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A MATHEMATICAL MODEL OF IMMUNE-MEDIATED
DISORDER IN INFLAMMATORY BOWEL DISEASE

ANNA PARK AND IL Hyo JuNG

ABSTRACT. Inflammatory Bowel Disease(IBD) is chronic, relapsing, im-
mune mediated disorder. The exact cause of IBD is still unknown. The
immune system is known to play important role in the dynamics of IBD.
We focus on relation between T cells and cytokines in immune system that
leads to IBD. In this paper, we propose a mathematical model describing
IBD under considering immune mediated disorder by using ordinary differ-
ential equations. The existence and stability of the model are established,
where an applicable basin of attraction are calculated and examined. Some
numerical simulations are presented to verify the proposed results and as
changing parameter values given by sensitivity analysis, we show how to
change dynamic behaviors of the model.

1. Introduction

Inflammatory Bowel Disease(IBD) is a chronic, relapsing, immune mediated
disorder. The prevalence of IBD rapidly increased in Europe and North America
in the second half of the twentieth century and is becoming more common in
the rest of the world as different countries adopt a Western lifestyle([1],[2]).
The main forms of IBD are divided into Crohns disease(CD) and Ulcerative
colitis(UC).

The exact cause of IBD is still unknown. It is estimated that both envi-
ronmental and genetic factor cause IBD. It is assumed that the change of our
lifestyle augments this kind of disease. Above all since people use large amount
of antibiotics and vaccine, our lifestyle has become more and more hygienic[2].
Also, a diet high in protein, particular animal protein, may be associated with
increased risk of IBD and relapses|[3].

The immune system is known to play an important role in the dynamics
of IBD[4]. There are many studies that deal with mathematical models about
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immunopathogenesis and also diseases arise from an inappropriate immune sys-
tem. In [5], the authors described a mathematical model about skin disease
related with the densities of immune cells(Dendritic cells and Helper T cells)
and Keratinocytes[5]. Moorea et.al.(2004) analyzed a mathematical model for
chronic myelogenous leukemia (CML), a cancer of the blood|6].

Some researchers have concentrated on cytokine-mediated inflammatory pro-
cesses rather than the densities of immune cells. Seymour and Henderson(2001)
described the behavior of IL-1 and IL-10, with TNF-« as an external stimulus
for IL-1, using a six-variable ODE model([7],[8]). However there are not so much
research papers about IBD dealing with mathematical models. In 2006, Wen-
delsdorf et al. found the positive inflammatory feedback loop by inflammatory
M1 macrophage activation of T-cells under the immunopathology of IBD[9]. In
Lo et al.[10], they extend the model to include Treg cells.

In this work, we focus on relation between T cells and cytokines in immune
system that leads to IBD. In particular, we considered the interaction between
Naive T cells, Helper T cells, and cytokines secreted by Helper T cells in the
body because the three compartment are important role in immune system.
Thus we first present a mathematical model describing IBD by using ordinary
differential equations. We observe the existence of solutions of the model, sta-
bility of equilibria for the model and some numerical simulations. Conditions
for local stability and global stability of the equilibrium are determined. The
equilibrium demonstrates the case of how the T cells proferate and attain a
particular equilibrium level in IBD patient.

The rest of this paper is organized as follows. In Section 2 we set up mathe-
matical modeling for IBD in detail and the existence of solutions and a positive
equilibrium of the IBD model are established. In Sections 3 and 4, some other
the techniques and theories useful in the study of the model are introduced.
Some numerical simulations are presented to verify the proposed results and
by changing parameter values, we show how to change dynamics of the model.
Finally, the conclusion is given in Section 5.

2. A Mathematical Model

Pathophysiology of IBD is related to the immune. Immunity is a process to
protect body from non-self such as bacteria or virus[4]. Normally, if bacteria
or virus intrude from outside, body is protected by immune response. In se-
vere case, inflammatory reaction occurs. The inflammatory reaction disappears
when the causes such as bacteria or virus are removed. However, the case of
IBD is different. In this case, even though the causes which stimulate immune
response are removed, it is unrestrained various substances that mediate inflam-
mation such as Type 1 T-helper lymphocyte(Thl) activation, Type 2 T-helper
lymphocyte(Th2) activation and cytokines release. Cytokines release are asso-
ciated with the generation of activated matrix metalloproteinases(MMP), which
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are essential mediators of tissue destruction. Additionally, cytokines act on neu-
trophils and phagocytes, which contribute to amplification of the inflammatory
response and further tissue damage[11].

