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Adaptive lasso in sparse vector autoregressive models
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Abstract

This paper considers variable selection in the sparse vector autoregressive (sVAR) model where sparsity
comes from setting small coefficients to exact zeros. In the estimation perspective, Davis et al. (2015)
showed that the lasso type of regularization method is successful because it provides a simultaneous variable
selection and parameter estimation even for time series data. However, their simulations study reports that
the regular lasso overestimates the number of non-zero coefficients, hence its finite sample performance needs
improvements. In this article, we show that the adaptive lasso significantly improves the performance where
the adaptive lasso finds the sparsity patterns superior to the regular lasso. Some tuning parameter selections

in the adaptive lasso are also discussed from the simulations study.
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S W g ¢ Edew 24
g 4 = WER7]AHS] 7] 2 (vector autoregressive model; VAR)Q] £4& t}Erl. VAR &
2 HEE Alo)9 £33 (interdependence) & A 3Fo] AlZbol| W2 F< FA (temporal depen-
dence) & A% FTHAAE Yeldle BFolr). By FAF O R WA Apdo] Kl thi=k AAYE A5

Yi=AYi 1+ AYi o+ +AY p+ 2, t=1,...,T (1.1)
o7 FolArtt of7]o| A o]x# o] (innovations) {Zi,t = 1,...,T}= FEo] 0o RA-FEA 3
43,8 2L K 299 iid. FEHSoth Ay, A, i7]7}-K><K°1 A4 PAEZ ARA

VAR 232 Sims (1980)5 WX& AFAARRE 252 7143 84, 3§ oA ¢ &2 5
ge e mage] walAth AW, Aol We 4] £k AFREE S5 o) AF
2 A3 glol nA AR A 249 oldg Buk ohet o =2 A5t} HAe) olHSS T
This research was supported by the Basic Science Research Program from the National Research Foundation
of Korea (NRF), funded by the Ministry of Science, ICT & Future Planning (NRF-2014R1A1A1006025).

LCorresponding author: Department of Statistics, Sungkyunkwan University, 25-2, Sungkyunkwan-ro,
Jongno-gu, Seoul 03063, Korea. E-mail: crbaek@skku.edu




28 Sl Gi Lee, Changryong Baek

11

s 5 B2 ZAIE AR Ut ole tig & 71| A A SR VAR B
<+ S A 022 FoEH FHBI ok Ay RAE Eolv & ‘i|

3 (sparse VAR models; sVAR) o] =2 x}¢oAe] VAR 29| 2AL 2gd 9}% 23oz Aok
= St

olg} HEo] 7| A EFE okl A AHH I]FAR YA Z41H (shrinkage method) 22 A7]F lasso=
FAAFE 70 AlF Ee FAgeRN W Ad 8 B 242 FAO] sk 22 Tibshi-
rani (1996)°] 2J3] A= om 25 T4 ATE FojA 1A HolEoME 2y AHS Ago] B

2=t g EE0°] Hsu 5 (2008), Huang 5 (2008), Hastie 5 (2015)°] it}
weba] o213t 35 oA Davis 5 (2015)& AAE 23l sVARO| lassoS #g3to] 23S 24
sk Zloll thalilAl Attt SkAIRE Davis 5 (2015)9] 2YAI R WEH lasso o] thAlF o=
sVAR B3 9] AeFAoll= Astt 0olobd Ao A7 gkt 4 AEE g dSS &2
st olof wet B =FollA= adaptive lassoE AREE ¢ B o] FA lojA] wlp- =etulE
S ASTFEE A & YLE Bk & W% F =ol27t ¢l sVAR EF o ATt 2 By
A= o] obd AFE vl-¢ AFeiA AHTS Btk S adaptive lassool]l BR3F {Fd 2549
Ao M= A= 9
o] =& thad Zo] FA4E Slth. 27%olA = AR 4AE A BE T 3 E A7 Fa3 ] B
= AEl ¥l ol Jassos}t ©]E ASdte] WHAAIZ] adaptive
RS &3 adaptive lasso”} lasso®E T} o] old A4+ELS
T 7 2o Mgl tiajA] =ty iAo g 57 = 2

