1
_ - p
| 9(@) = D) | < 57— e IP, 2 c A

(2.12)
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Proof. Suppose that f satisfies the inequality (2.10). Letting x = y = 0 in
(2.10), we get f(0) = 0. Putting y = 0 in (2.10), we get

(2.13) | 2f (k) = 2kg(x) [|< 6 || 2 |7

for all z € A. So

(214) I g@) 7 7(ka) < o |l |P

for all x € A. By mathematical induction we verify that

(215) |l 9(e) — 1 f ") |1 0l + i o o] e P
kn 2k ki-rp k(n=1)(1-p)

holds for all n € N. Next, we will show that the sequence of functions g, (z) =
k%g(k:":z:) is a Cauchy sequence for every x € A. By using the inequality (2.14),
we get

1 1
I gn+1(@) = gn(2) | = | gz f" ) — = f(K"2) |

7i n 71 n+1
= ) = L) |

Sm“zﬂp-

Consequently, {gn(2)}nen is a Cauchy sequence for all x € A. Since A is
a complete normed space, the limit function D(z) = lim, . gn(z) exists for
every x € A. By using the same method as in the proof of Theorem 2.2, D is
a unique (q, 3,7)-derivation. O

Corollary 2.5. Let0 < q¢<2,1n>0 and f,g: A — A be mappings such that
f(0) =0 and

| f(kx +y) + f(kx —y) — 2kg(x) = 29(y) [<O([| = [|” + [ v [I),
and also
| af(zy) = Bf(x)y —yxfy) + af(uv) = Buf(v) = vf(u)v
¥ F o+ 2) = pf(w) — f(2)+ F(0) — 3 R) |
<nllz Wl I# el o ¥ w 1915 1))

for some 8 > 0, p € (0,1) and for all x,y,u,v,w,z,t € A. then there exists a
unique (o, B,v)-derivation D : A — A, such that

0 2kP+1 — kP 4 k2P

| f@) - Dia) | < 5= — & |
0 kP +2k—1
(@) = D) || < 5ot [P, e A

Proof. Tt is a desired result of Theorem 2.4. O
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Theorem 2.6. Let f,g : A — A be mappings with f(0) = 0 and ¢ : A7 —
[0,00) is a function satisfying:

(216) " 5(0,0,0,0,0,0,kz) <0 || « |7,
| f(kx +y) + f(kx + o(y)) — 2kg(x) — 29(y) [|[< (| = " + | y [I"),
and
| ag(zy) — Bg(x)y — yxg(y) + ag(uww) — Bug(v) — vg(u)v
(2.17) + g(pw + 2) — pg(w) — g(2) + g(t) — kg(%) ||
S SD(‘T’ Y, u,w,w,z, t)
for some 8 > 0, p > 1 and for all x,y,u,v,w,z,t € A. Then there exists a
unique (, B,7)-deriwation D : A — A, such that

01— k=P +2k
| £@) = D) || £ 5= 2|17,

0 kP — k2P 4 2k2
H g(x)_D(x) H < Qw H.THP, x € A.

(2.18)

Proof. Suppose that f satisfies the inequality (2.16). Letting x = y = 0 in
(2.16), we get f(0) = 0. Putting y = 0 in (2.16), we get

12f (kx) — 2kg(x) |< 6 | = |7,

and

2.19 kg(£) |I< 0 p

(219) I £) — ko(E) 1< 5= 2 |
for all x € A. By mathematical induction we verify that

1

(2-20) H f(.%') o kng(kin) HS 9[% + JRESS ot k(n—l)(l—;u)] H T ||P
holds for all n € N. Next, we will show that the sequence of functions g, (z) =
k"g(7%) is a Cauchy sequence for every x € A. By using the inequality (2.19),
we get

I gn41(2) = gn(@) | = | K" g(5r) — K"g(%) |
=k [l 9(57) — kg(5r) |

SWH?UHP-

Consequently, {gn(z)}nen is a Cauchy sequence for all x € A. Since A is
a complete normed space, the limit function D(z) = lim,,— o g, () exists for
every x € A. Assume now that there exist two mappings D; : A = A (i =1,2)
satisfying (2.18). By mathematical induction, we can easily verify that

(2.21) Di(x) = k"Dy(&), (i=1,2).
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For all z € A and all n € N, we have
| D1(z) — Da() || = k™ || Da(
< E™ || Da(
0 1—k'=P4+2k
<
= kn(p—1) kp — k
If we let n — 400, we get Dy(z) = Do(X) for all x € A. We show that

D:A— Ais («,8,7)-derivation. By setting z = y = u = v = 0 and equation
(2.17) we have

