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Abstract

We compare four methods to estimate a regression coefficient under linear regression models with serially
correlated errors. We assume that regression errors are generated with nonlinear autoregressive models. The
four methods are: ordinary least square estimator, general least square estimator, parametric regression error
correction method, and nonparametric regression error correction method. We also discuss some properties
of nonlinear autoregressive models by presenting numerical studies with typical examples. Our numerical
study suggests that no method dominates; however, the nonparametric regression error correction method
works quite well.
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A7NA Zi= FAEHY = 3t e
EHoln g2 &+ PAS < o0)& Ze EENUTER 7HA%TE ek
A (1.2)014] B mE 022 7Pg3hd §19] 232 9] & (random sample) o A9] JARFE 1}
F/‘r”*f)r PE?& S me ARYT YU, 052 = 7P {Zu} = pA AV1E T AR(p) S ©E
J; e Ze BYPoX e B4E JaAFFAF 4

H]'E]' -4/\%1]—'—Z7§‘%‘¢°ﬂ Ha 2 24k 2t Zlo] E AU mEtA IAAAS g5 FHT w A%
R {Z: )9 T2 F2E s gutst -’Tﬂftxﬂ—ﬂ——z?— S AMHE 2ol o E"x*ol‘:} &

o Byl e e mol AFIE 3V ;20,4 W, BAAS g 2EHA FA thE A+
Sheather (2009) & thFst F3 A Zol & 4= glrt
SHH, vt A 7 7] <% (asymmetric business cycles), A& AAT] F7]12 W3}, F2 A oA Q]
HEA SoA AFAoRE HAZo] F 287 % (limit cycles) Aol Lt thE 1A A (multiple fixed
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4el) olsiths Aol FeiA Utk olzd A% WA AAY 2L 8T 4 Yok olHF A
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threshold autoregresswe) 23, Haggan¥} Ozaki (1981)9l] &3l #] ¢+¥l ExpAR(amplitude-dependent
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(1996) 2] A Aol 2pAI5] drg= o] At
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o sk Aol BAelnh o] wEel P4 thest ¢tk 24elAE Wug 4718 Yo B )
A 49 S 3P LAFe] ATl UL W AAAFE) FHFe) BEL AATH PHE
2 Ay 4FAE oJEAA R AR PH BAE 2T MAGoR R4Y FAE F

Ly = m(Zt 1yeey Lt p) + €, (2~1)
A7NA F5 me WYLt okl YukAl A% /HYHE pAf u|RS 713)7 2 Y NPAR(p)
7 Ak 919 2ol A W3 (white noise) AIAIES {e} 7 A& Fol 2 X E zZton th

El E(€t|Zt_17Zt_2,...) :O
E2. E(€}|Zi—1,Zt—2,...) = 02.



Regression with nonparametric autoregressive errors 159

Aol 7HEolA E25 @A B Zio1, Zi—2,.. .0 ET= o] 2 RP LR oA

Yy
+
pasd
lo
iv
o

By (2104 B mel AIWE T, 62,9 Aol AAD {Z)e] B4 5 Aol 5
gl el 2718 FaA AAE Ee Yule Walker B4 4E o] 35171k 37 R B L o3t
of A% 6,8 F4F & ek Teu @5 mel 48 A8 A g wEs ARARY 3
> 494 5 4o A olHA G 2P E£ AYsA Gk wES ANAARIS TG
S w4 A8 mPe] Aol st Bhattachary} Lee (1995) 59 BE A7AEe] %
\=]

ZAES AASLL itk ol71AE Biscay 5 (2005)0] AHE3E B 2AL 4745t WE X,

T MY F(Xio1) = (m(Zerye s Zimp)y Zirye ooy Ziprr) T BF BFAF 0]
EEHL 1Y (2.1)E A3 (state-space) FA Xy = F(Xi_1) + U 22 FH3=d A2}
1 Up = (&,0,...,0)" € RPolt}. 0|3 ZAYE AFE3le] B2 A3 AR F S was A7
{Z:}7) B2 EE 2 $8270L o3 2ot

me & ok )

