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Abstract

This paper proposes a parsimonious periodic autoregressive (PAR) model. The proposed model performance
is evaluated through an analysis of Korean unemployment rate series that is compared with existing models.
We exploit some common features among each seasonality and confirm it by LR test for the parsimonious
PAR model in order to impose a parsimonious structure on the PAR model. We observe that the PAR
model tends to be superior to existing seasonal time series models in mid- and long-term forecasts. The

proposed parsimonious model significantly improves forecasting performance.

Keywords: seasonal time series model, parsimony of principle, seasonality, ARIMA model, Holt-Winters
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1. ME

g RHE] AAE 27, & o] FUEAYLHGDP), AQE, FEuu7ld, &A1& 59 FAANRE
< B9 A uet dAS o] vHEEE AEE A2 v AEAA EAAME AR AEx
AE Fa A et AES A A BEPsel= o] dutdolnt, o3t AR A o] AREAS
e = Qo AT AEo] HaEe] gt} o|lE &9, Franses?t McAleer (1998), Matas-Mir2}
Osborn (2004)E Zrarstolet. o] wel AEA WHES Al B sy 948t AZE 2P
3t o] 24, AFH A7t Eite] JAE 1 Tt

ARE 2YP3elr] 93 B2 A7t Q9 1 F hEAQ 2ol Boxe} Jenkins (1976)2] SARIMA
(seasonal autoregressive integrated moving average) R & o|tt. ECIE AZE AAE 2oz AAE
H3HE 53 =(level), Al (trend), 7 Z (seasonality)Z 2 &3}3H= Holt-Winters 28 o] lom
ol o= A AAE S B3I Ao B2 By E0] AFE o] gt}

E =FdA 2713 PAR(periodic autoregressive) 232 Add] W& HE5S AZE=E tf=2A 9
BT 5 e BPORA, A gL B4E aHste] Y3t 714 AAYE 2 (periodic
times series model)2] Q42 Pagano (1978)°] 23l A 7% 212W Osborn3} Smith (1989) 4 73
Al FAo aqHATE I o]F AFolA McLeod (1993)+ W2 28 PAR RE¥ntogr F7|4
AALE A3y FE3tHe AL w3len, Osborn (1991)2 F714S FASHE AZxA Fod=
F718 W5E 7HAA =Ho dEAd Art A Bt HZole F A9 PAR AE 37 {5
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FAA ¢2YEE o83 WY (Ursue}t Turkman, 2012)0] AFE T glom =y Oﬂ:rLE Lee &
(2012)2 PAR 2¥9] 449 el PARMA B8-S o]83}o] Arosa AW AEd &=
e 2ol A SARIMA Rauc 774 o] o S43h8 Btk 22} PAR R 3L e
2 Aol weh 24el 47} wes ol BAEE AT sow, ool dia ANE A% AT
Lund 5 (2006)2] AT o]gjo= HZ=3) A7 o)
B =7 249 71 @2 PAR 230l AE3 A FAS Bostal ofo tigt L
dol 24 Aot 2o ojg AT stk wa, AYE AL AAL AR EAS B
PAR 233 SARIMA ¥ Holt-Winters 23 7+9] o %88 v w3}t

H =R & 5302 FAT ] glon 27 oA SARIMAS} Holt-Winters 28-S 471313 3734
+ PAR 289 e, 49 2 24 FoF 2y 2£7]3 ZE (periodic integration)
ANAE = AY9E ARE o8&t RFY AF B ASAHFTE vl st 573k

At

g

> N‘O

2. HEH AZ ML 2

0

2.1. SARIMA 2d

SARIMA %38 Box% Jenkins (1976)0] 2Js] A$HE m3og Ad HES z2k= AAIES =
317] 9Jste] 7 dE] ARSE I gtk A|A P o] A (stationarity) S TFEELA] R AL u]A
< AAB] S8l A2 ol8ste] AYAE WEAIZL & ARMA 23 AgetA Ak AAL v, 7k
ARIMA(p,d, q) x (P,D,Q)sS w24 oo} Zo] 3T 4 Qitt,