lassool] IS)A A Ec). 3& ok
UH 2‘]§]—’5]—7ﬂ 7(1—0 0 EO]E 4%1.01]/\‘1
e R

2. HEAP |27 @Yol A FE S

2.1. FAASHY(OLS), Z|LEFEE(MLE) ¥ X =2 (Ridge estimator)

B Fo| A= Ao] Kolal 257} pel VAR(p) 23 (1.1)Y ARAS A,..., A, R thsiA 7+
ks a7sicy. A thEEE AIAIE AR Y, .., Yol "isiA {Y e 93 (causal process) Y
A3tk VAR(p) B89 4L $3l9 Liitkepohl
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Y = AL+ Z. (2.1)

Y = (Y1,)@,...,YT), A= (Al,Az,.‘.,Ap),
Li:=vee(Yi,Yior,...,Yips1), L:=(Lo,Ln,...,Lr—1), Z:=(Z1,7%,...,2r)

U Yo ppn,..., Yok 001tk 54 (21)€ A Mg g0z Ao thgw} 2o,
y:=vec(Y) = (L' ®Ix) o+ vec(Z), «:=vec(A)=vec(A1,Aa, ..., Ap). (2.2)
A Haxpsyol 7vke £ F4%2(0LS)

6% = argmin|ly — (L' ® Ix)a|? = ((LL')flL ®Ik)y
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olT [lzf == /2T + -+ 2202 BH =Lolt}. ol:mulo] A {Z, ol th3 BA-FEA Y] £
Fe et 2k

- 1 d AN % A

PP = X (M) (W) R APV AP, (23)

t=p+1

oliewlold {Z: ol chahA] chaws AfREE PISHE A9 =FAFMLE)E 2 5tk b
=3
a1 T

T
. 1 S >\ 5 i A
SMLE _ z 3 (Yt _ Yt) (Yt _ t) . D= AMIPY, 4 AMERY, (2.4)
t=p+1
FARHoA 2ol tEH ] F4m (shrinkage method) Q1 212 F7 %F(Ridge estimator) ©]-3-2h
e 7137 By A FHL

& = argmin {|ly — (L' ® Ic) a|> + Ma|*} = (LL' & I + M g2,) (L ® Ix)y
07 FYRS A7 SIH e weba] 49 =7 AsFIth o]mwo] el thek Bk R4l F S

T
Srigde 1 v S\’ v Aridge Aridge
S = 3 (H-R)(N-R) L B= A Y, 25)
t=p+1

2. YiHSIQEAIO] Jasso 2 adaptive lasso

2
W A3} 9419l lasso= Tibshirani (1996)¢] &J3] Aok o= 8z &
2| =

& gkl Al FavE 1
218 2ol HlalA 24 Bl 6 WARE, 3 ol = loa| - + v & DS W50 M S
48 B £HTHE A ARE DFo] RolH The H71HolE o oItk Davis 5
(2015)= =olzo) thet o242 el gt HEA7|3 7] RPN lasso FAHFE v 2ol Bt
e,

a'***° .= argmin Qx(a, $z)

[e3

_1 _1 2
= argmin {TlogEz—l—H(IT®Ez2>y_ (L/®Ezz>a +)\|o¢|1}. (2.6)

B0 4L AR 3 &S (coordinate descent algorithm) ol ],}3]—01 10-fold CV/(cross-
validation) 2 FYRESF A F430 B4F 384 4E S BF oF HHEH o= dU|o]E = T}
2o YnelHe AT
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Lassog ©]-§3 W53 VAR 2% 344

