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Abstract :

The optimal estimation of a bearing only target tracking problem be achieved through the solution

of the Fokker-Planck equation and the Bayesian update. Recently, a nonlinear filtering algorithm using a
direct quadrature method of moments in which the associated Fokker-Planck equation can be propagated
efficiently and accurately was proposed. Although this approach has demonstrated its promising in the field of
nonlinear filtering in several examples, the “degeneracy” phenomenon, similar to that which exists in a typical
particle filter, occasionally appears because only the weights are updated in the modified Bayesian rule in this

algorithm. Therefore,

in this paper to enhance the performance, a more stable measurement update process

based upon the update equation in the Extended Kalman filters and a more accurate initialization and
re-sampling strategy for weight and abscissas are proposed. Simulations are used to show the effectiveness of
the proposed filter and the obtained results are promising
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Fig. 1 Bearing Only Tracking Problem

ERle] AlE o] Aol A

At

=
o

E]

. ste)

quadrature
of Sight

gee g3

taL Al o] A

5|

(Line
]_

gud

1

X};’El—u

A
[e]

7HA
, autonomous robotics

Direct Quadrature Moment of
o

1

ol g5
A

A atol ]

E
=)A= DQMOM¥ &

th[13-15].

A
[

H
i

Method(DQMOM)E A}

method
Angle)9]

Ej

S

~

o
1o

o

IHE A7

A5 3ol

S
=

Fokker-Planck 4 2(Eq. 1)

B9} A

Zka

i 7= ol A [17-18].

3]

37191

‘mo
e

(3

o*[plcoa”),)]
0x,01

n
i=1j=1

n

1

2

ox;

a[pf;]

s

D

i=1

40t 18

el AL AbeH

A

0

L
L

st th(Fig. D).

S

g

AN w97 A

=

=

:mo
7

4= (PDF:probaility density function)®] W3l=

17V x, =

19

i=
L

]

al

[e]

Els

=R=]

a =,

593 A2} AAE PDF, f

L

A2 (Kolmogorv forward equation)e]2} &7 %=

Equation 1914 p

(D

AA el 2

]wm

L

L

0
1

&40l
[+

x
Y

|

L

e

[01
00

|

T
Y

|

da
dt

20 & YERhRA

Yp



10

(covariance matrix), 283 G
o LR =
matrix function) oJt}. wgpA] o
Fefe] 7INrE ujgje] PDFo]EE o
“6‘741% 03_74]% PDF7} &8t WolA
wsks didn(l, 8-141

o aFo
dF=

Fe g
|

=
R

conditional state

ERE R

o,

P

D(th| Ytk—l p(ytk|xtk>

JI p<£tk| )/;A‘71>p(ytk|§tk)d€

]T‘_

4)

p(th|Y tk)

)

=4zrow

2

2

o5 ¢l

)
9 vg
o}

Y = [Y(O)
°oli PDF p(y,[x, )& AA9 54
PDF #polml o714 ¢dojzl PD

olgalA FeAel YelE

=) )

A0 7EXor ¥A-ZF7 WAL
3 Fejolth(Fig. 4)[1, 8-14]. Fig 2+

=3
4 o]g% WY BHY BFE ol

Yy tk

[e]

=

=

s

N
o

2~

F

[sig
=

Lo
2
A

o]

=] A

[e)

p(x,t Hd:cj

j=1

—

& - 11,

(

a1
N7

o

(]

£ H

ﬂ_

rot

I

%

x

-
X

iz}

A

o
WA S

4, =43

_‘E."U

o

fol

o] g5

HO}

2

}4 Initial PDF
{nn Measurements
from Sensor

. "[ Estimation of the States J

1

ot

(finite difference method)< A

Numerical Propagation
via

»
* Fokker- Planck Equation

v

PDF Update using Bayes’
Formula

°
L J

L 2
®

Fig. 2 Nonlinear Filter with Fokker-Planck Eq.

G RO R e B 5 qth

4.1 wetR2Y

EA-ZRA AL E98 D84 4 ARy

O 2= explicit forward method[9]¢} alternating

direction implicit (ADI) method[11-12]%5°] At}
Explicit forward method®] FA& wsair] 78

717 AR el sz due Aela

Y

ADI method®] o]d2
S=
&

Upwind Difference Scheme$ AM&

A &m7b d ke
T v E5 central difference methodg ©]
A A 8k7] 9130 A
At

o~

5 )=} (e}
Al s 2 QlE EQMAHAS

o) >~
g Fe

o] F WS Fokker—-Planck WA 2ol &gl <l
o] T3 Zﬂ% % 499 (moving domain)] A&
ojth, SEHE =TT Ao o FauolA e
FEdel Axglong ojgAornE FAEATA &
oA o] FEehol A Fe] Fhrfel AAH o] FolA

e =

R
a1

of gt el s &

9o Aelefel At 1 gl AR

@e gologel Abgol #1 AHH o WX
wlulahthn Azke 4 QE10, 12]

