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BI-UNIVALENT FUNCTIONS OF COMPLEX ORDER BASED
ON SUBORDINATE CONDITIONS INVOLVING
HURWITZ-LERCH ZETA FUNCTION

G. MURUGUSUNDARAMOORTHY, T. JANANI AND NAK EuN CHO

ABSTRACT. The purpose of the present paper is to introduce and investi-
gate two new subclasses of bi-univalent functions of complex order defined
in the open unit disk, which are associated with Hurwitz-Lerch zeta func-
tion and satisfying subordinate conditions. Furthermore, we find estimates
on the Taylor-Maclaurin coefficients |a2| and |a3| for functions in the new
subclasses. Several (known or new) consequences of the results are also
pointed out.

1. Introduction, Definitions and Preliminaries

Let A denote the class of functions of the form:
flz) =2+ anz", (1)
n=2

which are analytic in the open unit disk U = {z : 2 € C and |[z] < 1}.
Further, by S we shall denote the class of all functions in A which are univalent
in U. Some of the important and well-investigated subclasses of the univalent
function class S include (for example) the class S*(a) of starlike functions of
order o in U and the class K(a) of convex functions of order a in U. It is well
known that every function f € S has an inverse f~!, defined by

i) =2 (2€D)

and
ey =w (ol <l (2 7).
where
g(w) = fHw) = w — agw? + (2a3 — az)w® — (5a3 — bagaz + ag)w* +--- . (2)
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A function f € A is said to be bi-univalent in U if both f(z) and f~!(z) are
univalent in U. Let ¥ denote the class of bi-univalent functions in U given by (1).
For some intriguing examples of functions and characterization of the class X,
one could refer Srivastava et al., [26] and the references stated therein (see also,
[11]). Recently there has been triggering , interest to study the bi-univalent
functions class ¥ (see[11, 18, 21, 27, 29, 30]) and obtain non-sharp estimates on
the first two Taylor-Maclaurin coefficients |as| and |ag|. The coefficient estimate
problem for each of the following Taylor-Maclaurin coefficients |a,| for n €
N\ {1,2} (N:={1,2,3,...}) is presumably still an open problem.

The study of operators plays an important role in the geometric function
theory and its related fields. Many differential and integral operators can be
written in terms of convolution of certain analytic functions. It is observed
that this formalism brings an ease in further mathematical exploration and also
helps to understand the geometric properties of such operators better. The
convolution or Hadamard product of two functions f, h € A is denoted by f*h
and is defined as

(f*h)(z) =2+ Z nbp2", (3)

where f(z) is given by (1) and h(z) = z + Z bp2".

We recall here a general Hurwitz- Lerch Zeta function ®(z,s,a) defined in
[25] by

n

(z,8,a) Z (4)

(a € C\Zq ;s € C,when|z| < 1;%R(s) > 1 When |z| = 1) where, as usual, Z; :=
Z\N, (Z :={0,£1,4+2,43,...}),N:={1,2,3,...}). Several interesting properties
and characteristics of the Hurwitz-Lerch Zeta function ®(z,s,a) can be found
in the recent investigations by Choi and Srivastava [5], and the references stated
therein (see also, [7, 10, 16, 22, 28] ). Srivastava and Attiya [28] introduced and
investigated the linear operator:

ju,b cA— A
defined in terms of the Hadamard product by
Tupf(2) = Gup * f(2) (5)
(z€U;be C\Zy; € C; f € A), where, for convenience,
Gup(2) == (1 +0)*[®(z, p,0) = b7#] (2 €1). (6)

We recall here the following relationships (given earlier by [22]) which follow
easily by using (1), (5) and (6)

Tunf(2) —z+Z(1+b> an2". (7)

n+b
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Motivated essentially by the Srivastava-Attiya operator, Murugusundaramoor-
thy [20] introduced the generalized integral operator