=

¢p(B)@p(B*)(1 - B)'(1 — B*) y; = 0,(B)Oq(B")e:. (2.1)
ojuf,
¢p(B)=1—¢1B—---—¢p,B?,  &p(B°)=1—-® B —...—dpB"",
0,B)=1—60,B—---—0,B, 0g(B)=1-0,B"—... — QB

S vehdth o, p,d, g 47 AR A4, ARARE, MAS] A8, P, D, Q< AE AR9| A, AF
2RE A, AR MAZRE e, B $30 A4 H(back shift operator), s+ AZF7], er= L21%
o7 o] 0o]a Bike] YA Wl M-S A (white noise process) ©]T}.

2.2. Holt-Winters 23

Winters (1960)2] 7FH 2 A& X4~ & (additive seasonal exponential smoothing)-2 Holt (1957)2]
olF B A4S AFYo R EgA BP0z A-Ao] FAd JTFS TA| e A AN
% ot Holt-Winters 2HS AAQY 2AAS 5, FAH, AZAEL=E B3l 2yslsiy

AR o] ASHA gey1® Tt 2ol 2AAH,

=

ﬁtﬁ-l = lt + bt + St4+1—p-
ol wl, Iy, b, siv= A7t AR, FAEE, ARZEES vst ofef e} Zo] F =Tk

le=o(ye — st—p) + (1 = @)(le—1 + be-1),



A study on parsimonious periodic autoregressive model 135

by = Bl — li—1) + (1 — B)be—1,
st =7yt — ) + (1 —)st—p,

yo ARNA ] B33, p AR F18 HEUT, o, B, v 42 5%, A, AR O
) HYASE SI5I910] 0 < o, fon < 18 DEDL,

2 oA 714 27139 (PAR) 23 h=

gt A2 Franses®} Paap (2004)% 7‘&} ]-0413} R Db‘:]O 7:]]1—1 /\]74]%5‘ mYgogA Fg B
¥ (quarterly) A& €% (monthly) X
H 2150l i3t PAR 23& @‘%’?}D}-

FF
44
BN
it
N

2 22 AZAYS 7 ARl skl 23] A (coefficient) ¢p5 0] F7]H 2 W3
e 22 pate] PAR 29, PAR(p), FElZ UeERd 5 9ltk;
Yt = ¢1,syt—1 +-+ ¢p,syt—p +et, e ~viid (07 1) (31)

tht=1,2,...,n=4N, s =1,2,3, 40|10, y, = B2 N7t #=9 2|4 7+ AR B (us) <
AA ghog A-(s)ol met ZHzF N7§e] gro] Attt whekA, Z Aldol whe} ke PAR 239
A4S 7T} o] Q35ke] Atk (annual observation) 2 RS A xS 4~ glon PAR Ry
7+ Aol that 4749) ke AR(p) R¥oE FATEE 4299 WE AR(p) 2 P2 B 53t
th. ZpA 3 W) Osborn (1991)3} Liitkepohl (2005)& #arsto] g},

QY =& Yr 1+ -+ PpYr_pter. (3.2)
$T=12,...,N,P=1+[(p—1)/4°8; [z]& 29 AFFEE Yehdr}.