B 3RO HEe] 273 57 44,
2. B4 aoh B4 3R AE 9,8 £ w7 ofie} 2L pHow W
2.1. FFE 317 ¢F 2 10-fold CVE 58 FYuS A A8S B3] 243 A4

a® D) = argminQ, (ogEg“)).
«

2.2. S0 — (1/T)(Y — AFTVL) (Y — ARV LY o*F+D = yee(Ak+D)),

VAR 20|42 lasso W E0] o3t d7 2= tEF 22 Hsu 5 (2008), Song} Bickel (2011)°] 91
om 2 B A77h AW D ek AW, BIAFS B Davis 5 (2015) lasso® o158
S M4BT AS 240 BT A O B Gl ok ASE FANE GRS AHA
t}. )&= 3}A Arnold 5 (2008), Lozano 5 (2009)°] lassog ©|-§3+ AR B3 FA o] AAKT} A=
@ A5E 24 AF0] Yrky %A A% 1 WeE oAtk Hrp 2RA0E iid 37 2 7}
A sl Al Zou (2006)“ lasso o] W4 A= o];qsz,]. AoA AFAE A o ¢ g2 vy
olgld tHS Hest7] A3lA adaptive lasso FAFS 27083t 1 ofolt]ole &2

A& Aol A o B2 7HERE FolA %?7} AEE 2] XA oh= Zlolth wEbA] B
adaptive lassoE ©]-&dto] S MBI R Y-S FASAS B-7ol owd A5TFds 71T = Y=
AL EdA vs| A} gt FA|F S E adaptive lasso= o231} Zo] FojHAtT)

a = argmin Q% (a, X7)

2

1
_argmln {T10g|§]z|+H(IT®Z )y— (L/®2Z2)a

oA7lollA we 27] FAF] = o]FoX ZteA HHRE jHA T2

+)\|w/a|1} , (2.7)

—_

wj =

, 7v>0 (2.8)
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o7 Folrt. webA 22 Aol B2 EAS FHsto] lasso RPHT B 3utE By AH S
At o2 adaptive lasso S AlASH= vHE A1 E]SE A2 s Aot}

adaptive lassoE ©]-&3} vlE2x VAR 23 23
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2.2. S0 = (1/T)(Y — AFVL) (Y — ARV LY oD = vec(A*+D),
2.3. wkt) = 1/|ak+D|7,
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oeAel et o4 ATHE waAch R 2Pl e F X AR (Data gener-
ating process)= ARE3IITE A WA DGP(DGP1)= VAR(1) 2ol oA 72] do] obd AFE 7}
A= sVAR(]; 6) R¥o 2 Zygae

X1 8000 0 O Xi11 Zia
X2 000.3 0 0 Xi 10 Zia
X 0000 —.30 X, Z
63 | _ t—1,3 + t,3 (3.1)
Xia 6000 0 0 Xi 14 Zia
Xi5 0060 0 O Xio1,5 Zss
X6 0000 0 .8 Xi 16 Zis
oln, T WA DGP(DGP2)+= VAR(2) 230 o] obd A7} 127091 sVAR(2; 12) Z@o=
X1 8000 0 0O X 11 200000 Xi oa Zia
X0 000.3 0 0 Xt 12 0 0000.3 Xi o9 Zi o
Xi3 _ 000 O0-30 Xi_13 n -300000 Xi_23 " Zt3 (32)
X4 6000 0 0O X/ 14 6 00000 Xt 24 Zia '
X5 0060 0 0 X 15 0 06000 Xi 25 Zis
X6 0000 0 .8 X 16 0 04000 Xi 26 Zis

ojty. 7| A olimo)ld MEIQA (Zy,...,Zue) & Fd©] (0,0,0,0,0,0) 0] B+ FEAF P&
Yz

6% 8/4 6/6 6/8 §/10 6/12

§/4 1 0 0 0
4/6 0 1 0 0 0
s,=| % (3.3)
§/8 0 0 1 0 0
§/100 0 0 1 0
§/120 0 0 0 1

2 Zol7 Ay ATRIE GErky ARseTt

2oy Ax 7+ S50 HeAE A5g Q9] 93 SA3o 2= RMSE(root mean square er-

ror), Go] opd A2l 4=, MSP(mean squared proportion)E 1834tk 4, RMSE+ 3 #2]
3

O iWA WHEel thek sVAR 2Y £74 Aoty thioz o] opd A
F49 A Bl Fo] obd Ao £ BEgeE vehd gholot. uvh
ol opd Aol tet A My (i, )= Belshd v=3 At

1, if Ak(4,J) is non-zero,

0, otherwise.
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Z2% 2oF AT MSPE o123} o] HeHy.

