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Residual-based copula parameter estimation
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Abstract
This paper considers we consider the estimation of copula parameters based on residuals in stochastic regres-
sion models. We prove that a semiparametric estimator using residual empirical distributions is consistent
under some conditions and apply the results to the copula-ARMA model. We provide simulation results for
illustration.
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2 T8 FHE E2 HeEY ARz g 7E A= wel B4F (parametric) F
¥, ZE A (semiparametric) AW, U242 (nonparametric) FHAWHOoE B 5 90
2 Z2AUPAL Al ML(maximum likelihood) 373 3} IFM (inference functions for margins)
Moz Urolzlth IFM 24us 2544 24988 8 ure Fusages 243
GAel I B4E S5 AR A en=z 2 Ao 25 Sk
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722 23S vEsiey. 7} gof ulgle] 352 39 2§ (stochastic regression model)

Yit = XpneBiy + Tint + €, t=1,2,....n, i=1,2,....d (1.1)
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oW, C(Fi(x1),...,Fu(za);00)F AYFHAEZTTE 7Kt A7|A Fi(z) = Plew < ), @ =
.,do)a FEE} B4 0= O £3= gholt}

A (1L1)0lA Bt 54 IFRYS APIARFY FHOE iy = 00]H APIARY ] At

E3] rine = 001AX Xint = Wirt—1,. -, Yist—qs, )" ©1A A (1.1)2 257 ¢in Q) A713) A H(AR) 23

] At 22y 4] (1.1)olE AR ARG A= g 28 H(model bias)E & v &= 1y 7t A1

o ;@ A2 ZHe AR(c0) EF o 7194 E wEshe 2713 F10l 5 F 7 (ARMA) 28 5
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WA ML e FE2} 25 09) FUEE] B N, i = 1,...,dE TA F43 PPow, 34
F (00 AL A ) RIS EDS

1 n
L1(0, A1, xa) = (108;C(F1(€1t;)\1)7- s Fa(ear; Xa); @ +Zlogf1 €it; Ai)
t=1 i=1

£ Y= 3= #olth. 9714 c(uq,. .., uq;0)E ZZEF 2ol fi(z; N)E Fi(x; )l d-s
He gEUrgolth
ol¢} 2] IFM FAWHL 2t 2 Wro] B8 2% 190 e, t = 1,2,...,n& o] &3}
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(S2) 2} €is, t =1,2,...,nS o]&3t] APA Bx ey
Fi I(eint <), —00<zx<00 (3.1)
t=1
£ Axstt
(83) e we) 23
An = i/n 2
0 = argmax L. (6) (3:2)
3Tk A7)A, La(8) = (1/n) X0 1og e(Fin(etnt)s - - - » Fan(eant); 0) 01T
oAl ZEet B —%—7& 6,0 YAFAFo] 7] 4T 2AL Yol I, o] AL FZe}E o]
23t EAQ A AL 232 copula-ARMA 23| &)X 1 3}

A (3:2)9014 Bele 2] AAALS FHeA A3h A (L1)eIA He 3 2o theo] }dE =7

(A1) BE i t8te] maxi<i<n [Tine] = op(1/y/n)°lTh
(A2) BE io "isle Fi(z)e 59 vE7Fs31, sup,er |[Fi(z)] < 008t sup,cp |[Fi'(z)] < co& @

(A3) EE il thote] thag WEHohE qin X qin BT AL Aip o] EAETH

|=ora HZAm Xint

Z? L AL Xint|| = Op(bin) & W53 AFD {bin}, maxi<e<a |47, Xine|| = Op(cin)
% Z3tHA 022 FHE= AL E {cin}, limn oo Min = 00, liMp 00 \/NGinCin/Min = 0°]
3, BE ¥ AL aoll i3t limp oo mii® v exp(—na/(y/qinbin + 1)) = 05 W53 A
4 {mmn}ol SA L

(Ad) IZ2} Y= c(ul, ..., ua 0)= (0,1)% x @A dALo]1,

Ji (b

=0p(Vn ZHA xth =op(Vn). (3.3)