Yr = Va7, Yor,Yar, Yar),

!
er = (e1,1,€2,7,€3,T,€4,T)

= 439e) e Feloln] Y, r= AR solA TARE B2, s AR so U3 TAR 232
LFERATE @, @1,..., Dy (4 x 4)2H919] 24 o|n ofele} 2o BAHTH

1, =7,
o (i,5) = 4 0, J>4 Pr(i,f) = Pirar—ji-
_¢i*j;i7 .7 < i?
i, j=1,2,3,40|31 k= 1,2,..., Pt} o& So], PAR(2) B39 AL th33 Zo] thief 3
Bl 4 (3.3)3h e Gl 4 (3.4)% BQ s

Yt = P1,5Yt—1 + P2,5Yt—2 + €, (3.3)
Q0Yr = &1Y7r_1 + 7. (3.4)
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ojuf, ®o2t 12 ofef e} o] BHATH

1 0 0 O 00 ¢2,1 ¢1,1
— 1 0 O 00 O
B — 01,2 7 o, = P22
—¢23 —¢p13 1 0 00 0 O
0 —¢24 —P141 00 0 O

W Feje A (3)E AsE o8 2L ez wdel sRsdl o)dd 94 Ban 3
Ell (roots of the factorized AR)E 5714 X-E & Hl (periodically differenced form)z}al str}.

Yt — AsYi—1 = P1,s(Yt—1 — ds—1yt—2) + -+ + /8(p71),5(ytf(p71> - asf(pfl)yt—P) + €t (3.5)

3.2. FINH HZ

2] (3.2)F o83k thao] 54 W84 si7F T2 vhell EAke A% F714 A/ (periodic station-
ary)oleta ol & 5= 9},

g — &L —---—dpL”| = 0.
FE4 FAZE AAE Az EAsHs A 54 A2 2ol T2 ol EAEH o8 F714 A

£ A 4 (periodically integrated series)o]g} st} & o] ¢, 7 718 AR50l F7|& HE AID
4w FEH FAE AAY] A8 ARE 2 (1 — a.B)7F 283tk o, 4 (3.5)9 B4 a.&
arasazas = 13 BE s = 1,2,3, 49 O3] o, # aF W53 o5 14 F£7]% A& (periodically
integrated of order 1; PI(1))o]2}al st} 2| SF Y|-§-2 Franses?} Paap (2004)5 3 sloiz}.

152 7HA AL O el 0%k 7= ARE PSS Doy g ol83te

=

4 4
Ye = (Z ¢1,st,t> Yt—1+ -+ (Z d)p,st,t) Yi—p + Et. (3.6

s=1 s=1
@AY et BFRER B W, BE g (i = L2 ps = 1,2,3,4)9) ARSERAZE 4
(3.6)9) A2ATEANH FA PR A7 A4 5 Ark o] 9o 2N A2H Aol B
SiA= Troutman (1979)5 Farstojzt. F7H3 02, PAR B3-S #4357 A 282 Zole Hx

N = n/40] 5o]o} B},

2 ATOIAE PAR R90] 24 Aok 722 W) Askel A (3.1)2 oelst 28 Felw nAR
4+ gee AR,

Yt = ¢1,11yt71 + -+ (ﬁp,vytfp + &¢. (37)
F t =1,2,...,n = ANo|H 7] v AAALY F7] st} 22 & 7k olgd 7] v (<
9B Be PHoRt () %7 sol4 4% PAR 239 ns 24 2348 Eofo] Ao FohE 2
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Figure 4.1. Times series plot of Korean unemployment rate.

ol Lins8F L 212 A1 (3:7)2) B471 408 5931 4 (3.1)2] QA< PAR 23] 23 9
% (likelihood) gt-& YEHH, LRT+ 25 doke] A F7HA oA SAH & FloAHEEE mar
AHEs 29E 249 Jfgolth

AZEA ] AHEE A5 AYE AFold, o] £ T 15A4] o] AT FoA =5 gR|¢ 582
Ao} dxte 7t glo] A AEfel £ AFEES] &R, [AGAF + AAEEAT] x 100(%) 2= A
AFETE B dFo A= 20009 198E 20159 797HA] & 187709 94 AR E o] &sgirh. 20114
129712 B AFE A3t] ARSI o] F9] A5 & &Y Aes BUEH] fste] ARt
o] Atz = FAAE FoA d& 4 Aok