Thl cells produce high levels of IFN-y whereas Th2 cells secrete too much
interleukin-4(IL-4) and other interleukins, including IL-10, IL-5 and IL-13. Thl
cells play important role in immune responses to intracellular pathogens, such
as viruses and intracellular bacteria[12]. By contrast, Th2 responses are more
appropriate for targeting parasites and worms, and for enabling antibody re-
sponses.

Specifically, overexpression of proinflammatory Thl cytokines such as tumor
necrosis factor(TNF), IL-6, IL-12 and IFN-v is a main factor of Crohn’s disease,
and Th2 cytokines IL-4 and IL-13 cause ulcerative colitis. The Thl cytokine
profile, which includes IFN-v and IL-12, is dominant in patients with Crohn’s
disease. IFN-v production is stimulated by I1.-12, which is produced by antigen-
presenting cells(APCs). Most experimental colitis models also have a dominant
THI1 response. However, in some models, Thl responses can be changed into
Th2 responses as the inflammatory process matures. In Th2 responses, IL-4 and
IL-5 are normally elevated. Also, in ulcerative colitis tissues, the concentrations
of IL-4 and IL-5 are variable[1].

Naive T cells are divided into subsets that are commonly defined by the cy-
tokines that they secrete[13]. These cytokines are responsible for T-cell-effector
function and allow for the development of other immune responses, or have di-
rect effects on tissues. The long-standing paradigm for Th differentiation is the
Thl and Th2 model[14]. Thl cells produce high levels of IFN-y whereas Th2
cells express IL-4 and other interleukins, including IL-10, IL-5 and IL-13.

Our purpose is to use some of the best ideas in these model, but to keep the
model as simple as possible while incorporation the most important concepts
of IBD dynamics together with the feature of cytokines dynamics. Therefore,
we define three population. The model comprises initially 3 variables, namely
the concentration of Naive T cells N (t), the concentration of Helper T cell T'(¥)
including Th1 and Th2, the cytokines secreted by Helper T cell denoted by S(t)
including many kinds of cytokines(see Figure 1).

The complete model is described by the following the system of differential
equation:

N N
d sz(1—>—(75+c)N—M1N

dt K

62—1; = a17ySN + aseN — usT (1)
d

d—f =wl — NS — u3S.

All parameters are assumed to be strictly positive constant.
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FIGURE 1. Schematic diagram of Inflammatory Bowel Disease

Notation Description of parameter

b The growth rate of Naive T cell.

K Carrying capacity.

¥ Coefficient, represents the loss of N due to encounters S.
c The rate of internal production for T differentiation.

aq The rate of proliferation and differentiation into N by S.
Qg The rate of proliferation and differentiation into N by c.
w The rate of S production from 7.

153 Coefficient, represents the loss of S due to encounters V.
I The rate of excretion and elimination of V.

L2 The death rate constant for 7.

143 The death rate constant for cytokines S.

TABLE 1. Description of parameters for the model (1).

2.1. Existence and Invariance

In this section, we show that the model (1) is positively invariant and has
the solution.

Theorem 2.1. Let (tg, ¥y) € R x R3, where ¥y = (N(to),T(to),S(to)) be
given. Then there exists a unique solution (N(t),T(¢t),S(t)) of the model (1).

Proof. Put
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Then
dv
— = AU 4+ B(U
= A+ B(Y),
b—c—p O 0 iNQ—’VSN
where A = Qac —H2 0 and B(¥) = K a1ySN
0 w  b—ps —BNS

For some given a,b > 0, we denote by I' = {(t,¥) € R x R3 | |t — to] <
a, ||¥—Wy|| < b}. Define F : T — R3 by F(t,¥) = AV + B(¥) for all (t,¥) € T.
For any ¥, = (N, T,5)" and ¥y = (N, T,5)T, we have

[ F'(t, W) — F(t, Vo)
= |A(¥1 — W) + (B(¥1) — B(¥2))||
< | Al[[@y — Yo + || B(¥1) — B(¥2)]|
< (|b—c— |+ |azc] + |p2| + lus)) (N = N| +|T = T| + |5 - S|)
b - _ b -~ A a ~ PN
+‘<KN2 —’ySN) - (KN2 —’ySN)‘ + |a17SN — a1ySN|
+|BNS — BN S|
. . . b
< M(N ~ N+ |T = 7 +15~ 8)) + |N + N||N - §
+ (v + a1y + B)(IS|IN — N| + |N||S - S)),
< Ly|N = N| + Lo|T — T| + Ls|S - S,

< LN - N|+|T-T|+|S - S,
< LWy — Wy,

b o . _
where M = [b—c—p|+|aze|[+|pa|+|psl, L1 = M+§|N+N|+(7+aw+ﬂ)|5|7

Ly =M, Ly = M+ (v + ayy + B)|N|, and L = max{Ly, Ly, Ls}.
By the Picard-Lindelof theorem, we are done. O

The feasible region B = {(N,T,S) € R® | N,T,S > 0} for the model (1) is
the non-negative cone R3, which can be shown to be positively invariant with
respect to the model (1). Given non-negative initial data, solutions exist and
have non-negative components for all ¢ > 0, and thus the model is well posed.