—eo
sup |log c(ut, ..., uq;0)] < M | min u; I min u; <1 — max u;
0co 1<i<d 1<i<d 1<i<d

—eo
+ M (1 — max uz> 1 ( min u; > 1— max uz) (3.4)
1<i<d 1<i<d 1<i<d
& BB A4 M e (0,003 oo € (0,1)0] 2ATT o}714 O $T Aolth. 227
1 1
:/ / log c(ui, ..., uq;0)c(ur, ..., uqa;00) dus - - - dug
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83 2722 Genest % (1995)7} Chan & (2009)7} A|AS
7443 GABITE woF FZEl 84 Cua, ..., uq; 0)7F (A4S TSI, L(0)= A%TL7) H a1,
E(supgee |log c(Fi(et), . .., Fa(ear);0)]) < oco] A3t Telng 1e th5o] WA xe] A
Ae 2934 supgee |Ln(0) — L(0)| = op(1)°] AHFL, tol7} 0,0] 6o & FEH ek

Ha| 8.1 =71 (A1) (A4)S OHS5IH, Al (3.2)0A Bolst FA2F 8,2 0,01 Ut URIFAZIL 5,

0n =00+ o0p(1) asn — oco. (3.5)
BY: WA L.(0) = (1/n) Y7 logce(Fi(ewr), ..., Falear); 0)°l sl AHEAL 749 (A4)7F 4 HsH
22 logc(Fi(ewt),..., Faleq);0), t =1,2,.. n°ﬂ IE 5] HEE L3,

sup [Ln(0) — L(8)] = or(1) (3.6)
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o] AR, £(0)E A&47} AL}
222 suppeq |Ln(0) — La(0)|o] thal AmRAL 714 (AT (A3)7} Ahslnz, B2} oA
BIERES

max HA xth + max |rint] = op(1)
1<t<n

T />
1133)( leine — €it| < HAzn (Ian - ﬁzn)

< WSSkt ael3 7HA (A1)-(A3) 7 A B3R Z, Lee2l Wei (1999)2] 78 2] 2.22} Glivenko-Cantelli
Theorem& ©]-8&3}A

Fin(eint) — Fi(eir)| < |Fin(€int) — Fi(eind)| + |Fi(eine) — Fi(eit))|
< sup | Fin(z) — Fi(m)) + sup |Fi ()] |eint — €t
TER
< sup = 1 ZI eint <) — Fi(x + €t — €int) + Fi(x) — I(ei < )
+ su L ZI(e < z) — Fi(z)
zélg n +1 t=1 "= '
/
+2 ig}}; Fi(2)| max leint — €t
=or(1)

o] 4g3litt a#BE Ao A% p e (0,1/4)0) thal

Fin(eint) — Fileir) 1 (3.7)

lim P | max max <n
n—oo 1<i<d 1<t<n

o) AT A9 A% 5 (0,1/4)0 thstel (1,2,....n}e] BRAYE By, BY, j=1,....d2
e A B sA:
HES {t : min Fm(emt) = an(ejnt), F‘jn(ejnt) <1— max Fm(emt) an(ejnt) < 5} ,

1<i<d 1<i<d

BJ]\E/I - {t : 1@?<Xdpm(emt) = an(ejnt)7 an(ejnt) 1-— lglllngzn(eznt) an(ejnt) Z 1- 5} .
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3.2. Copula-ARMA 29

ol BANE 4 (LS $8O2 {ya}7h 27 A4 A4 e 25 BEele B4 217151710153

T(ARMA) H3 <& B2 F9-5 nHsiatt. FAHeE Y-S Aosd vt 2
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(erts - rear)” W C(Fi(w1), ..., Fa(za); 60)
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Yit = Zﬁmyz t—k F Tint + €it, Tint = Z BirYit—k (3.13)
k=1 k=q;in+1
2 o) % 5 o,
Brockwellz} Davis (2006)2] Theorem 3.1.20] &8}, |Bix] < KipfS WE8h= A5 K; € (0,00)2}
pi € (0,1)7F At R,

oo
i)V KG 9in+1
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ol Aydrh IBR, W gin/logn — co°]H,

max |rine| = Op (np{i™) =op ( ) (3.14)
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din