Figure 4.1 AAE AALE 2olt}. A¥EH o Z 3% A 5% Aol A Z719} A4S ¥lES= F
714 HdS Hola Qlth. AYEY F7)E ARHe E E37] f8f € APES 19 9= HA
Al 229 Figure 4.29} 2t} AREHog Azl 1 l =R AjZro] Aol whet 543 ZHast
AT} Th) 623 TAZ6] ZARATIE Bastn Qo] h ZAABE AES Helw stk HehA
AJE A5 EAoA AZBAET ol AE(Y) /‘}O Y FEH SAo] nHFHE Zo| HEsr

BojAr}h B =Roxx 27337 37304 27H SARIMA 28, A Z A4+ (Holt-Winters), PAR
532 55 #4 2L wasas sk
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Figure 4.2. Month plot of Korean unemployment rate from 2000 to 2011.

Table 4.1. Estimation results for SARIMA and Holt-Winters models

SARIMA Holt-Winters
b1 0.6212 « 0.8898
01 —0.7909 B8 0.0001
[Sh —0.7122 0% 0.0001

SARIMA = seasonal autoregressive integrated moving average.

4.2. SARIMA 2 Holt-Winters £31 Agt

AY9E A=o| SARIMA 23S AH3s7] 98 992
PACF9] Z7E E9lstglon HEHoz Al ARIMA(1,1,1) x (0,1,1)12 & A
ith. Holt-Winters 232 A|A| Q] WgZo] AlZke] S50 AAgle] st g 7hia Ry S A+
sdom B4g FASR el MSE =n~' 300, (ye — §0) kel 7P FebAA B a, 8,78
3}At}. Table 4.1 SARIMA 2} Holt-Winters®] 24 374 ZAx}o|t}.
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lo

fru
o
o
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o
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@
=4
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o
@
5
g
12}
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-t
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4.3. PAR 2% Xt

PAR B3l A3sl7] AAslAle WA BPY A5 pE AN oF drh. B =RelAe A8 A5
AR 98 AIC, BICE 7]%o® nastdon HEAQ Woz FtestE AMR3ISTE AICS)
BICE o] 2245 A4d RYor #dY 5 9o Festt 4 (3.6)14 ZE F71 thato]
pAFTEA S RE B ¢y 7F 00] oFUWAL, p + 1R 3450 B4 ¢pp1,57F 00] HEAE A=
Aotk A3 L2 Franses®t Paap (2004)E FLslodzl. Table 4.2 PAR 239 250 tht
AIC, BIC, F-test®] Axtoltt. o] 37bA] 7]&ell thet AFE F3ste] £ =RoA& PAR(1) R3<
HFTEPor Aot

F714 BARE Bdst7] f15ke] Boswijk 5 (1997)¢] 18e LR RS AHgstlen 34 23
712 22330l Avkar Adstgdek. o] wh AR A AR ot 2t

LRp; = n[In(SSRo) — In(SSR.)]. (4.1)
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Table 4.2. Result of AIC, BIC and F-test for choosing the proper order p

Periodic autoregressive order

Criterion

1 2 3 4
AIC —65.4004 —50.7108 —60.5912 —66.5649
BIC —25.8359 25.2130 51.5350 81.6053
F(¢pt1,s = 0) 0.6194 2.0274 1.3561 5.4103
p-value 0.8227 0.0275 0.1992 0.0000

Table 4.3. Monthly estimation results for PAR model

Month (2)175 Month <231,s
1 1.0128 (0.1416) 7 0.8994 (0.1860)
2 0.8598 (0.0752) 8 0.9875 (0.1837)
3 0.7509 (0.0816) 9 0.9286 (0.1671)
4 0.6004 (0.1028) 10 0.7696 (0.1601)
5 0.8196 (0.1599) 11 0.9792 (0.1912)
6 0.7869 (0.1706) 12 1.2440 (0.1696)

Note: Values in parenthesis denote standard errors.