+ Aojolo] ALgE A AV B

3ol Eelflar

T QD

L

Fu

R



4.2 Direct Quadrature Moment of Method
#+ Fokker-Planck HA219] H|+
|5 el JEEe gSEAY EFEE A
45t o714 & quadrature methodE

[13]& weh Faed [14] 2o 5 o 2AAS U8

271 &Yt} Direct Quadrature Moment of

Method(DQMOM)+= EERES4E tad ugy o

HE a2 u T =
e b o ofdlst wol Yo,

N 1Vh
p= Zwa]:[(s[mj_
a=1 ji=1

& Ay
o

I
2R

o]

A

- =

[e)

()] (6)

A7 w,, a=1,---,N& =Z(ode) w,o 7}F&A
o]aL <1:j>a, j=1,--,N&E == a9 £4d9H(the

“abscissas’'®} E#},

e E

property vector of node)®
k=9 EAOlA and N, &=
(state vector)®] = 7]o|t}. oJ7lol= N(V,+1)79
A =7F glem o= moment A|F SloA |

Aoltk  Weighted abscissas, (;, = W,{(z;)

N AHgH

=

k
<xk >(!kbj(x

(7
bjo, = d(ju/dt O] D]'

=Lk#j

Aol a, = dw,/dt 123

AAE S, =Sk

9\}]\51 gllcl,.,,,kyhg]— Egklam‘km
[13]ell A3 2715 o]

S

ol

[

Ay 3AFA2H 11
=l G & k k k
kpky i Zl[ qwe (t) (@) ',l &) /,H<$z'>(:
k
(Tipq) o <:CN> F <171> <1'V>a]
(8)
18 A
~
L_gz N, No N wakzk L];[< kD }
Pk _L=1j;a=1 <xl> <xj>a[‘D( )]IJ|<11> <z‘>
9
NS
N wakz(kz_l)l]:[<zk>ik}
- F=1 .
bk E if i=j
Rt RSP 21¢ 3] Y P
Wo, Gjor LRI G2 ABFFR S, oA T
A o] AES o834 PDFe H, B2k, FEAM
22 A4 momentE AL g 4= )
kykg ok N if k
= 3w I ) (10)
a=1 j=1 '
kpskys .. oky © e B2 AXbstazt sk A4
momentE YERHAT
4.2 Abscissas2| AME4
574 PDF7} 7F6A], w, 9k abscissas, (xz;) ol 7}
T Fo® YetfolAZ®(Eq. 6) 7F ¢ abscissas
+ 54 PDFY Ha3 BA 28 548 Ags] 4
b g RS dEEolol g Py 2 Ut
7} Zo] AtHETE
N
w= w5y, T i=1aN, (1
a=1
ot = B[zt ]~ (12)
N
Ewa@: —uj J=1... N
2 abscissasell A4S Hilgoz ik A4S
wHOR JHEAE v A G dste HoRE 24
ol A& & ot dske= Hdd A4S AF p,,

Uidi o] H4t Bk 7S 98] =A% abscissass
oo} o] 7Hdstd
<xj>a,mod = Clj<$j>a+ Cy2j D J=1,00 0



12

(13)

7, _ id .
G = o & Céj_ﬂj,d_ﬂjT' J=1.,N,

<
<

(14)
kA dste HdH BARS 918 24 E abscissas

= obgst o]

Oid Oi.d
<m]>amod <.’L‘> +:ujd Mj o J

()

ol A& ol&dlA dst= HdH e AEF

abscissasE® A¥ & 4 9)

5. B2 34|(Update Equation)

F4E dlol=e A= FESIHAAN FTF HEY
= “degeneracy” @RI frAbgh A4S DAL
ATt 14]. wbA Eq. 16t sHgzula g
FAo]l AREEATH[14]. oo "L odF

state)?}  dS®E FAH FEAYE
(predicted covariance matrix)< 7}& %

8304 thest 2ol Axtd 4 gtk

(predicted

—~ N
i = Ewa<$i>a i:17'"7Ns

a=1

a7)
lea<x RCIN N
(18)

K, =P, H, [HP, H, +R] (19)
oh = _
=l B AFEE AMmEen Ao o3
0X
7 Rk gEo] BAge g go] o]FoHrt
X=X K (v ) (20)
P/=[1-KH,J]P, (21)

Foj7 %] Eq. 15 9 Eq. 16914 Fal7
AgE|Sh FEALS o] §al4 42004 HAPE WHE ol

6. AlSzlold Zot & AHE

6.1 AlZdlo|d &t

130

120
E 110+
8
2100}
(=}
(a9

90 = = True
—o—DQMOM-EKF
—=—EKF
80
0 10 20 30 40 50
Time (sec)
Fig. 3 Position Estimation
50 —
—=—DQMOM-EKF
—— EKF

,-.40

g

g

5

=9}

5

m

vl

=

=4

0 10 20 30 40 50
Time (sec)

