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ABSTRACT

Nonlinear normal modes(NNMs) is a branch of periodic solution of nonlinear dynamic systems.

Determination of stable periodic solution is very important in many engineering applications since the

stable periodic solution can be an attractor of such nonlinear systems. Periodic solutions of nonlinear

system are usually calculated by perturbation methods and numerical methods. In this study, numer-

ical method is used in order to calculate the NNMs. Iteration of the solution is presented by multi-

ple shooting method and continuation of solution is presented by pseudo-arclength continuation

method. The stability of the NNMs is analyzed using Floquet multipliers, and bifurcation points are

calculated using indirect method. Proposed analyses are applied to two nonlinear numerical models.

In the first numerical model nonlinear spring-mass system is analyzed. In the second numerical mod-

el Jeffcott rotor system which has unstable equilibria is analyzed. Numerical simulation results show

that the multiple shooting method can be applied to self excited system as well as the typical non-

linear system with stable equilibria.

1.4 2
HAGA 2R Y] AESHe APAjzdd
T o] o Bl u| A AEle] ZAF
Hps SR A6l weh Fukrh Wa e she
HEE %E}XV]E EPE} kA Hld A2 H
3

73l (periodic solution)& E=Z3}aL

HIAE A2ES] F|EE EEetal A e de
H’43 312 E(nonlinear normal modes, NNMs)&

1 Corresponding Author; Member, DTaQ
E-mail : leekh@dtaq.re.kr
*  Member, DTaQ

F9) Be AFABREE A7HL A,

WA AFREE 2ARE MAY A2
s7)3t4 % © & Rosenberg "ol 9Jal] Ag A
2t} Rand®+ Rosenberg®] ©o|&< & ¢ o
A vlE7IstE 22 HAE s At
NS A&sileh o] HAdE Ayfrs oL
gHoz % o Audsy] 98 PakVe EA)
2ofFERe] g o84 AFE T
Vakakis V= HME APRES S w19 FHoA
o hez 4ol del WaY HiEee 243
AGatel. Shawel  Pierre™®&

O

ox Hr |0 > i fo

(localization) &

# A part of this paper was presented at the KSNVE 2016 Annual Spring
Conference
i Recommended by Editor Jac Hung Han

(©) The Korean Society for Noise and Vibration Engineering

Trans. Korean Soc. Noise Vib. Eng., 26(7) : 795~805, 2016 | 795



Kyoung-Hyun Lee et al.; Research on Numerical Calculation of Normal Modes in Nonlinear Vibrating Systems

td
i
ulf

center manifold ©|&% o]&3slo] H|AEFA
Aolek3it). Pierre?] ©]&2 Galerkin method

oF 2
S Yo R tAfEAY] By AfREE A
Moz F& 4 ke Aol AW HIFH
(equilibria) S ZHH Holx= & YA g

M APErt dojx= wo] gtk Peeters” =
HIME AR EE A A2gloA 9] Fr)a|= 4
ofgtar FAEIA A WHE
EZ3FYTE Peeterse] W
7Fesh =& odA] A7 G5l 7hsabA Rt
B Fr18o tieiM e A4 & =
o] 9t} el Ha7F EAE 5
2 F718E =52 4 glvke @7} vk
dutd oz FdEY K Hamiltonian) A2l E3 4
#4]-& ofsH|¢KJacobian) 3
o] AfXE T AT, PPl EbET
S AR5 Al(self-excited system)=h
olefgt A XFANA FAR] FrlEE
F= AL A2F] HESES 58 5 o v
spAIRE A EAS FrE e
T 1AREA WA Van der Poll'”A| 28
= 1 A97F vEekth L olfre FIE e =
& (perturbation) 7" <] T} 2% (method of
multiple scales)'” = ¥ (method of averag-
ing)'?& el o]FolA=d o] WHE tAFEA

A Z=Ello| A= Agell gHAI7E Tk
o] =il A= Peeters®] HIAE AHtR=o] of
o AL BHE TAAA AR A s A
Aol FrlElE EEete WS AlQketalat gt

1=
=

o} A &) }\]_/_‘:Eﬂoﬂ}\ig _)':f(]x_’]' _9_‘?[‘% %O]

i)

,.\
es)
e}
£,
=
=,
1)
2
1o
2
ol
b

of

P

multiple shooting methodE #]-§3}c] H|

A BatRes Atete s Agkekch 1
23 Floquet ¢]&& E3] WAE AfrE=9 <t
AEE B8, bifurcation #A1S gt
nx]uto 2 Aoty v|AXE AFRE At F U}
A AN Al AU A AR A
A multiple shooting methodE 24T =4 2~ %-
Qe Azge Aestel waY ABAY L
?l 5RES EAs aea F A oAl

Ae AdAFel ok AAAE oz
E AAAEANA FAH FA8 £E P
Fsge ANHE,

796 | Trans. Korean Soc. Noise Vib. Eng., 26(7) : 795~805, 2016

AEEYL A
Al S 2N

X=Ax, xeR*?