TrEF(2) =2+ > Ol (b, panz". (8)

n=2

where

"
\I/n—C,T(b,u)—‘(1+b) ml(n +k —2)! )
n+b) (k—2)(n+m—1)!
and (throughout this paper unless otherwise mentioned) the parameters p,b
are constrained as b € C\ Z;,u € C,k > 2 and m > —1. It is of interest
to note that J 3”2) is the Srivastava-Attiya operator and Jg’f b’k is the well-known
Choi-Saigo-Srivastava operator (see [17]). Suitably specializing the parameters
m, k,  and b in jlzlb’k f(2) we can get various integral operators introduced by
Alexander [2]and Bernardi[4]. Further we get the Jung-Kim-Srivastava integral
operator [12] closely related to some multiplier transformation studied by Flett
[8].
An analytic function f is subordinate to an analytic function g, written
f(2) < g(z), provided there is an analytic function w defined on U with w(0) = 0
and |w(z)| < 1 satisfying f(z) = g(w(z)). Ma and Minda [19] unified various

subclasses of starlike and convex functions for which either of the quantity ZJJ: ;S)

or 1+ Z}{:é’i) is subordinate to a more general superordinate function. For this
purpose, they considered an analytic function ¢ with positive real part in the
unit disk U, ¢(0) = 1, ¢’(0) > 0, and ¢ maps U onto a region starlike with respect
to 1 and symmetric with respect to the real axis. The class of Ma-Minda starlike
functions consists of functions f € A satisfying the subordination Z;gg) < ¢(2).
Similarly, the class of Ma-Minda convex functions of functions f € A satisfying

the subordination 1 + ZJ{,/;S) < ¢(2).

A function f is bi-starlike of Ma-Minda type or bi-convex of Ma-Minda type
if both f and f~! are respectively Ma-Minda starlike or convex. These classes
are denoted respectively by S&(¢) and Kx(¢).In the sequel, it is assumed that
¢ is an analytic function with positive real part in the unit disk U, satisfying
¢(0) = 1,¢'(0) > 0, and ¢(U) is symmetric with respect to the real axis. Such
a function has a series expansion of the form

¢(2) =14 B1z+ Boz? + Bgz® +---,  (B; > 0). (10)

Motivated by the earlier work of Deniz[6], in the present paper we introduce
two new subclasses of the function class 3 of complex order v € C\{0}, involving
generalized Srivastava operator J. :1 b’k, and find estimates on the coefficients |as|
and |ag| for functions in the new subclasses of the function class ¥. Several
related classes are also considered, and connection to earlier known results are
made.
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Definition 1. A function f € ¥ given by (1) is said to be in the class E:Z;)k (7, A, 0)
if the following conditions are satisfied:

1 < (T 1(2)
Y\ (= NI )+ (T f ()Y

— 1) < ¢(z) (11)

and

1 w jm,k: w))
= T ) <o) ()
TNA=NT 9(w) + dw(T, " g(w))'

where v € C\{0}; 0 £ A < 1; z,w € U and the function g is given by(2).

Definition 2. A function f € X given by (1) is said to be in the class ’H:Z;)k (v, \, &)
if the following conditions are satisfied:

m,k P ,
1+ % ((1 - A)j“"’ff() + M) - 1) < (2) (13)
and -
1+ % ((1 - A)j“’ng(w) + AT g(w) — 1) < ¢(w) (14)

where v € C\{0}; 0 £ A < 1; z,w € U and the function g is given by (2).

Specializing the parameters b, k, A, u suitably, several (known and) new sub-
classes can be obtained from the class E/T’bk('y,)\,gzﬁ). We present some of the

subclasses of Zzl’ék (7, A, ¢), as given below :

Ezample 1. For A = 0 and v € C\{0}, a function f € ¥, given by (1) is said to
be in the class EZ;)]“(% @) if the following conditions are satisfied:

1 (275" =) .
1+ 5 ( jﬁ;kf(z) 1) < ¢(z) (15)
e (T g(w)
1 (w5 g(w)” y
3 ( T g(w) 1) ot 1

where z,w € U and the function g is given by (2).

Ezxample 2. If k = 2 and m = 1 with g4 = 0, b = 0, then a function f € 3,
given by (1) is said to be in the class Eé:g(’y, A @) = SE(7, A, ¢) if the following
conditions are satisfied

| 2F1(2)
= ((1 SV ISESYIeN 1) <o)

and

1+ % ( wg'(w) - 1) < d(w),
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where v € C\{0}, 0 £ A <1, z,w € U and the function g is given by (2).