Z l[xinell = Z Zyz 1k = OP(n/qin), (3.17)
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max (il < Vi max_ [yl = Op (n¥ V) - (3.18)
ZE]E qfn/n — 00]%7 ||(Zt 1x7'”tx7,nt/n) || = P(l) O]:ﬂ—? H Z?:l X'Lnt€it/n|| = OP(\/M)O]
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< int €it
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o) ) o)
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Min = nol2ta & ul, g, (logn)®/n — 00|14 (A3)7} A3}
3]

2] (3.13)~(3.19)9 &= St b=} 22 2AE 4S5+ At

BZHER| 3.1 4 (3.12)00M Holgt 20| E(ef,) < oo, (A2) 2 (A4)S LZBITED IIEGHAL Bt}
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i _ o Gn(ogn)® (3.20)
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e 23 1: ARMA(1,1)+MA(1)

yir = 0.5y1,t—1 + €1x + 0.5€1,0—1, €11 e N(0,1),

Y2t = €2¢ + 0.5€2¢1, €2t kY N(0,1),

T IID C(Fi(z1), F2(x2);00).

(€1t, €2t)
e 232: ARMA(1,1)+AR(1)

Y1t = 0.5y1,.—1 + €16 + 0.5€14—1, €1t > N(0,1),

Y2t = 0.5Yy21—1 + €2,0—1, €2 gy N(O, 1)7

(e16,e20)" "X O (Fi(21), Fa(a2); 60)

o ol sttt ZZke] 23 o) Gaussian, Frank, Glaytono] M 71A] Z& Ut}i,‘—g AL39 7
FEZ BS 009 S Kendall®] 73 0.2, 0.5, 0.89] o35 = o g AAsYct &, Gaussian ZZ
ko] A<l gy € {0.309,0.707,0.951}, Frank FZ2ke] Al gy € {1.86,5.74, 18.20}, Clayton
Zere] A4l 6o € {0.5,2,8} 5 1kt EEY 371»: n € {100,200,400, 800, 1600} 2. & 3}
om 27 B Z7IFRLE yio = 0= ARRSHAL, Z7|X]Y JTFE Fol7] 31 As A 100719

Az WD 1000 ARTE ARG, 3k BAE T 9 wRL, HEAe 319 ATE
&3] 01 AR(qn), gn = [(logn)’]& AHESHATE o371, [ - ]2 792 & vebdch
12, 7 FZ2} 9 log c(ur, uz; 0)+=

29@71(1“)‘1)71(11,2) — 62 (4)71(1“)2 + 11)71(’U,2)2)
2(1 — 92) ’

Frank : log (79 (6_9 — 1)) — 0(u1 + u2) — 2log ((6_9 — 1) + (6_9“1 — 1) (6_6“2 — 1)) ,

Clayton : log(1+6) — (8 + 1)(logu1 + logus) — (6" + 2) log (ufe +uy? — 1)

I3

2

it r{

3
2~
T

-

UZ‘J

Gaussian : — %log (1 _ 92) _

olm, BF 4] (3.4)F wEsttt. & o ZAISE AF3-2 Chen} Fan (2006b)<] Section 55 #x3}7] vt

BOAYPL F 3001 whEstglon, Zpzke] Bo] AYPolx TEet B 6oF FASL FAUES B2
I FF 225 Tables 4.1, 4.2, 4.3 Afsiiey. AR, Al 7HA] L&t 5 259 4 nol 71l
upet Fgkol I o2 A 7 A 2e FAT 5 A ol BE RN TS #5ET
ol &9 A 3.1 HxAe] 319 Wis FAALE Yo diolty. thet Frank IEete}
Clayton ZZz}e] 4% o & 289 & 1ejste] FHF Fgol F goz sdste A 9 &
oA £ davt e Aow Hlrh AW ARV A= & AT WL *@Eﬁa}dﬁ} =7,