SL. A% €7} BE Gl o] FEUEISZES 2T

o3
S2. RPe] 4219 0°] obd WH @ { X, }oll thete] Tk 2E& WE3irh

F(X,
iy L

AN ABstgEe] MAY AN ARG A A7) REH che 489S 2k o o
2 Y59 WA ARY S Ao u ofele] oy BT P4

Zy=Zyvexp (—Z7 1) + e, (2.2)

A7 e AT HHola FFo] 0, Bate] 029 FFEES whETh

AA 2.1 p = 1013 F m(z) = vexp(—2®) 2 Fo1A Ffolth o] T m2 A LYHE Z
£t 5, 2 = m(2)9 WS = m3} %
Ay=a5 A 29 290
o] AAY Fgho] 0 e
3 (2.2)°14 2,00071¢] A=
T vt wEeHA ARe £ Aok 279 sid
F< M 27X E

Bom £t Jle Bee :

=oltt. o] zg| thete] AF 21713
BAGFEL ¢1 = 0.3309, ¢ = —0.0231, ¢35 = —0.0459, ¢4 = 0.0337=2 FH= I}

N oo
5w
|
l—‘
(e=]
—
!

td
ot
o
2
i)
rok
i
~|
td
oft!
1o
NN
rlr
I
)
XN
[
)
il

OflA 2.2:
Zy=log (1+Z7 ) + e, (2.3)
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Figure 2.1. NAR(1) with m(z) = zexp(—xz2). The upper left panel shows the shape of m with the reference
line y = . The upper right panel shows the density estimator of the stationary density of the process. The lower
panel shows the time series plot of the generated time series.

oA 2.2 p = 1013 T m(z) = log(l + 2%) 2= Fo]A Aelth o] g4 m e 1AHAS
Zeth &,z =m(x)d BARAE z = 07} Fr}h. Figure 2. 2-4 A AR 4 H5 292 T mt A
Ay =28 ZAA 2d agelth o] 2-NAM B £ At FRE 5 mo] TAFS 0olA T 2t 23k
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Figure 2.2. NAR(1) with m(z) = log(l 4+ 2?). The upper left panel shows the shape of m with the reference
line y = . The upper right panel shows the density estimator of the stationary density of the process. The lower
panel shows the time series plot of the generated time series.

OllAl 2.3:
1
Z =sm(22t, )+§Zt,1+et, (2.4)
7A@ = AE SHola HFo] 0, Bato] 029 AFREE o).

A 2.3 p =103 &< m(z) =sin((r/2)z) + (1/2)zZ FIR B0}t o] & m2 Al 7] 1
ARL Zrett 2 o= m(x)9 WAAL & = 0,£1.4729697} E}. Figure 2.39] A HA 4 H= 1
e de md A4 y =28 HA 2™ Ttk o] A-elM = 5 e 2 T mo] ABHEE
0,£1.472969°11 4 XL wgko] AX™ ggtol y = » B} W3] F7hsh= 54 ok A =
I-E 02 = 052 2Aste] Y (2.3)0l4 2,000709] A5E 44 & FEUEIFE o
olth. B¥ (22), (23)F 2] F A £1.472069 oA B-E7t AS5HE I8 B Z
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Figure 2.3. NAR(1) with m(z) = sin((«w/2)x) 4+ (1/2)x. The upper left panel shows the shape of m with the
reference line y = . The upper right panel shows the density estimator of the stationary density of the process.
The lower panel shows the time series plot of the generated time series.
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Figure 2.4. NAR(1) with m(z) = (0.8 + 4 * exp(—z?))z. The upper left panel shows the shape of m with the
reference line y = x. The upper right panel shows the density estimator of the stationary density of the process.
The lower panel shows the time series plot of the generated time series.