MSP = r 30 (Milins) - (i)
i, k€T

71914 Mi(i, )= k¥R AR A5 4, i8] 9249 Au(i,j)E Qo] ohd A FAse dues
£ oy ARG T = {(k,i,5)|k=1,...,p,4,j € {1,...,K}}°]t}. MSP %,\LO] 00l 7VI7E&4=
F2 452 Uehle go) 245 24 4%0] $4 B2 e,

ol RJAF AN = thEo T7HA] el thaiA] v E skith WA iid. 7HelA SLE lasso B
adaptive lasso(al) ®}HO & Z}7} 4=2] (2.6)3} (2.7)01]/‘1 Yz E Ik 2 tAS ek T AlAE
BNt iid. 78S A 2B E Davis 5 (2015)014 Alkst it 3EA 4 Juo|E WY
283t lasso WHES EOIZS (2.6) ¥PHES 83T o]+ adaptive lassool] 23 4 A9 4
AA] FL eol= WE e Ri-FR4e AesIulEel FoiAle A FEAAES 8] s 2
AT A olrt.

gl

¢

A 2278014 APFIRol] adaptive lasso S WA FAESS T3 FAH] M 232
A BEe] 27153 7HsX 7 WE (2.8)0] Bostth B ARdA e H2AEF A 3 (al-OSL), %
=343 (al-MLE), i.i.d. 7133} lasso & ¥ (al-Lasso), R1A] A (al-Ridge) Wl 74 #HE 53l
ol 271 FAgkel teliA] dolx k- iAt B8 A (2.3)-(2.5)& ARSI BIA] FAH
A9 Fd B A 4L Culed} De lorio (2013)2] #H S wgith

Al 37| #/4- adaptive lasso BHOl thet 24 52 3.180A AT Ey ZEF7]) gt X

| =
3.28 A th£H adaptive lassoo| ZL3F FUYRS ol st A= 3.380A] AgEry. RE 29
A A= F 50019 e B35 A=k

3.1. adaptive lasso2| Ms

E Ho| A& adaptive lassod] 4 dos Foli7] YA FY BF vy =14 88 37T =
1000l thaiA] oAl AAIEE 7742 S 5 7FA DGP 23l A8 435 Hudct =3 ox
Ho] 9] FAR-FRAR] olx Aro] e T ApolE B7) A 4 (3.3)olM B4 6 =1,5,10
Al 7R Aol tisiA A3-E Akt

Table 3.1 2 W5 DGP 23 2l sVAR(1; 6)°ll thst A}olt}y. A v -2 4324 FE S ol
Edle= ¢85S AE-3 adaptive lasso WA Z7]3H(OLS, MLE, Lasso, Rldge) o] wel 1 23}
£ A 2o, oAl | A 49 Lassor Davis 5 (2015) 0|4 ARS8t 2424 8-S oo E
3he lasso WHHE UeRATh upAg T G2 o]iwo]d FEAb tieiA iid. 7MY, & Yz = Ik E
7}24 % Zou (2006)2] adaptive lasso(al) @ lasso ¥}H-&(Lasso)< 9| v gttt WA adaptive lasso Y
o] lasso "ol v]afA] 2+ RMSE, o] obd Al5¢] 2kl 0o AR o 77k gh= & MSP7L 5
A5HA ZolR S B 4 Qvy. EARFEAF Y-S 18 FHR] gtt Ex|gtE adaptive lasso -2 lasso
HHET AN o 2 A4S HYS & 5 ol, & Y-S S3A adaptive lasso7t 39 B3]

8ol 2400 9ol e FL A5e BUE L Ak AW o2 Aw 7 AAE 2
B8 AR TA FY0) 294 B2 adepiiv lusoic} ol F& A E 29E L 5
£/ AR DAL S FYFE AGADE DR UKD G5 eln ek 9 £l o
SEARE A BUY I FE FAFo1710] VAR BYoIA E o Adazie FAolekn A
76197 T2 Zhang 5 (2008) SolAE X kol L AAEE] 230 oA B ol