Av,=Av; i=12,-- 1)

71N AL 14 QY el
9, xE WAl A, v,

AFEE, A HA

el s 3

A
=
o
o
i)
X
o
o
odt
)
2> oo lo

FANA T35 o
a7] gaie B Azue] Bz

L asie). WAy 5o el
st 4ol Qo vl Fas)
o A @sh 2o AMggas e

oA BE= AIRE mlEFo] 0] H= HE

i
(
=

ol 1%
tlo
AN
Og(:’t‘

o,
o
o

o
ofl

)
e fo
a

=
o,

o
2

e
lo
rx ooft X & Mo
o X offf
o

=
ofr
)

E=F@), geR?
F=[F;F; 5 Fy]
E=[5:6;5:58N]

@

olE FAow xsH A (3)7 Atk

3)

>,
[
)
° fo
offl
rlo
o

o ogh
L )
i,
o
oxl
1>
£
2o o
o)

ot ol

— X
o2 ;llﬂ
iy
NN
rlr
i
o

{122
%2

&
_1
N

ik

2

P,L

re o

>

An

)

offt

)

s

o
o
on

o,

0,
o,
o
rir
o
Ach
)
ot
ol
fuf
e 2 Kl
o offt Mo
oo

o
2
oy
=2
2
)

ot
Y
o
N
N
o
> 0 -
met ot

2% RE=Z peeters” 9}



Kyoung-Hyun Lee et al.; Research on Numerical Calculation of Normal Modes in Nonlinear Vibrating Systems

o) A AzHANS FAFFE Qlsud @

O~
s A=
@ AN Frlels WA BEH LAl
i=}

rx R

H]
AP HY A|gste] 1SR (teration method)
W
=

B ot

(continuation method)S AFE3le] 42214
g 4= 9ok ool Higk ApAE AHe o)
|4 A} gt

b1 oJ

do fo ¥ 2 0oy

«
[ex

R
=

A

2

2.2 HIME FE BE9 At

(1) Single shooting method

Single shooting method'?& Quk# o=
1

A0l Z7|F2 27 98 ALREHE Zx|FA 7)Y
olty, F7|7} 79 F7134Es b8 A8 wEs)
= ¥ 4 & sl

&0 =8(t+T) @

B olgsA F7

g A2 T A% sde

=
&
[rt

Atk

S0, T)=8(p.T)—E; =0 (5)
Gz 1IN SHE waT g
B BN A A W AZHL el
A7) witol, Hoz FIEGE Hety] fBlA
= 37499 el At Bast. 998
= o9} ol 49 ad
P&o) =8oi (6)

of ATrellAe] f/ekrel A (6 A Ak
o] W9 Aol 0o] HE=E A
2191 21 (58] F718l= o9 o] Newton-Rapson
methode} AR REEH

=
Ji
i)
O%
it
i)
1>
~~
(9]
N
{o,
o
o
o 1o ot

& or {A&;O} _ [—S@OJ)} .
op(&g) 0 AT -p&p)

&g

9 A9l s T2 & ol tid vEGe ofelst 2
o] T EE & % rk.

oS _% _&

aT(éo,T)* o F(&y,T) (8)
0S 0&(&y,T)

B eory=LGe Dy

2 " T, |, ©
0&(1,E,)

&, |, ot A% A SE F

T& 4= o™, o] monodromy HFAM)o|E} &

A,

o d o =

2 (Ei(éo,T)) "% (F(&(&,.7))

d| o oF 0

= 1)) |=— —_— T

dt{ % (&(& ))} 3 a@m{ % (&(& ))} (10)
0

— ,T =1

2 (& ))[:O

(2) Multiple shooting method

Single shooting method= H% 37}
A% #1348 Red A 391 B
Sua7] 98l g FAH el neEg

RS
Fasts ke A2 s Paelth of Wy
[e)
o

=
H
©

2™ multiple shooting method®}
o4+ multiple shooting methodE E3) &<t
g v d G Al A o] XA #|2-3} sfarat

= =
QA'ITE

X [ M orlo mo SLonju

s 12 Tt gol e Mg 3o dh,

A3 gl B & 5 9ok

0=15) <8 <" <81 <8, =1

(11
As; =8 =8

g ArrRee] Aee va 2ol multiple
shooting point E2 X AFT}

& =&(As,T &), fori=12,---,6 (12)