Fig. 4 RMSE in Positron Estimation



=

ol w
Al ol S 3]1*1 H]JLE]
1 Hzo|t}. Fig 33 Fig 42 H¢
o e Aol A =]
mean square error, RMSE)o|t}, o5
7192+ HAS e 5 BE WA o
Algh dE7t S d gy Hoh -

=

e

e
oo

o
o

Velocity (m/s)

(=

—o— DQMOM-EKFI
—v»—EKF |

20 30
Time (sec)

10 40

Fig. 5 Velocity Estimation

—— DQMOM-EKF]|
—+—EKF

RMSE in Velocity (m/s)

10 20 30

Time (sec)

40

Fig. 6 RMSE in Velocity Estimation
B!
Fig 5% Fig 6+
9} EHLoF9]
error, RMSE)©]
Te HoFa
ol A3k

Aol

[e}

1835 £xdZ9 A
ZHroot mean square
dE7F AR A
F 30%A A
HAap Al

#H

1l

g

Ry

she]  DQMOMR
stk

(1]

(2]

(3]

(4]

(3]

(6]

(7]

(8]

Quadrature Moment of Method2 2 ZEom A4

(e}
A

quadrature method ]

ol &% BAL FgAntdE ] BA
w7
dE = AlEdeld
e} was)A Eﬂ ki

el M= 7ol g

& Aene

L

A ek

el

ror

A. Jazwinski, Stochastic Process and Filtering Theory,
Academic Press, New York, NY, 2007 (re-publication
of the version of 1970).

L. Aggoun, and R. J. Elliott, Measure Theory and
Filtering, Cambridge University Press,
UK., 2005.

F. Michael,

Cambridge,

and M. D. Johnson, “Financial Market

2

Dynamics,” Physica A: Statistical Mechanics and its
Applications, Vol. 320, pp. 525-534, March 2003.

A. Gelb, Applied Optimal Estimation, MIT Press,
Cambridge, MA, 1974.

R. G. Brown and P. Y. Hwhang, Introduction to
Random Signals and Applied Kalman Filtering, John

Wiley & Sons, Inc., New York, NY, 3rd edition,

, OB E, AFE “EH 7IEE AE
ds o %§ stojHe|= 279 Ay 4,7
FF A 28F8 3] 4], Vol.7, Nod4, pp.1-11, 2013
J. Yoon, and Y. Xu, “Alternating Direction Implicit
Method Enhanced Nonlinear Filtering for Relative
Orbit ASCE Journal

Estimation,” of Aerospace



14

Engineering, Vol 23, Iss 3, pp 186-196.

[91 S. Challa, Y. Bar-Shalom, and V. Krishnamurthy,
“Nonlinear Filtering via Generalized Edgeworth Series
and Gauss Hermite Quadrature,” IEEE Transactions
on Signal Processing, Vol. 48, No. 6, pp. 1816~
1820, June 2000.

[10] S. Challa and Y. Bar-Shalom, “Nonlinear filter
design using fokker-planck- kolmogorov probability
density evolutions,” IEEE Transactions on Aerospace
and Electronic Systems, 36(1):309-315, January 200"

[11] S. Musick, J. Greenswald, C. Kreucher and K,
Kastella, “Comparison of particle method and finite
difference nonlinear filters for low snr target
tracking," In 4th International Conference on
Information Fusion, 2001.

[12] J. Yoon and Y. Xu, “Relative position estimation
using fokker-planck and bayes’ equations,” In AIAA
GNC Conference and Exhibit, Hilton Head, South
Carolina, August 2007. AIAA.

[13] Y. Xu and P. Vedula, “A quadrature based method
of moments for nonlinear filtering,” Automatica, vol.
45, no. 5, pp. 1291-1298, May 20009.

[14] €435 “A=2AS AT vAE 28, F39¢F
A 2=¥-F8F3] A], Vol.10, No.1, 2016 (AlA<14)

[15] P. J. Attar and P. Vedula, “Direct quadrature
method of moments solution of the fokker-planck
equation,” Journal of Sound and Vibration, vol. 317
issues 1-2, pp. 265-272, 2008.

[16] V. Aidala, "Kalman Filter Behavior in Bearing-Only
Tracking  Applications", IEEE  Transactions on
Aerospace Electronic Systems,Vol.15, January1979.

[17]  X. Lin, T. Krubarajan, Y. Bar-Shalom, and S.
Maskell, “Comparison of EKF, Pseudomeasurement
and Particle Filters for a Bearing-only Target
Tracking Problem,” Proc. of SPIE Vol. 4728, Signal
and Data Processing of Small Targets 2002, pp.
240-250A.

[18] Fokker, “Die mittlerer energie rotierender elektrischer
dipole im strahlungsfeld,” Annalen der Physik, vol.
43, pp. 810-820, 1914.

o

fol

[19]

M. Planck, “U "ber einen satz der statistischen

dynamik und seine erweiterung

quantentheorie,” Sitzungsber. Pr.

in

der