Adaptive lasso for sparse VAR 33

Table 3.1. Performance of adaptive lasso with initial estimator from regular lasso for DGP1

5 Sigma update Yz =1k
al(OLS)  al(MLE)  al(Lasso) al(Ridge) Lasso al Lasso
RMSE 0.071 0.070 0.069 0.267 0.120 0.069 0.121
1 Non-zero coef 6.602 6.644 6.116 6.550 15.240 6.124 15.758
MSP%100 0.038 0.043 0.002 0.038 8.420 0.002 8.898
RMSE 0.055 0.055 0.055 0.178 0.089 0.136 0.207
5 Non-zero coef 6.050 6.050 6.012 6.060 17.152 6.784  12.076
MSP%100 0.001 0.001 0.000 0.005 16.643 0.347 6.213
RMSE 0.055 0.055 0.073 0.203 0.074 0.315 0.394
10 Non-zero coef 6.000 6.000 5.976 5.966 18.900 6.434 10.394
MSP%100 0.000 0.000 0.002 0.006 22.857 1.569 5.386

DGP = data generating process, al = adaptive lasso, OLS = ordinary least squares, MLE = maximum
likelihood estimation, RMSE = root mean square error, MSP = mean squared proportion.

True AL (lasso) with sigma update AL (lasso) proportion of non-zero coef.

Figure 3.1. The comparison betwen adaptive lasso with initial estimator from regular lasso and Davis’ method
for DGP1.
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Table 3.2. Performance of adaptive lasso with initial estimator from regular lasso for DGP2

5 Sigma update Yz=1kg
al(OLS) al(MLE) al(Lasso)  al(Ridge) Lasso al Lasso
RMSE 0.069 0.069 0.073 0.511 0.183 0.078 0.155
1 Non-zero coef 10.996 10.992 10.736 13.904 29.992 10.626  33.930
MSP%100 0.020 0.020 0.047 0.565 11.533 0.107 13.914
RMSE 0.265 0.270 0.373 0.474 1.003 0.347 0.180
5 Non-zero coef 8.252 8.232 8.644 14.430 22.906 8.976  25.518
MSP%100 2.890 2.922 5.483 3.495 14.604 4.578 13.913
RMSE 0.301 0.354 0.367 0.594 2.165 0.423 0.276
10  Non-zero coef 8.200 8.074 8.040 16.514 14.838 8.548 24.886
MSP%100 3.207 3.354 7.179 6.502 14.728 6.548 17.701

DGP = data generating process, al = adaptive lasso, OLS = ordinary least squares, MLE = maximum
likelihood estimation, RMSE = root mean square error, MSP = mean squared proportion.

True AL (lasso) with sigma update
2 o o o 03 o o 0 0 I J o 03 2 o o o 027 o 0 o o o J J 0.25
EI o o o @3 o @3 o 0 o o o 3 0o | o o o 02 o 028 o 3 o 0 o

000001.00002000.140000200

0’000GOOOOO‘OOO.JS*OOlOODl

5 029 0.16 ‘ 0.47 019 033 0.23 019 015 . .

Figure 3.2. The comparison between adaptive lasso with initial estimator from regular lasso and Davis’ method
for DGP2.
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Table 3.3. The effect of sample size for DGP1 with § = 5.

T Sigma update Yz =1k
al(OLS) al(MLE) al(Lasso) al(Ridge) Lasso al Lasso
RMSE 0.224 0.231 0.188 0.456 0.230 0.485 0.539
200 Non-zero coef 9.180 9.256 6.666 8.578 16.976 6.854  12.504
MSP%100 0.967 1.012 0.091 0.787 16.150 1.966 6.917
RMSE 0.082 0.082 0.077 0.197 0.120 0.244 0.313
500 Non-zero coef 6.626 6.654 6.134 6.656 17.152 6.962 12.088
MSP%100 0.047 0.050 0.004 0.063 16.690 0.786 6.260
RMSE 0.055 0.055 0.055 0.178 0.089 0.136 0.207
1000  Non-zero coef 6.050 6.050 6.012 6.060 17.152 6.784  12.076
MSP%100 0.001 0.001 0.000 0.005 16.643 0.347 6.213

DGP = data generating process, al = adaptive lasso, OLS = ordinary least squares, MLE = maximum

likelihood estimation, RMSE = root mean square error, MSP = mean squared proportion.