Trans. Korean Soc. Noise Vib. Eng., 26(7) : 795~805, 2016 | 797



Kyoung-Hyun Lee et al.;

Research on Numerical Calculation of Normal Modes in Nonlinear Vibrating Systems

olg F3l multiple shooting = S, & U3}
j

o] A% & Atk

S, =& 1, AST) -8, =0

Single shooting method®} S UsHA F7|31E =
=% 5 Qv v dgEe veat o] fEdEn
M 1 0 0 b ] A% | [ S ]
0 0 : : 2
M, - by AE, o _ —Si-1
0 My oAby e 5,
A0 0 1 0 _
) 0 Aim Sm—%0
% | AT | [~%PGo)]
(14)

o17]4 M= monodromy JE M2 A Ho]
H, o2l single shooting method®} fAFSHAl %
7%k A2 s =M e

_ (18,

=M. M. ,---M.
aéo m= m—1 1

=T

M; = ( &(&i-1:457)

a%z—l dt

F LA
aé,, (GEERRATY))
d 15)

dz{ % (BE1As; T))}

oF
|

As, T))}
SCa sria&‘ -1

= @G LAY =1

5&;

=0

iR &
ATt

= WEQ] b e} 2ol

FL:I

Eil

msi'

- %@(&i,bmm) “ASFEE AT (16)

F71eE A (14 ol&3)
st wj7}#] "k (iteration)S &3 =&HTh

(3) Pseudo-arclength continuation method
JAA TGRS 27 b HAELA 2D o2 W

798 | Trans. Korean Soc. Noise Vib. Eng., 26(7) : 795~805, 2016

& B, zpe TSR Ao
El@ou)ﬂbﬂﬁz@l(j),T(j)); <
£

5 (7)
38 Gt () 1) PGo ()

o FIEE 7%?4?1 Hf‘f&‘ﬂlﬂ (dv)=
(14)¢] zpgre] o u
EJEE%EJ %Li% T

F713re] 3 WA

(o (2P = [0z + 5 -dv

(14) 1—& akef Wk

A ¥ A5 S 53
ok $tt}. Pseudo-arclength continuation'H<] &3}
Al Aaks f18l dvel FAsH WEFo R G4 b
e TRtk vHEN ASWE vHE Fdeid
HIAEATRES 52 oy a7k =58 5
9]

2.3 UMY M7 BEol oHHA B4
MAY AR Y AiRse b 2

H F b mEd} By ¥ S

oh RS B & A% 21200 o

o wslE Ade) Azie 2 2

gtk WA A (5)F & & vEs

E‘0403[:01

= =

_>'4_4‘

3o
o
e
2
o

o
LT D)

)

AS(Ey, T) = é(zo,

Agy + 0(||A§o" )

190l F71d5 el Au F1q5e] %
71z dig WesE A8 A ks

AS(8y,T) = MAg, (20)

A 0= Tl 7] 7R oigk gt
£ 9 4 Qth ol ol gau HAY AR
o444 42 Monodromy FHe| IFAE o]&3}
o E4HY. 4 (155 53] Monodromy dES& =
=% F A TAE EE EE B4 S TS
t}. Monodromy H9 URFUELS Floquet multi-



Kyoung-Hyun Lee et al.;

Research on Numerical Calculation of Normal Modes in Nonlinear Vibrating Systems

plierg}al afm 3+

multiplierE  trivial-multiplier2}iL

191 gkl skt Stk o] Floquet
o] 1 el
Floquet multiplierZ nontrivial-multiplier2hs ghc}.
H|XE AFE=9] nontrivial-multiplierd] A9 gko]
R I I
sith. BE QbR AatREs A2 ‘%‘iﬁ‘r0ﬂ+
gof F717 s ARFA7] Wiel =eHow HAE
3 2 mEa oA

2.4 4|y M+ REQ| Bifurcation 4
LlRk: X*ﬁ—‘?—c@r A AtrEe = & A
1" 5 stde #7187 duA g ®skE
3l Pl Wist & 4 ke Aolth o= of
Wk WMol Wale]| wE s Sehs
(bifurcation)2til Fsh=d AE Apns=E $do
NEZ3} F713=0] ok el Azt gl uhd
HAE AFREE= oUx sl ma o 2y
7 b= gkt
HIAY AatREddAe] 7] T8 oA
4 HstERY HAEEW, 2714 Y Ards
Aol HETHOE ‘JrEP/M+ 0P7] o &o g =
Kl
8|

O
f

C.\
=
o
=
a
<
=4
@
=
[}
o
~=
x
il
>~
bl
FO
Ol
-
2
A
_{
)
2o

Table 1 Material properties
(spring mass system)

of numerical example

Symbol Unit Value
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