&1
e
o
o,
o
=
e
1o
o
N
N
)
S
=)
o,
o
rO
o
o

oIk oS AR A2 @ 4 e o)t A%
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Table 4.1. Simulation results for the Normal copula. The numbers in parentheses are standard errors

Model 1 Model 2
" 0o = 0.309 0o = 0.707 0o = 0.951 6o = 0.309 6o = 0.707 0p = 0.951
100  0.253(0.007) 0.622 (0.005) 0.912 (0.002) 0.237 (0.007)  0.613 (0.005) 0.911 (0.001)
200  0.275(0.004) 0.653 (0.003)  0.931 (0.001) 0.276 (0.004)  0.652 (0.003) 0.931 (0.001)
400  0.289(0.003) 0.677 (0.002)  0.940 (0.290) 0.288 (0.006) 0.675 (0.004) 0.939 (0.001)
800  0.297(0.002)  0.690 (0.001)  0.945 (0.000) 0.298 (0.002)  0.689 (0.001)  0.945 (0.000)
1600  0.299(0.001) 0.695 (0.001)  0.947 (0.000) 0.301 (0.001) 0.695 (0.001) 0.948 (0.000)
3200 0.304(0.001) 0.700 (0.001) 0.949 (0.000) 0.305 (0.001) 0.701 (0.001) 0.949 (0.000)

Table 4.2. Simulation results for the Frank copula. The numbers in parentheses are standard errors
Model 1 Model 2
0p = 1.86 0o = 5.74 6o = 18.20 0o = 1.86 0p = 5.74 0o = 18.20

100  1.382 (0.043) 4.178 (0.057) 10.935 (0.117) 1.356 (0.038) 4.161 (0.055) 10.848 (0.110)
200  1.558 (0.028) 4.631 (0.035) 12.838 (0.077) 1.586 (0.029) 4.676 (0.037) 12.842 (0.080)
400 1.671 (0.019) 5.014 (0.025) 14.461 (0.057) 1.641 (0.018) 5.042 (0.028) 14.394 (0.058)
800  1.726 (0.014) 5.306 (0.018) 15.642 (0.042) 1.756 (0.013) 5.285 (0.019) 15.674 (0.041)

) ( ( ( (

) ( ( ( (

n

1600 1.796 (0.009) 5.491 (0.012) 16.543 (0.030) 1.785 (0.009) 5.459 (0.011) 16.562 (0.029)
0.009) 17.137 (0.021) 1.826 (0.006) 5.561 (0.009) 17.186 (0.019)

o~~~ o~ o~ —~

3200 1.815 (0.007) 5.582

Table 4.3. Simulation results for the Clayton Copula. The numbers in parentheses are standard errors

Model 1 Model 2
0o = 0.5 0p =2 0o =8 0p = 0.5 0o =2 0p =8

100  0.340 (0.008) 0.987 (0.015) 3.932 (0.052) 0.471 (0.012) 1.293 (0.014) 3.966 (0.045)
200  0.367 (0.008) 1.347 (0.006) 4.253 (0.023) 0.518 (0.007) 1.619 (0.036) 3.658 (0.041)
400  0.437 (0.004) 1.565 (0.012) 4.957 (0.051) 0.543 (0.011)  1.596 (0.004) 4.663 (0.015)
800  0.483 (0.003) 1.548 (0.004) 5.769 (0.021) 0.491 (0.007) 1.641 (0.007) 5.696 (0.018)
( ( ) ( ( ) ) ( )

( ( ) ( ( ) ) ( )

1600 0.512 (0.003) 1.796 (0.006 6.438 (0.018) 0.506 (0.001 1.846 (0.008 6.284 (0.006
3200 0.504 (0.002) 1.903 (0.003 6.948 (0.017) 0.486 (0.001 1.823 (0.004 6.822 (0.001

g 0|88 mE Ba F4o] FRERAN FAY + ¢ BFe] &9 Hol2 JHITk: A2 o)
Sk A, BYZ Aolsh F mae] 7o) BE Rol= A grke AL HA T 4 vk vhy
 EEO 277 A2 W) By 1 Hoks 29 2004 2 ghe ex7h 94 At
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