PAR = periodic autoregressive.

o
-

SSRo9F SSRat= Zt7ZF PAR(p) R¥oA 714 #H&o] Aleko] & A9} Ak ke 4o 7
Al e vERdth
Table 4.3 PAR(1)©.2 A3e mye] 24 AT otk B4 2 d1s)S BH 1290 1.24402 =
2 kol et Qleon 79, 8Y, 9YoAE ek 0.94E R TR Yo vls) AthEoeR =2 e
Ri L giek ook W2 AgEo] FATHA BojAE 71 3YolA 49 7IellE AHHAHLE e
B4 FAE 0.60049F 0.7509=2 WERAL Itk o] Figure 4.28] A3} 7o) FARRE g Ho
dom RE BpEo] fodtthe 28 FAF 4~ vk o]+ PAR 239 AP ALE 1] ¥
Aol S Bl Qlrh

kv

2 Aol At 43 F 744 B4 8Ok PAR R8E mesigch. o), 29
12 438004 ji—;gﬂ PAR(l) xﬂ oFo] gl mYolm wY 1L B8 g 7718 74 22 7MY
B myom AR

Hy : <Z51,1 = <Z51,2 = (151,3 & ¢1,4 = ¢1,5 = ¢1,6 & ¢J1,7 = ¢1,8 = ¢1,9 & <Z51,10 = 1251,11 = ¢11,12
Folny, 28 IS Figure 4.2 Aol ZAF AQBo| Z7lels 773 gasi= 7

3
7718 711 AL AR mYow

Ho: 1,11 = 1,12 = P11 & P12 = P13 = P14 & P15 = P16 = P1,7 & 01,8 = 1,9 = P1,10
g wEsle myor 4459
Table 4.4= M7HA] PAR Eg (R [, 28 II, 29 III)9] u= AIC, BIC ¥ LR AAe] A}o|t}.
AIC, BIC 7|&22 d¥lA el PAR R HT} 2 AoF PAR 2o ¢ AA3 oz Yelyton,
LR 7% 23} A 24 Ao PAR 283} #]ko] Qi PAR B Y7ol EAZ02 ol 207} 1}
B et
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Table 4.4. Result of AIC, BIC and LR test for three types of PAR models

. PAR models
Criterion
Model I Model IT Model IIT
AIC —65.4004 —72.1991 —74.2754
BIC —25.8359 —56.9820 —59.0582
LR (p-value) . 9.2013 (0.3256) 7.1251 (0.5232)

Note: The LR statistics test for significance of the corresponding model, compared with model 1.
PAR = periodic autoregressive.

Table 4.5. Comparison of performances of the three models in the in-sample
PAR models
In- 1 SARIMA Holt-Wint
Hsampe Model I Model 11 Model T11 olt-Winters
RMSE 0.1912 0.1877 0.1887 0.2024 0.1947

PAR = periodic autoregressive, SARIMA = seasonal autoregressive integrated moving average,

RMSE = root mean square error.

g — — real
PAR model Il
7o) -—— SARIMA
a
o <2
“5 o]
T 1
2 <
>
o o
a >
£ <
(]
c w
= P
o
(5
o
o I I I I I I I
2000 2002 2004 2006 2008 2010 2012
Time

Figure 4.3. Comparison of performances of the three models in the in-sample.

4.5. 2

oo
-3
Rl

g

o
B Ao A= 20009 195E 201149 129747 % 1567)2] 222 S8 PAR(1), 24 Ao PAR(1),
ARIMA(1,1,1) x (0,1,1)12, Holt-Winters 23-& A3sle] & U (in-sample) oA F 7153} FA
o, 20124 195 20159 7R 3108l Amol datel 14D, 6719, 1d olFe) olES %
o wYel A% A AN B NEenE AARD A Aol e cABFE
RMSE(root mean square error) & ©]-83}9 2w tl-Z3} 2t}

I

5wt

o

RMSE =, | m=1> " (y: — #)%,
t=1

AN mE A5 F AFE, e tAHAA L] AYES] FAFS Uehdnt. Table 4.5 & W A
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Table 4.6. 1-, 6-, 12-step-ahead forecasting performances of the three models in the out-sample

PAR models
Horizon Model T Modol TT NModel TIT SARIMA Holt-Winters
1 0.2086 0.2148 0.1976 0.1575 0.3443
0.2874 0.2807 0.2896 0.2963 0.4182
12 0.2423 0.2451 0.2417 0.4690 0.5139

PAR = periodic autoregressive, SARIMA = seasonal autoregressive integrated moving average.