0|~ 2.4:
Zi = (08 +4xexp (=27 1)) Zeo1 + e, (2.5)
AN e A= FHola Fgo] 0, #4to] o2 HFREE wETh

AA 2.4% p = 1013 3¢ m(z) = (0.8 4+ 4 * exp(—2?))zE Fo]R ALoltt o] F5 me Al A
o] AAAL Zteth & = m(z)9 HAHAE » = 0,£1.7308187} FT}. Figure 2.49] 3 x| 4
& S AA 2" ado|th. o] a"ofA B £ e FRE T mo]
< z = 0,£1.7308189| A 23 zgto] AXW Fgho] y = z Bl AQW3] Frkste 5A¢] 3l
1 do] £ 392 o = 0.75% AAs] B3 (2.5)00A 2,000719 A=E AT T FEY
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3. AD|A2AZ2ZEE 0|8t 2|7+ FEoAML =84 I
A FAREY (1.2)0A Adgds X, 9 xdo] 10]a p = 19 uf, &4 mo] AFPgsold 2
(1.2)& o3 2ol Z8d 4= it
Y = o+ b1 Xe + Zs,
= ¢ZLi—1 + €.

oA71A AZ1SAAT o7} |¢] < 1& WS FEAA {Zt}L A4} (stationary process)”} H
o]23 B, A1 toh t — holl A2 o8 7,9 ABAGE AA 9} A ¢t o= FojA 1 —E-\_
w3 AR 19} A 02(1— ¢°) 'R TRk mEA AR t = 1,..., TN 359 289 23}
o] Faat AE Yot thed 22 FHE ST

oleiek B T2E ol8d Y3t AaAFEAYC] HAAS fi8) FAEEL =Y 5 Ak o]
A XE AAS 233 AP P (design matrix), VS 93 E (response vector)z}t 3HH, X} 7,9
A7) 3R HE S SR RS, duks} A2AFRAF 7 e (0, )(XTE ) TATE )=
Rl AT A ARRANNE WA LA BEAF {2} BR TR A4
eI 9 ek wel, B ALATY 2AE F DRE P T 04 ShD AAY BAE
d<= 4‘1‘91‘3}51 A7) FA3%%= Hs AXA Ak oluf, AAE 2 A

9 Wol(random variation) 7} A7| 22 @ 2}ge] FRA L2 E o] &3l= GLSS
e A7l WAT 4 St wak, AEE AR B A% pr) 2 Fgols
295 A7 Wk 53, LA A7187 7271 AR B GLSS
o} ol2ist A% A3k A3 F2E o]&ste] IFARE (1.2)E =9

ol

Y: = Bo + 1 Xe + m(Zi-1) + . (3.1)
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ok AR A 2,7} BEo] AsSTiE A2e AL X,9 2, AWdse 2= R
249 mo] Ak o7)A, web Auws X,7h AR oA 7,9 Hre TR, =

) = B(X:)old, 3% 9AMsR 058 5 91 B(X|Zii,...) = ,
W UARS e REoR AT 4 Tk o] =RAE X, 7} 94 Wl A9 4L FolA
3

3 (LD)AAE AARG eFo] Zol3 Y (31)AAE
g HIRS 14 4787 2P mes A9, 2Y (L
19 SR HAAF FAG HOES BAL var(m(Z0) + var(e,) ol v =R, e 7Hgel

T B 2

B2y (3.1)01A Z,7F 35 7hsstthd AT fi1o] 4 Al EEFA L] B4 sk var(e)ol
v gk weba aRke] A7 F2E &85td 2y (L1)olA IAAAS /1Y F8A HaAlw
AT 2ol tigk e A7 ek 9714 Sugt Ullah (2006)2] el 7]Wheh =4 2=

Sust Ullah (2006)2] 32 olsisk7] A3 23 (12)904 A% Z7h BEo] 5e 398 A4
ZeinA. 45 B A p = 19 492 ARAT o€ 4P B (12)9) WAL wus
A8 AR Yol k. wWebA B4 mol FH plEAFsEE 22 B, B2, S1, 28 WS 499
mixing- A% 247 4§ 24 VI 49 @5 mol 0 thee] 202 BEshe wEs AY F
Ae 78 4 Aok

NEL. m(z) = C1h* + Ry (x)°] MLAE: sup |R,(z)| = Op((logn/nh)"/?)E w53t w8}, Ad
B Ru()2 ALY BE oA & 12 Lipschitz g% ot}
4714 his AR A4 nol ZAEE 002 £Hshe £Folth. oleld 2AL WETE WS 2