Theorem 2.2. The model (1) is positively invariant. In other word, if the
initial conditions lie in B, the system of equation has a unique solution that
remains in B for all time t > 0.

Proof. By Theorem 2.1, the model (1) with initial value (¢o, o) has a unique
solution and the right hand side of the model (1) is continuous with continuous

dN
partial derivatives in B. Moreover, if N(¢) = 0 then v 0; if T'(t) = 0 then
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dT ds
= = a1ySN + aseN > 0; if S(t) = 0 then = = wT > 0. Therefore, none of
the orbits can leave B for all time. O
3. Stability of an Equilibrium

In this section, stability of the 3-dimensional equilibrium with respect to
solutions initiating in int B will be established.
3.1. Equilibria of Model

The equilibria of the model (1) are obtained by solving the system of equa-
tions:

N
bN 1—? —(yS+¢)N — 1N =0,

a1YSN + aseN — pusT =0, (2)
waﬂNS*,u:;S:O,

where we see that
—bAN? 4 (ABK — busus — Kyaswe)N + pous KB = 0,

with A = o8 —wayyand B=b—c— pu;.

The solutions of the above equation are

H 4 \/H? + 4bK ABpap3
2bA ’

N =
where H = ABK — buspus — Kyaswec.

From the first equation of (2),

N
bN(l—K> —(yS+¢)N — 1N =0,

N
@)N(b—?—WS—c—ul)zo,

N
@N(B—?—VS):O, where B=b—c¢ — ;.

N
Therefore N =0 or B = e +vS. By feasibility condition of the model (1), we

shall assume B > 0.
We need to handle each sign of A case by case.
Case 1. Suppose A =0.

Then the model (1) has one positive equilibrium Fy = (N, Ty, S7)
B ( uous K B BuspzcK?B? usaacK B wascK B >

buspis + Kyaswe’ (bugus + Kyaswe)?  busus + Kyaswe’ busps + Kyaswe
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Case 2. Suppose A # 0.

There are two equilibria Fs and Ejs.

E, = (N* T S*) _ i ﬁP2a26 M?,OZQCP (UOAQCP
2T T 20 A7 2bA2(P + 2bjiois) | A(P + 2bpopz)’ A(P + 2biapiz) )
F BF?asc psasck wasck
2= (N3, T3, 55) <2bA’ 20A2(F + 2bpgpz)  A(F + 2buaps)’ A(F + 2buaps) )’

where P = H + \/H? + 4bK ABpsps, F = H — \/H? + 4bK ABpay3.

If 0 < F42bugus and 0 < P+2busps, then the model (1) has two positive equi-
libria. Otherwise the model (1) has one positive equilibrium. But F + 2buspus
is always negative value. Suppose 0 < F' + 2bpopus. Then,

O0< F + 2[),[1/2/13,

0 < H — \/H? + 4bK ABpigpi3 + 2bpiapis, where F = H — \/H? + 4bK ABpis i3,

VH? + 4bK ABpsps < H + 2buapus,

H? + 4bK ABuopus < H? + 4Hbuopusz + (2buaps)?,

4bK ABpiaps < 4AHbpiapiz + (2bpiap3)?,

0 < 4buous(H + busus — KAB),

0 < 4bugusz(ABK — busus — Kyaswe + busus — KAB,
where H = ABK — buous — Kyaswe,

0 < 4bugus(—Kyaswe),

0 < —4busus Kyaswe.

It’s contradiction of the assumption. And it’s similar to prove that 0 < P +
2bus s is always true.

Since F' + 2buous < 0 and 0 < P + 2busus, E3 is a negative equilibrium. And
the model (1) has one positive equilibrium Fjs.

In summary, we have two kinds of positive equilibria as follows.

Theorem 3.1. (i) If A = 0, then the model (1) has one positive equilibrium
E, = (Nl*aTl*v‘S’ik)
(ii) If A # 0, then the model (1) has one positive equilibrium Es = (N3, Ty, S5).