S (2015)9 A ARE-SE BEAk-FEA JES 18t lasso FA | lsA 4 gkl dist 235 g oF
shith AT 952 Fger ARATS # ol ofd Ao A5 vehdth J2la A $3
£ adaptive lassoo] 214 Qol7 2ASe) BFL Uen], 4w 0 2% gL o] ohd ALS
o ME4E Uehdch ot Y3 IUEL Davis 5 (2015) oA A3 BALZEA P 183t
lasso 372 hafA] zmk%sﬂ B3t o] opd ASE WE5E vhehdch shae] 2YelA 2
& 51550l lasso 9] A9 002 2ok T AN o] ohd Froz A3t} o) £ 3
o] 922 Folsk 4~ /\lr/]. 5].;(] 9k adaptive lassoS AR A 24 L o] old Ao X 2

T 35 e APgA 4TS & 5 Aok
T WA DGPl| tgt Z7}= Table 3.29} Figure 32004 gtolg 4~ itk A WA A3 ZAze} vja}
Al sVAR(2; 12) 2.2 AR A7) 2 B3 23| A% adaptive lasso7} lasso ¥PH 3} vl ste] &
NY £ 458 BYS &A% 5 k. ot B39 23] A9 g mo]= Al 69 Fro] Eof
A& adaptive lasso FRF of 2} lasso o] & T Fukst B3PS e A2 THRL AMER o] B
2ol it =% A7 dasitia AdH

o
FH

Z23000l WE ds e

3
B =504 183t adaptive lasso?] A5o] BE A7 we} oD A Walsl=R]d s Lolr 7
FA3hA & Aol A= adaptive lasso®] Fd B4y = 1o thaiA] olicwlo] e} R 2 63ke
5% 1AsI, TES7) 200, 500, 100022 =713 wleg} adaptive lasso 42 A5S v st}
Table 3.3% DGP1e] thst Aottt WA 22 HE4Q T = 2002 HRS 2 AYolA 18et 2
E Aol tsiA] adaptive lasso7} lasso BHHS 7AA 7| I Ay T3 =222 B £ A} =
gk, e ﬂ717} Z71stolnpel RMSEE |33 A5S 57} gashks FAS 8 4 ok =3 27
grel 2740 A9 X 2R AAFTAE 2 4L 7117 FEY 1id-& HEE lasso 2ol
2E A ]/\1 Zashtul FR 2L 4SS Bk DGP2e]| et AT Table 3.40] £ ko] 9}
DGP13} Zo] adaptlve lasso7} lasso B} E T o] £& A7E F3o1 OLSE o] &3 7]
Vg F& AR 230tk DGP13} vlwste R Yo] B do) mek RMSEE ¥)%
FAZaN R —7—/\“% EOZ]—T—X]»E— 235G FHo| Z71e4E o 3uksl 2388 2= Agko)
o

+= lasso ¥ adaptive lasso B5F 7HA]1 Q= AZEE 7 AF7 Z23F Sn2& A

©O:
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Table 3.4. The effect of sample size for DGP2 with § = 5.

T sigma update Yz =1k
al(OLS) al(MLE) al(Lasso) al(Ridge) Lasso al Lasso
RMSE 0.155 0.169 0.199 0.759 0.397 0.382 0.437
200 Non-zero coef 12.680 12.268 10.456 17.898 28.764 11.918  26.520
MSP*100 1.012 1.059 1.265 3.171 13.289 1.180 9.380
RMSE 0.197 0.205 0.305 0.579 0.823 0.293 0.212
500 Non-zero coef 9.288 9.158 9.436 14.818 22.348 10.270  25.036
MSP%100 1.579 1.705 3.452 2.609 12.029 2.308  10.219
RMSE 0.265 0.270 0.373 0.474 1.003 0.347 0.180
1000  Non-zero coef 8.252 8.232 8.644 14.430 22.906 8.976  25.518
MSP%100 2.890 2.922 5.483 3.495 14.604 4.578  13.913

DGP = data generating process, al = adaptive lasso, OLS = ordinary least squares, MLE = maximum

likelihood estimation, RMSE = root mean square error, MSP = mean squared proportion.