A me o] &3] 2 (3.1)olA W MF Vi E Y =Y —m(Zi-1) & $RSL o S

o]§3t] HAAFHE AR ARt o]FA Aol IAAASF 51 FHFL l:qi(bandw1dth)
h7} h = o(n~40]31 1/(nh) = o(1)Q) 27L& WEatd WA Eak(asymptotic variance)o] 712l
B8 Y = o+ b1 Xt + A BA HALAFEAF A2A 4k 71’°}z“:} spA gk o] 23t =
A 3ARPY 2447 Z, 7 ¥ é = e I i
e Aol AL AeiAe E £ &A1&l Za3ith
o] =AML olslt dEXE 2 (1.1)01]/‘ FAA HALATH R A% A AdA 2t FAE
S olgaTt. ol oleld BAL A

Step 1. B8 Y; = o + fi X + Z oA 544 HALAFHE o §3te] A 7,5 Fa)

Step 2. B8 Z; = m(Zi—1) + &9A {Z,}5 {Z:} 2 AIst] 5 mol] 3 vinsF24%ns 13
t}. 7|4 Z4433]7 (local linear regression) =+ Nadaraya Watson 57 %2 A28t

|

Step 3. 2L WRSWS Y, = Y, — m(Zi—1) S AHESte] BAA H2AFFAHS Foirt

Sug} Ullah (2006)-2 S| ARY (1.1)oA AT AP o] ofd RS BYE eiste] o]fst A4}
2 73 FAHFo] IALA Z, & AST F) 22 H2 B2 (asymptotic distribution) & 7t
2ok 28 (1L.)AANE 22 4ES 59 Ao=w 7

e Aoz 7tE 3 2 %42 Sugt Ullah (2006)2]
THE TR 7k Aol AdErh o] =RolAE e 2t £XA4 Aol FE=
Aol HAolm g o]l tiet THE A=A eheth t FolAe Sl 47l Wit 49 27131
B3P 4% PHES R o nwste] {3 HEAY o] thH =98 AW}
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Table 4.1. Variances of estimators: The variances are multiplied by 10® and the numbers in the parenthesis
represent the relative efficiency compared to B{VAR'C

Rols a9ls BARL‘ ENARL‘
1 1 1 1
8.483 9.199 9.550 9.005
A 2.1
(0.942) (1.021) (1.060) (1.000)
6.493 6.449 6.685 5.511
o A 2.2
100 (1.178) (1.170) (1.213) (1.000)
" 15.249 8.200 12.161 5.933
oA 2.3
(2.570) (1.397) (2.050) (1.000)
30.732 9.532 14.722 9.142
o A 2.4
(3.362) (1.043) (1.610) (1.000)
5.117 5.057 5.127 4.666
A 2.1
(1.097) (1.084) (1.099) (1.000)
3.874 3.908 3.913 2.962
o A 2.2
 — 200 (1.308) (1.320) (1.321) (1.000)
9.562 4.250 6.089 3.099
oA 2.3 ) .
(3.086) (1.372) (1.965) (1.000)
20.753 4.192 7.202 4.214
A A 2.4
(4.924) (0.995) (1.709) (1.000)
3.514 3.239 3.583 3.310
oA 2.1
(1.062) (0.979) (1.083) (1.000)
2.904 3,014 2.971 1.956
A A 2.2
300 (1.484) (1.541) (1.518) (1.000)
n =
5.554 2.206 4.504 1.941
S A 2.3
(2.856) (1.136) (2.321) (1.000)
12.609 2.691 5.510 2.933
o A 2.4
(4.299) (0.917) (1.879) (1.000)

Table 4.2. Distribution of selected order for AR(p) approximation

1ARES 5 ERS AR B
A 2.1 1.00 1.00 2.00 1.33
A 2.2 0.00 0.00 1.00 0.78
n = 100
oA 2.3 2.00 2.00 3.00 2.55
A 2.4 1.00 2.00 3.00 2.00
A 2.1 1.00 1.00 1.00 1.39
A 2.2 0.00 0.00 1.00 0.89
n = 200
oA 2.3 2.00 2.00 3.00 2.82
A 2.4 2.00 3.00 4.00 3.29
A 2.1 1.00 1.00 2.00 2.00
A 2.2 0.00 0.00 1.00 0.88
n = 300
oA 2.3 2.00 3.00 4.00 3.19
A 2.4 3.00 4.00 5.00 4.23
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