3.2. Local Stability of Equilibria

Next, we analyze local stability of equilibria E;, ¢ = 1, 2.
Theorem 3.2. The positive equilibrium Ey = (N7, Ty, ST) is locally asymptot-
ically stable if (%Nf + I)(iNfI — BSTYNT) + Tuspg — yNywage > 0, and

K
otherwise unstable.
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Proof. To show the local stability of the equilibrium FE;, the Jacobian matrix
at E;, i = 1,2 for the model (1) is given by

2b
b— =N/ —~Sf—c—pm O —yN}

_ K
J(Ei) = Sy + asc —p2 o yN;
—BS} w  —fN; — s

The characteristic polynomial of the matrix J(E;) is

det (J(E;) — M) = X3 + a1 \? + ag\ + as, (3)
where

2b * * *

ar = _(b_?Ni =87 —c—p — p2 — BN{ — pa),
2b 2b
az = (b= N7 =757 —c—m)(=p2) + (b= LN =75 —c—m)
(=BN; = ps) = (=Y N7 )(=BSF) + (—p2) (=BN; — p3) — (17 Njw),

20, . . .

az = —(b— ?Ni —9S; — ¢ — p){(=p2)(=BN; — p3) — (a1 yNjw)}

—(= YN Hw(eayS; + aze) = (—p2)(=BS7)}
Put I = po + BN + p3. Then we get that

b
a :?Ni + 1,
ao :%Nj] + N,L*A - ﬁSz*’yNz*’
b
as :XN;(MM?, + N7 A) + YN (waze — S7A).

Then .
a; = ?Nf+ﬂ2+5Nf +p3 >0,

and since A = 0, we obtain that

b
ag = — Ny pops + yNiwase > 0,

K
b * b * * * b * *
araz —az = (= Ny + D( NI T+ pzps — BSTYNY) = (72 N paps +yNiwazc)
b . b . . *
= (ENl + I)(ENll = BSTYNT) + Tpzps — yYNiwasc.
Thus a; > 0, a3 > 0 and ajas > a3. By the Routh-Hurwitz Criteria, the
positive equilibrium F; is locally asymptotically stable. U

Example 1. b = 0.8, ¢ = 0.3177 p; = 0.32, po = 0.58 5 = 0.02, a; = 0.58,
w =01 v =02, ag = 0.68, K = 3500, pug = 0.5, then a; = 1.2970 >
0, a3 = 0.2261 > 0 and ajas — az = 0.1097 > 0. Hence, from Theorem
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3.2 the equilibrium E; = (10.7287,6.5182,0.7992) of the model (1) is locally
asymptotically stable.

Theorem 3.3. The positive equilibrium Eo = (N3, Ty, 5%) is locally asymptot-
ically stable if

(1)?‘7\/’2 (H2ps + N3 A) + yN; (waze — 534) > 0,

. b * b * * * * * *
(11)(§N2 + I)(?Ng I = BS3yN3) + I(paps + N3 A) — yN3 (waze — S3A)} > 0,
and otherwise unstable.

Proof. Since A # 0, it follows from (3) that
b * * * *
a3 = 3oV (H2ps + N3 A) + 7Ny (waze — 55 A).
And put I = po + N5 + us,

b, b . N I
a1ay — as = (EN2 + I)(?Ngl—i—NQA—i—,ugug — BS3YNS)

b
- {ENz*(MM?, + N3 A) + N3 (waze — 534)}

b * b * * * *
= (}Nz + I)(?NQI_ BS3yN3) + I(paps + Ny A)

— YN (waze — S5 A).
Thus a; > 0, a3 > 0 and ajas > as. By the Routh-Hurwitz Criteria, the
positive equilibrium Fs is locally asymptotically stable. O
3.3. Global Stability of Equilibria

Theorem 3.4. If the equilibrium E;(i = 1,2) exists, then it is globally asymp-
totically stable provided the following conditions are satisfied in B,

() + 557 < g

.. . b
(i) (@275} + aze)* < 4zpi2,
(iit) (17 K+ w)? < paps.

Proof. Consider the positive definite function about E;,

V= <NNi - N; 1nNi*>+2(TTi)+2(SSi)'

The derivative of V' along the solution of the system (1) can be written as,

dv N — NF)dN dT ds
N e

G- N a "



148 A.PARK AND I. H. JUNG

After some algebraic calculations we get,

W e DN = N7 = oI~ T = (BN s+ 13)(S — 57
(@S] + 00 (N = NI = T7) + (9N +)(T —T;)(S — §7)
(3 BSE(S — SN = ;).