Ezxample 3. If k = 2 and m = 1 with g = 1,b = 0, then a function f € ¥,
given by (1) is said to be in the class E}:g('y, A, @) = Gxn(7, A, @) if the following
conditions are satisfied:

Ll LI

Y ((1 “NLG) L ALIR) 1)

< ¢(2)

and
1 w(Lg(w))’ )
1+ - —1) <o(w
Tz ey 1) <4
where v € C\{0}, 0 £ A < 1, z,w € U, g is given by (2) and Lf(z) =
jl{gf(z) =z+ ), %2", (2 €U) is the Alexander integral operator [2].
n=2

Ezample 4. If k =2 and m =1 with b=v(v > —1), and p =1, then f € ¥ is
said to be in E%f,(’y, A, @) = BY% (7, A, ¢) if the following conditions are satisfied:

1 () ) )
= ((1 TNFAFG) T AFFE) 1) = lz)

and

| w(F,g(w))
= ((1 TN Fog(w) + (Fgl@)) 1) < ow)

where v € C\{0}, 0 £ XA < 1, z,w € U, the function g is given by(2)and

Fof(z) = jllff(z) =z+ Y, (}J_Z) anz" (z € U) is a Bernardi operator [4].
n=2

Note that the operator F; was studied earlier by Libera [13] and Livingston
[14].

Ezample 5. f k=2 and m =1 withb=1, p = o (¢ > 0), then f € ¥ is said
to be in E}T? (v, A, @) = ZZ(7, A, @) if the following conditions are satisfied:

1 (T () ) )
13 ((1 NI AT TR 1) = oz)
and
1 w(Z7g(w)) ) y
13 ((1—A>Iﬂg<w>+xw<zﬂg<w>>' 1) = olw)

where v € C\{0}, 0 £ A < 1, z,w € U, the function g is given by(2) and
T @ =T @) =2+ % () ane (€ ).
Remark 1. For A = 0 and v € C\{0}, a function f € X, given by (1), as in

Example 1, one can state various analogous subclasses defined in Examples 2
to 5.
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Remark 2. From the Definition 2, on specializing the parameters b, k, A, u suit-
ably, as listed in Examples 1 to 5 one can define several new subclasses from
the class H:Z;)k(v, A, ¢). Further by taking A = 0(orA = 1) we can state certain
analogous subclasses of ¥ studied in [9, 26, 24].

Ezample 6. A function f € %, given by (1),
(i) A = 0, is said to be in the class 7—[:2;;6 (7, ¢) if the following conditions are
satisfied:

m,k m,k
1+ % (mezf(z) - 1) < ¢(z) and 1+ % <j”’bwg(w) - 1) =< ¢(w)

and
(ii) A = 1, is said to be in the class Q;'fl;k (7, ¢) if the following conditions are
satisfied:
1 m 1
L (TG 1) <0z) and 14— (T3 g(w)) = 1) < 6(w)
where v € C\{0}, z,w € U and the function g is given by (2).

In the following section we find estimates on the coefficients |az| and |as| for
functions in the above-defined subclasses E;n;f (7, A, @) of the function class ¥
by employing the techniques used earlier by Deniz[6].

2. Coefficient Bounds for the Function Class ka (7, A 9)
In order to derive our main results, we shall need the following lemma.

Lemma 2.1. [23]: If h € P, then |ck| £ 2 for each k, where P is the family of
all functions h, analytic in U, for which

R{A()} >0  (zel),

where
h(z) =14 crz+coz? +--- (z€U).

Define the functions p(z) and ¢(z) by

14u(z2)

= =1 24 ...

and
140(z)

[ A A | 24 ...
1= o(2) t @1z +ge2" +
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v(2) ::m:;[qlz+(QQ—€§>z2+"':|.

Then p(z) and ¢(z) are analytic in U with p(0) =1 = ¢(0). Since u,v : U = U,
the functions p(z) and ¢(z) have a positive real part in U, and |p;] < 2 and
|g:| < 2 for each i.

and

Theorem 2.2. Let the function f(z) given by (1) be in the class E::fg)k(% A, Q).
Then

laz] < 115, v5 (17)
VIY(A2 = 1)B? + (1 — X\)2(By — B2)]¥3 + 29(1 — \) B2V
and
Iv°B} [v|B1
. <
‘as‘ =1- /\)2\113 + 2(1 — )\)\113’ (18)
where
L+b\*  mlk)!
@ p— m b pr—
2 =G, m) ‘<2+b) (k—2)/(m + 1)!
and

e (1B mi(k 4 1)!
Vs = CY (b,,u)— ’(3+b> (k—2)!(m+2)!