Table 3.5. The effect of tuning parameter v in adaptive lasso for DGP1 with §=1 and T'=500.

sigma update Yg=1k

K al(OLS) al(MLE) al(Lasso) al(Ridge) al
RMSE 0.124 0.124 0.115 0.264 0.118
0.5 Non-zero coef 10.414 10.436 7.980 10.074 7.866
MSPx*100 1.889 1.925 0.382 1.664 0.342
RMSE 0.105 0.104 0.099 0.391 0.098
1 Non-zero coef 8.162 7.982 6.620 7.610 6.530
MSP=*100 0.452 0.381 0.038 0.300 0.029
RMSE 0.097 0.097 0.097 0.370 0.097
1.5 Non-zero coef 6.221 6.222 6.025 6.025 6.022
MSPx*100 0.006 0.006 0.000 0.017 0.000
RMSE 0.100 0.101 0.104 0.568 0.105
2 Non-zero coef 6.003 6.003 6.000 5.697 6.000
MSPx*100 0.000 0.000 0.000 0.051 0.000

DGP = data generating process, al = adaptive lasso, OLS = ordinary least squares, MLE = maximum

likelihood estimation, RMSE = root mean square error, MSP = mean squared proportion.
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Table 3.6. The effect of tuning parameter v in adaptive lasso for DGP2 with §=1 and T'=500.

sigma update Yz =1k
K al(OLS) al(MLE) al(Lasso) al(Ridge) al

RMSE 0.137 0.136 0.111 0.283 0.115
0.5 Non-zero coef 18.928 18.754 14.606 20.940 14.644
MSPx*100 1.615 1.544 0.344 2.752 0.352
RMSE 0.265 0.270 0.373 0.474 1.003
1 Non-zero coef 8.252 8.232 8.644 14.430 22.906
MSP*100 2.890 2.922 5.483 3.495 14.604
RMSE 0.292 0.296 0.452 0.941 1.056
1.5 Non-zero coef 7.764 7.752 7.828 12.460 22.586
MSP=%100 3.764 3.787 6.408 6.255 14.827
RMSE 0.289 0.291 0.416 1.971 1.014
2 Non-zero coef 7.584 7.566 7.680 10.566 22.576
MSPx*100 4.148 4.188 6.678 7.124 14.474

DGP = data generating process, al = adaptive lasso, OLS = ordinary least squares, MLE = maximum
likelihood estimation, RMSE = root mean square error, MSP = mean squared proportion.

7F 3A ATt

DGP20] tat A3} Table 3.6 EuE Al d7]d= 5 B4 4o tist 37 & o 29
s Uehdth. A ygke] SHESE AV H AARR £ H e 2y A

RMSE< S7Fste %= Ak A, ol ofd A2 7HT°ﬂ Hjsi A RMSE®S] ®sh= 12| =

2] kot B M EIR} 7 43 R3] Ao A adaptive lassol] Fyd B4 0] JFL 2@t I X o
™ = y3ko] 0.5~1.5 Abele] FrolH AF A8 BA40A F tﬂ T2 AFHE AT Aoz Bt}
4. 22

SIS AAY MHE 29 49 SEIAL G W &
YOI 2 ERANE NHAIRARYS AL 22

w2713 A 2y FAgolA Bl
435t A ReEE B .
lassos AFESIGlS o 7MY & A Y
£ A F4FY B M R AsS B

F73 % (al-Lasso) 7} &2 37], Fd B 5ol gt 8%
Bt} m3l, adaptive lassod] £ B4
7} F7VSIEE T 3uket Y-S A
olo] W ejolA9] gkel B¢ TES F2 A

@%}(al—OLS) Z2 iid. 7133y lasso

PHo2 FAAE W Y 2 A

e yFko] SRS °§°ﬂ 77k e AlgEol uls 7]‘?*]
F3HAl 3R] = ool thEk .5olA] 1.5A}

References

Arnold, A., Liu, Y., and Abe, N. (2008). Temporal causal modeling with graphical Granger methods, In
Proceedings of the 13th ACM SIGKDD International Conference of Knowledge Discovery and Data
Mining.