(2'22) ” g(Mw +2z) — Ng(w) - g(z) HS @(0,0,0,0,w,z,O).

z

Replacing w, z in (2.22) by %, & respectively, and divide both sides by "

we obtain
(2.23) D(pw + z) = pD(w) 4+ D(2)
for any p € T! and all w,z € A. Letting u = 1 in (2.23), we conclude that
D is additive. By setting z = 0, we have D(pw) = pD(w). Thus, Lemma 2.1
implies that D is C-linear. By using the inequality (2.17) we get
(224) | aglz,y] = Blg(x), y] — vz, 9(m)] |

= || ag(zy —yz) — B(g(x)y — yg(x)) —v(zg(y) — 9(y)z |

= || ag(zy) — ag(yz) — Bg(x)y + Byg(x) — yzg(y) +v9(y)z |

< [l eg(zy) — By(x)y —vzg(y) || + [l eg(yz) — Byg(x) —vg(y)z |

< ¢(2,9,0,0,0,0,0) + ¢(0,0,2,y,0,0,0).

D3 |l

&)~ Da(&
%) ( =) R D2(57) = F(GR) l

| [”.

Replacing x,y in (2.24) by %, % respectively and dividing both sides by
k2" we obtain
aD(z,y] = B[D(z),y] + [z, D(y)]
for all z,y € A. Hence D is a (a, 3, v)-derivations on A. O

Corollary 2.7. Let0 < q¢<2,n>0and f,g: A — A are functions such that
f(0) =0 and

| f(kx +y) + f(kz —y) — 2kg(z) — 29(y) [[< O = "+ [| v [I),
and also
| ag(zy) — Bg(@)y — vrg(y) + ag(uv) — Bug(v) — yg(u)v
+g(pw + 2) — pg(w) — g(2) + g(t) — kg($) |
<ol lFly 7 hulF o7l w7z 7))

for some 0 >0, p > 1 z,y,u,v,w,z,t € A and n € T*. Then there exists a
unique (o, B,v)-derivation D : A — A, such that

1— k=P + 2k
| f(z) = D(z) ||< 3wk

[
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and ) )
O kP — k=P 4+ 2k
MBS et P
| 9(@) = D) |1 55— x P, w e A
Proof. Tt is a desired result of Theorem 2.6 O

3. Hyers-Ulam stability of quadratic equation on unbounded
domains

In this section, we investigate the Hyers-Ulam stability of equation (1.2) on
unbounded domains {(z,y) € A% : ||z || + || v ||> d}.

Theorem 3.1. Let d > 0 be given. Assume that mappings f : A — A and
@ A5 — [0,00) satisfy the following:

(3.1) hm ki o(k"x, K"y, k", k"o, k" w, k" z) = 0
(32) | f(kz +y) + f(kz + o(y)) — 2k f(z) — 2f(y) [[< 6,
and

| af (zy) = Bf(x)y — v f(y) + af (wo) — Buf(v) — v f(u)v
(3.3) + flpw + 2) — pf(w) — f(2) ||
< oz, y,u,v,w, z)

for all z,y,u,v,w,z € A with || x || + || y ||> d. Then there exists a unique
(a, B,7)-derivation D : A — A, such that

25k+1

(3-4) I f(@) = D(@) < 23—, v €4

Proof. Let z,y € A such that 0 <|| = H + || y ||< d. We choose z = 2"z if
x#0or z=2"yif y #0. At first we have

z z
I I+ Tketyllzd | oI+l ke+oly) 2 d |2 ]| + ]z +0o) |2 d,

||$H+Hy+2||2d7|\%lHHyHEd,H kx4 o(y) +o(2) [[= d.
From inequality (3.1) we get
2[f (kx +y) + f(kx + o(y)) — 2kf(x) — 2 (y)
= —[fz+kz+y)+ f(z+ o(kz) +o(y) — 2kf(F) — 2f (kz + y)]
—[fz+ke+o(y) + fz+o(ke) +y) —2kf(F) — 2/ (kx +o(y))]
+ (ke +z+0(y) + flke+0(z) +0(y) = 2kf(2) = 2f(z + o(y))]
+[f(kx +y+2) + f(kx + o(y) + o(2)) — 2k f(z) — 2f (y + 2)]
+2[f(z+y) + f(z+0(y) —2kf () — 2/ (y)]
+ [f(z+okx) +0(y)) — f(kx +y+o(z)) — 2kf(0)]
+ )

[£(
[flo(kz) + 2z +y) — f(kz + o(y) + o(2)) — 2k£(0)].
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So
| f(kz +y) + f(kz + o(y)) — 2k f(z) — 2f(y) [[< 46

for x,y € A with  # 0 and y # 0. Now, if x = y = 0, we use the following
relation with an arbitrary z € A such that || z ||= kd