Proof. Tt follows from (11) and (12) that
1 < (T T () )
I+ - m,k m,k -1
TNA=NT () + AT f(2)

= o(u(2)) (19)

and

1 W g (w))
1)

—1] =¢w(w)), 20
v T g(w) + A2(T,7 " g(w)) ) o) 20

where p(z) and g(w) in P and have the following forms:

1 2
o) =0 (5 et (m- )2 ]) (21)
and
— 1 i 2
Po(w)) =¢ |5 |aw+{g@—F Jw +-| ], (22)
respectively. Now, equating the coefficients in (19) and (20), we get
1—A 1
u‘l’zcm = 531}917 (23)
A2 -1 2(1 =X 1 2 1
( )\Iléaé + g‘l’gas = 531(192 - %) + 1321?%, (24)
1—A 1
—< )\I’zaz = -Biq (25)

2
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and
A2 -1 21—\ 1 2 1
g‘l’%ag + Q‘I’g(Qa% — a3) = 531((12 — %) + 132(]% (26)
From (23) and (25), we find that
vBip1 —yBiq1
= = 27
TN, 21— NTy (27)
which implies
P1=—q. (28)
and
8(1 — N)?W3a3 = *Bi(pi + 47)- (29)

Adding (24)and (26), by using(27) and (28) ,we obtain

4 (O =BT + (1= 2)(B1 = Ba)|¥5 +2y(1 = ) BY¥s) a5 = B (p2+ ¢2)-
(30)

Thus,

a2 = B} (p2 + ¢2) . (31)
4([y(A2 = 1)B} + (1 = \)2(B1 — B2)]¥3 + 27(1 — A\) B{ ¥3)
Applying Lemma 2.1 for the coefficients po and g2, we immediately have
v[*BY
[Y(A2 = 1)B} + (1 = \)?(B1 — B2)|W3 + 2y(1 — \) B3|’
Since B; > 0,the last inequality gives the desired estimate on |as| given in (17).
Subtracting (26) from (24), we get

401 - ) 401 - )
Y

jas|* = ‘ (32)

By — By

Uaz — Wsa3 = - (p2 — @) + —— (i —ai).  (33)

2
It follows from (27), (28) and (33) that

g = VBIWT D) | Bi(p2 —g2)
PRI - N2W2 T R(1 - AUy

Applying Lemma 2.1 once again for the coefficients po and g2, we readily get

[y [*B? 7B
< ,B1 > 0.
sl = T %208 T2 —w, B
This completes the proof of Theorem 2.2. O

Taking A = 0 in Theorem 2.2, we have the following corollary.
Corollary 2.3. Let the function f(z) given by (1) be in the class Z:Z;f(’y,qb).

Then
las] < h1B v By (34)
= VI(B1 — By) — B} ¥} + 2vB T3]
and
22 B
|a3| g |7| 1 |7| 1. (35)

v2 20,
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From Example 2, for a function f € 2(1)332(7,)\@) = Sx(7, A, ¢), we state
the following :

Corollary 2.4. Let the function f(z) given by (1) be in the class Ss(v, A, ¢).

Then
ool £ (36)
\/\ By — BQ +’yB2|
and -
B B

(1=X2  2(1-=))
Taking A = 0, in the Corollary 2.4, we get the following corollary.
Corollary 2.5. Let the function f(z) given by (1) be in the class S5(v, ¢).

Then
B \/‘ B, — Bs) +’YB |
and
B
jag| < o252 + DL (39)

2
3. Coefficient Bounds for the Function Class Hzlgk(’y, A, )

Theorem 3.1. Let the function f(z) given by (1) be in the class ’Hm k(’y, A, 9).