38 Sl Gi Lee, Changryong Baek

Cule, E., De lorio, M. (2013). Ridge regression in prediction problems: automatic choice of the ridge pa-
rameter, Genetic Epidemiology, 37, 704-714.
Identification of synaptic connections in neural ensembles by graphical models, Journal of Neuroscience
Methods, 77, 93-107.

Davis, R. A., Zang, P., and Zheng, T. (2015). Sparse vector autoregressive modeling, arXiv:1207.0520.
FEconometrica, 37, 424-438.

Hastie, T., Tibshirani, R., Wainwright, M. (2015). Statistical Learning with Sparsity: The Lasso and Gen-
eralizations, CRC press.

Huang, J., Ma, S., and Zhang, C.-H. (2008). Adaptive lasso for sparse high-dimensional regression models,
Statistica Sincia, 18, 1608-1618.

Hsu, N.-J., Hung, H.-L., and Chang, Y.-M. (2008). Subset selection for vector autoregressive processes using
lasso, Computational Statistics & Data Analysis, 52, 3645-3657.

Lozano, A. C., Abe, N., Liu, Y., and Rosset, S. (2009). Grouped graphical Granger modeling for gene
expression regulatory networks discovery, Bioinformatics, 25, 110-118.

Liitkepohl, H. (2005). New Introduction to Multiple Time Series Analysis, Springer-Verlag, Berlin.

Song, S. and Bickel, P. J. (2011). Large vector auto regressions, arXiv:1106.3915.

Sims, C. A. (1980). Macroeconomics and reality, Fconometrica: Journal of the Econometric Society, 1-48.

Tibshirani, R. (1996). Regression Shrinkage and Selection via the Lasso, Journal of the Royal Statistical
Society, Series B, 58, 267—-288.

Zhang, J., Jeng, X. J., and Liu, H. (2008). Some Two-Step Procedures for Variable Selection in High-
Dimensional Linear Regression, arXiv:0810.1644.

Zou, H. (2006). Adaptive lasso and its oracle properties, Journal of American Statistical Association, 101,
1418-1429.



Adaptive lasso for sparse VAR 39

ot

Adaptive lassoS 0|&

5| SHSIE| K} 7| 2|7 B0 ML B4 ey

_I-I-

[.
['
J

0|&7|e - vixtgael

1o

a
a2

o

o}

]
El

S

(20154 10 27 F4, 201549 112 262 £, 20154 112 30 X&)

Q9
B rEe o AAG AR BA0A TEAQ e ARGl B SRl thaA A7) 3
B ARG ol ke ASE ool Joz FowA UL Hu fam weby W AE B
AL 7N B 5 51 lasso® o1& PUEL AAMEAIARYS) 40 & 9k AU Davis 5
(2015)01 4= R ABL B3 LuHA lasso®] 2% Folohd A5E Ak WA o ol o} Al oy
o) $1g-% Bastslch. olol Wt AL o el A1 B el adaptive lasso 1884 W lassonie} 3
S N2 e Aol mae) F4o] i folshl ANEE BTk =3 adaptive lassool A 2ol Fid mA

TRE0: JUHIEXI|E|H2H, adaptive lasso, JIAFH Al AL

B

o] £EE 01UE AR (MAFEATT)Y] AN FFATAGY AAL Wol £AH NZATAYY

(NRF-2014R1A1A1006025).
LA A (110-745) AL EWA 227 AP B 25-2, 47BN T £A4 87} E-mail: crback@skku.edu