1-step ahead forecasting

v
<
o 2 4
© <
=
-
c
Q
£ v |
S o
[=%
£
Q
c
7 o
™
& — real
D — PARmodel lll
-—-- SARIMA
uN? S e Holt-Winters

L e B B I
2012/1  2012/5 2012/9 2013/1 2013/5 2013/9 2014/1 2014/5

Year/Month

Figure 4.4. 1-step-ahead forecasting performances of the three models in the out-sample.

20149 5704 Byl tfat 37} Aolth. EE oA ANAoT PAR BH| RMSEge] 27
et glow), B4 Aok YY) 5ol BE ANE R Yk Figure 438 E2 U ARolA2)
AA AYET 2GRS 19 Aoz W4 Y £ 4SS Holt PAR B 1%} /& A AA
9 2YOIA 71 $2 45 1< SARIMA £HE vehd 2otk AuAoR A4 AYED} NI

Q] A EQ] o= vt RMSE A #}o]t}. Figure 4.4~Figure
4.62 Z+Zr 3709 mEfA A | Zof th3 AA T A=k T 2P o g ALA ANtE o g o= As
o] 7} 943 PAR 29 1113} v tjAte 2 SARIMA, Holt-Winters A 7}A] ol &gket Ve Q1T

WA 171 T AGE dSol 9olAe, SARIMA 29| d&8o] 713 £3kow PAR, Holt-Winters
2 £o2 el £ Yepdeh PAR 28 Sol4t 24 4o 299l 2 M9 Aol 2
A Jelgth 6719 & o= Z¥ PAR ¥ ] £L2 9&8S Holx 9o, SARIMA, Holt-
Winters €02 ofZeo] $7] bt o 9ol Ba 4% BYe BY 17 44 B2 o2 4
54 Uegloy Autdoz 2 Ao|7t gl Aoz Bl 12719 & AiolME, PAR 2389 3
2 670Q o]F o Zof| uls] = o] t A Uehgton SARIMAS} Holt-WmtersA Bfole 54

Table 4.6% 1714, 6704

of tiAth F BY BF o577kl FAAFE 5ol FAA HolAn 9L FAT 5 Yk
wElo] PAR 292 o5 717i0] 4glo] b4 o] 38 E welw glev] ol Figure 462 5o
£ 8918 4 9ok
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6-step ahead forecasting
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Figure 4.5. 6-step-ahead forecasting performances of the three models in the out-sample.

12-step ahead forecasting
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Figure 4.6. 12-step-ahead forecasting performances of the three models in the out-sample.
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Astn me Aok TEE Wsel RS AASE PR A Yk =9, F A9E 45S

o1 §5te] SARIMA % Holt-Winters 237e] o5 45 wastgich. 4324 234 6742 0|49
ANNA 502 24% PAR 239 9548 #9T 4 9glon, 53 /& PAR Byt 24 4
°F PAR 20| B% £ o3 4% UEe 398 5 dglth ARE ZE4S A AuelA
PAR B39 $54% 1 44 7hs A4S BTt A72 Brkse 35 2718 £t 28 A8 o9l
%314 (high-frequency) AIAQ Ago] 4§ 7H5e Bz WPT 5 Yt AL A Aok

€ 5 Utk
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B =RoA= F714 217137 (periodic autoregressive) ZH A B0 =5 Fo]7] I3t B Aok 77 217
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