2[f(0) + f(0) — 2kf(0) — 2£(0)]
= [f(2) + f(o(2)) = 2k£(0) = 2f(2)] + [f(2) — f(o(2)) — 2k (0)]
to obtain
| 2k£(0) [I< 0.
Consequently, the inequality

| f(kz +y) + f(kx + o (y)) — 2k f(x) = 2f(y) [|< 40
holds for all z,y € A. By letting y = 0 (resp. © =y = 0) in (3.2), we get

| 7(a) = (k) = SO} < 5. @ € A
and

)
| 7)< 5 v € A

So, we deduce that
(3.5) | f@) — 2y 1< 2+ 2 aea
. X k i < 2]{; 2]{2, i .

By applying the inductive assumption we prove
1 é 1 1 1
) R n < — 4=
(36) 7@~ (FE D} < 50+ DI+ 3+ o]
for all n € N. From (3.5) it follows that (3.6) is true for n = 1. Assume now
that (3.6) holds for n € N. The inductive step must be demonstrated to hold
for n + 1, that is

I £@) — o () |

< (@) — e LF B} | 4y | FR) — ()} |

51 1 1 15 1
<aseipete g 000
Sttt ettt mgt Ty

5 1

= (1+1)[1+1+ + ]
2k k k k'

This proves the validity of the inequality (3.6). Let us define the sequence
of functions

fu(z) = kin{f(k:"x)}, zre€A, neN.

We will show that {f,(x)}nen is a Cauchy sequence for every x € A. By
using (3.5), we have

I fasa (@) = fale) | = | gy 00} = - ()} |




ON THE STABILITY OF («, 8,v)-DERIVATIONS 111

1 n 1 n+1
= = [ {f0ma)} = () |
1) 1.1

It follows that {f,(z)}nen is a Cauchy sequence for every z € A. However,
A is a complete normed space, thus the limit function D(z) = lim, o0 fn(2)
exists for every z € A. Assume now that there exist two mappings D; : A — A
(1 = 1,2) satisfying (3.1) and (3.4). By mathematical induction, we can easily
verify that

(3.7) Di(k"z) = k"Dy(z), (i = 1,2).

For all z € A and all n € N,we have
1
I Di(z) = Da(2) || = o= || D1(k"z) — Da(k" ) ||

1 1
< o 1 Du(k"2) = f(k"2) ||+ || D2(k"z) — f(k"2) |
0 k+1
I R
If we let n — 400, we get Di(x) = Da(x) for all x € A. We show that
D:A— Aisan (o, f8,7)-derivation. By setting x = y = u = v = 0 and using
(3.3) we have
(3.8) | flpw +2) = pf(w) — f(2) [I< #(0,0,0,0,w, z).
Replacing w, z in (3.8) by k™w, k™z respectively, and divide both sides by
k™ we obtain
(3.9) D(pw + z) = pD(w) + D(2)

for any p € T' and all w,z € A. Letting u = 1 in (3.9), we conclude that D is
additive. Set z = 0, we have D(pw) = pD(w). Thus, Lemma 2.1 implies that
D is C-linear. By using the inequality (3.3) we get

(3.10) | aflz,y] — Blf (@), y] — [z, fW)] |
= | af(ey —yz) — B(f(@)y — yf(x) —v(@f(y) — f(y)= |
= | af(zy) — af(yz) — Bf (@)y + Byf(x) —vaf(y) +vf(y)z ||
< Fef(ey) = Bf (@)y —yaf ) | + | af (yz) = Byf(z) —vf () ||
S @(x7 y, 07 0, 07 0) + 90(05 07 x? y, 07 0)'
Replacing z,y by k", k™y respectively in (3.10), and divide both sides by
k2™ and then try taking the limit as n — oo, we obtain
aDlz,y] = B[D(x),y] + v[z, D(y)]
for all z,y € A. Hence D is a (a, 3, v)-derivations on A. O
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Corollary 3.2. Letd > 0,q¢>1,n>0 and f : A — A is a function such that

and

for

| f(kz +y) + f(kx +y) — 2kf(z) — 2f(y) I< 6,

| af(zy) — Bf(x)y — vz f(y) + af(uww) — Buf(v) — vf(u)v
+ flpw + 2) — pf (w) — f(2)]|
< nllwl| #1yll# [ul |7 ol w7120 71187

all x,y,u,v,w,z € A and any p € T with || z || + || y ||> d. Then there

exists a unique («, 8,7v)-derwation D : A — A, such that
260k +1
- D < - A.
| f) - D) < 2551, we
Proof. Tt is a desired result of Theorem 3.1 (|
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