Thus, for dV/dt to be negative definite the following sufficient conditions
must be satisfied,

(y+85)% < %u& (4)

(2 Sf + anc)? < %ug, (5)

(a1vk + w)? < pops. (6)

Under conditions (4),(5) and (6), dV/dt will be negative definite showing that

V is a Lyapunov function with respect to E;, whose domain contains B. O

Example 2. Let b = 0.8, ¢ = 0.04 pu; = 0.04, po = 0.4 g = 0.01, oy =
0.000174, w = 0.01, v = 0.00174, as = 0.1, K = 14600, pus = 0.5. Hence, from
Theorem 3.4 the equilibrium Ey = (13140,130.1376,0.01) of the model (1) is
globally asymptotically stable.

4. Numerical Simulations

In this section, we will verify the proposed by doing some simulations. We
carried out simulations using MATLAB. In order to have an understanding of
the detailed dynamics of the model comprising of three different compartments,
we do numerical simulations of the model (1).

Parameter Value | Parameter Value
b 1 K 14600
v 0.0174 c 0.04
a1 0.0174 Qo 0.1
w 0.5 53 0.015
J 0.04 Lo 0.04
M3 0.11

TABLE 2. Values of parameters for the model (1).

For the purpose numerical values of the model parameters are standard-
ized based on available clinical date, reflections from analytical solutions of the
model. Another option is to use a logarithmic scale. The model parameters, as
standardized are given in Table 2[15]. Initial values of the variables are chosen
as N(0) = 2790, T'(0) = 1000, S(0) = 50.
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FIGURE 2. The dynamics of model (1). Parameters are as in
Table 2.

A numerical simulation in Figure 3 illustrates the dynamics of model (1),
when the conditions of locally asymptotically stable(Theorem 3.2) are satisfied.
One thing noticeably in Figure 2 is the timing of extremum, that is, valleys at
the beginning. That means that cytokines S help differentiation of T cell.

One clinical feature of IBD is that proinflammatory cytokines is upregulated,
unlike normal person’s cytokines level. The best way to treat IBD is to reduce
the level of cytokines since the exact cause of IBD is unknown. If the factor
which makes cytokines increase is figured out, we can suggest another way to
treat IBD.

Numerical parameter sensitivity analysis show the greatest effect parameter
on model result. The method is that changing each of the model parameter by
+25%. And whenever we try simulation, all parameter fixed expect only one
parameter. The parameters are satisfied condition of local stable. In Figure
3, we plot the percent change in concentration of cytokine. We can appreciate
what parameter to be more sensitive than other parameters. The parameter w,
the rate of S production from 7T influence the level of cytokines S. We expect
if the treatment can control the w, the rate of S production from 7', then that
is the best way for helping to relieve IBD.

5. Conclusions

In the analytical study, we presented the model (1) by using an ordinary
differential equation and we focus on the qualitative aspects within the model

(1).

We observed that the solutions of the model (1) with the initial values
(N (to), T (to0),S(to)) exist and unique, and the solutions of the dynamical vari-
ables N(naive T cell), T'(Helper T cell), S(Cytokines are secreted by T) holds
in the positive where we assume all the model parameters are positive.

In this model (1), there were two equilibria Eq and Es when the condition
is satisfied each A = 0 and A # 0. We found the condition under which
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the solution of the model (1) becomes locally stable each equilibrium F; and
FE5. In Section 4, to understand how different model parameters control the
dynamical behavior of the model (1), we changed their parameters.In Figure 4,
we saw that dynamics of S gets progressively upgraded with the increase the
rate of S production from 7', w. So we expect that w is an important factor in
understanding pathogenesis of IBD. However, the change of b, the growth rate
of Naive T cell or ug, the death rate of S do not influence.

In Figure 4, we saw that dynamics of S gets progressively upgraded with the
increase the rate of S production from T', w. So we expect that w is an important
factor in understanding pathogenesis of IBD. However, the change of b, the
growth rate of Naive T cell or s, the death rate of S do not influence.

We present the following Figure 4 to support the future work. We provide
the same stimulus to Naive T cells(see Figure 4). The times series of Figure
4(a) shows an oscillation of the concentration of cytokines S, which slows down
and eventually stops. But the Figure 4(b) is not. This means that the values of
w is sensitive to stimulus. We’ll be interesting to see how results correlate with
IBD. In further work, we will find sensitive parameters to stimulus and present
cause of IBD and another treatment strategy.
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[Dynamics of S when w = 1.35]

wt- —

States(Log Scale)

0 100 20 300 a0

500
Time(days)

[Dynamics of S when w = 0.5]

—0=09
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w0~ -

B —
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) 100 20 0 ) 500 60 700 00 00 1000
Time{days)

FIGURE 4. Dynamics of compartment S changing w when
Naive T cell(N) are stimulated. Other parameters are as in
Table 2.
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