Then
2E b5 (40)
= V(@ +20)U3B7 + (1 + \)2(B; — By) V3|
and 25
B [v|B1
< 41
las] < (1+/\)2‘l/2 T oty (41)
where p
1+b m!(k)!
q] = m =
2= C3'(br) ’(2+b) (k—2)l(m + 1)!
and

1+b\"  ml(k+1)
Wy =C(b,u) =
3= G5 (bp) ‘(3+b) (k= 2)1(m + 2)!
Proof. Proceeding as in the proof of Theorem 3.1 we can arrive the following
relations

14+ A 1
(7)‘1’2@2 = 5Bip1, (42)
(1+2)) 1 21,
U gy = - Bipo — By + -8 4
5 303 = 5 1(p2 5 ) + 1 52P1 (43)
—(1+ X 1
g\l’zaz = -Biq (44)



56 G. MURUGUSUNDARAMOORTHY, T. JANANI AND N. E. CHO

and )
w%@ag —az) = %Bl(% - %1) + EBM%- (45)
From (42) and (44), it follows that
P1=—q1 (46)
and
8(1+\)*Wia3 =B (p] + ai)- (47)

Adding (43)and (45), it follows that

2= VB (p2 + g2) . (48)
40v(1 4 2X\)¥3BF + (1 + N\)2(B; — B2) V3]
Applying Lemma 2.1 for the coefficients py and g2, we immediately get the
desired estimate on |ag| as asserted in 40.

Subtracting (45) from (43)and using (46)and (47), we get
__Bi(pi +4i) | vBi(p2 — o)
8(1 4 \)2W3 41+ 2005
Applying Lemma 2.1 for the coefficients py,p2 and q1, g2, we immediately get
the desired estimate on |as| as asserted in 40. O

For the function classes defined in Example6, from Theorem 3.1, we have the
following corollary.

Corollary 3.2. (i) Let the function f(z) given by (1) be in the class ’Hzgk (7, P).
Then
B | |vB:

2 S

‘(12‘ < |’Y|BlVB1
~ VB + (B - By U]
(i1)  Let the function f(z) given by (1) be in the class le’)k(v,(b). Then

and |as| <

s
7|B1v/Bi VB | B
2| = ~ .
lag| < and |as| < 5 +
V137¥3B? + 4(B; — By) V3| 403 305

4. Concluding remarks

For the class of strongly starlike functions, the function ¢ is given by

1 (e}

which gives
By =2a and By = 202,
On the other hand if we take

¢(z):L_:B)Z:1+2(1—B)z+2(1—/5)2z +--- (0B <), (50)

1 —
then
By =By =2(1-7).
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Remark 3. When ¢(z) given by (49) and from Theorem 2.2, we state the fol-
lowing results

‘a2| S 2|’}/|0[
T VIRya(AW2 = 1) + (1 = N)2(1 — a)]¥2 + dya(l — \) s

and

Ao e

1- 0202 ' (1- Ny

When ¢(z) given by (49) and from Theorem 3.1, we state the following results

las| =
(

4y 2|y|a

0] < 21a
VI2Zva(l+20) s + (14 A2 (1 — a)¥3
Similarly we can state the corresponding results for the case when B; = By =
2(1 = 7).
From Corollary 2.4, when v = 1, and ¢(z) given by (49)(or by (50)) we state
the following results given in [21].

Remark 4. Let f(z) given by (1) be in the class S5i(a, A), and By = 2a, By =
202 (0 < @ <1;0 < X< 1). Then

d |as| < .
an |“3|—(1+A)2\1/§ (1+ 2005

2 402
lag| < @ and az| < @ 5 + @«
1-MVIta 1-N2  1-2

Let f(z) given by ( 1) be in the class S&(8,A), By = Ba =2(1 — 8)(0 < 5 <
1,0 < A< 1). Then

21— 5) 10-p?  (1-9)
1-\ a—n2 1o

Remark 5. From Corollary 2.5, when v = 1, A = 0 and B; = 20, By = 202
and for f € S&(«)[3], we get
2cr

va+1
and By = By =2(1 — ), for f € S&(8), we get

las| < /21—8)  and  |ag| <4(1- B+ (1-B).

Remark 6. If we assume £k = 2 and m = 1 with g = 0, b = 0, and putting
v = 1 in Corollary 2.5, we obtain the corresponding results obtained in [1].
Also by taking v = 1, A =0(orA = 1) and By = 2a, By = 2a? (or By = By =
2(1 — j3)) from Corollary 3.2, we obtain the corresponding results obtained in
[9, 26]. Further, suitably specializing the parameters k, m, u, b, various results
can be derived easily, (which are asserted by Theorem 2.2, 3.1 above )for
the new classes defined in Examples 1 to 5 and other interesting corollaries as
consequences of our main results, the details involved may be left as an exercise
for the interested reader.

las| < and |az| <

las] < and lag| < 4a? + a.
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