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1. Introduction

In this paper, we investigate the periodic character and the form of the solu-
tions of some rational difference equations systems of order three
Tn—1Yn—2 _ Yn—1Tn—2
o (Lt Tuayez) " T 2, (L E g1 )

with initial conditions x_o, x_1, g, ¥_2, y_1 and yo are nonzero real numbers.

In recent years, rational difference equations have attracted the attention of
many researchers for varied reasons. On the one hand, they provide examples
of nonlinear equations which are, in some cases, treatable but whose dynamics
present some new features with respect to the linear case. On the other hand,
rational equations frequently appear in some biological models, and, hence, their
study is of interest also due to their applications. The periodicity of the positive
solutions of the rational difference equations systems
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has been obtained by Cinar [4].
Elabbasy et al. [7] has studied the solutions of particular cases of the following
general system of difference equations

ai1+a2yn bi1zn_1+b2zy Cl1Zn_1+Co2n

Intl = G tasen—12n It = Baznyntbaznyn—1’ "1 = Grniyn_1tcatn1yntcstnyn
The behavior of positive solutions of the following system

T — _ZTn-1 — _Yn-1
= e, iyn Il = Ty, ian

has been studied by Kurbanli et al. [24].
Kurbanli [25] investigated the behavior of the solution of the difference equa-
tion system

Tn—1 Yn—1 1
T - = z. = .
n+l Tn—1Yn—1" y”+1 Yn—1Tn—1" n+1 ZnYn

Ozban [26] has investigated the positive solution of the system of rational dif-
ference equations

byn_
Lol = 5o Unt1 = 7quyiq :
Also, Touafek et al. [28] studied the periodicity and gave the form of the solutions

of the following systems

— Yn — Tn
Intl = o (Fidy,) Y+l = g (E Ean)

In [29] Yalginkaya investigated the sufficient condition for the global asymptotic
stability of the following system of difference equations

tnzZn—1+a Zntn—1+a
Zntl = tntzn_1’ bn1 = Znttn_1’

In [35] Zhang et al. studied the boundedness, the persistence and global asymp-

totic stability of the positive solutions of the system of difference equations

Yn—m Ty
anr:A—i_J?;vnna yn+1:A+ T:;nm~

Similar to difference equations and nonlinear systems of rational difference equa-
tions were investigated, see [1]-[38].
Definition (Periodicity).

A sequence {z,}>° , is said to be periodic with period p if x4, = z,, for
alln > —k.

: . _ Tn—1Yn—2 — Yn—1Tn—2
2. The First SyStem Pln4l = y'rz(_l“!‘mn—lyan)’ Yn+1 xn(1+yn71$n72)

In this section, we get the form of the solutions of the system of the difference

equations

— Tn—1Yn—2 — Yn—1Tn—2
Int1 = Yn(—1+xpn_1Yn—2)"’ Yn+1 Tn(I+yn—1Tn—2)’ (1)

where n = 0,1,2, ... and the initial conditions x_o, z_1, o, y—2, y—1 and yo
are arbitrary nonzero real numbers with xqy_1 # 1, x_1y_o # 1.
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Theorem 1. If {x,,y,} are solutions of difference equation system (1). Then
forn=0,1,2,...,

1 —1
a?m T_Ll‘[ (14-2ice) (14-(2i+1)ce) bf2n T‘LH (14-2ibd) (14-(2i+1)bd)
Tqn—-2 = 1702n—1(_1+ae)n y Tdn—1 = = (11" )
n—1 n—1
a?n T T (14(2i4-1)ce) (14(2i4-2)ce) bf2n L T (14-(2i+1)bd) (14 (2i+2)bd)
i=0 =0
Tan = . cZn(—1+ae)™ ; Lan+1 = . 2T (—14bfyntl ’
_ d2"(71+bf)" _ ec2"(71+ae)"
Yan—2 = po— y, Yan—1 = p— )
f£2n=1 T (1+42ibd)(14(2i4+1)bd) a2 T[] (14(2i4+1)ce)(1+(2i+2)ce)
=0 =
A2t (—14b )" ec?™ T (—1+4ae)™

Yan = y Ydn+1 =

F2n 7f1j:<1+(2i+1)bd)<1+(2i+2)bd) a2nt+1 (14ce) T_LIjOI(1+(2i+2)ce)(1+(2i+3)ce) '

wherex_o =c¢, x_1=b, zo=a, y_o = f, y_1 =e and yo = d.

Proof. For n = 0 the result holds. Now suppose that n > 1 and that our
assumption holds for n — 1. that is,

2 —2
a2 T (142ice) (14+(2i+1)ce) br27=2 "I (14-2ibd)(1+(2i+1)bd)
L o
Ton—6 = lc2"—3(—1+ae)" s Toan—-5 = dlzn—2(_1+bf)n—1 )
n—2 n—2
a2 =1 T (14 (2i4+1)ce) (1+(2i+2)ce) bf2m =1 TT (14(2i+1)bd) (1+(2i+2)bd)
_ i=0 — i=0
Tan—q4 = z =T (Cigae)n=T B Tin—3 = 2 d2n—T1(—14bf)" ’

4272 (_14bf)n 1 ec?"=2(_14qe)" !

Yan—5 = Y 5
a2n—2 ‘1:[0(1+(2i+1)ce)(1+(2i+2)ce)

Yan—-6 = n_2 )
f2n=3 T] (142ibd)(14(2i+1)bd)
i=0

21 (—14bf)n 1 s = ec?"=1(_14qe)n—!
n—-3 = n—2 :
a2n=1(14ce) [] (14+(2i+2)ce)(1+(2i+3)ce)
1=0

Yan—a = n_2 ’
f2n—2 T1 (120 1)bd) (1+(204+2)bd)

Now we obtain from Eq.(1) that

ZTan—4Y4n—5
Yan—3(—14+Tan—aYan—5)
ae

Tyn—2 =

ec?""1(_14qge)""!

a2n=1(1+ce) T] (14(2i+2)ce)(1+(2i+3)ce)
=0

(—1+ae)

aea®"~(1+ce) fﬁj(1+(2i+2>ce>(1+(2i+3>ce) a®" 7[_15(1+(2i>ce><1+<2i+1>ce>

ec?n—1(—14ae)"—1(—1+ae) c2n—1(—14ae)™ )

bd n-—2

T I (1+(20)ba)
[T (14(2i4+2)bd) =°
Yan—4T4n—5 i=0

Yan—2 = 2 (It yan—azan_s)

bd <n1:[2(1+(2i)bd)>
=0

L, — 2
py2n—1 7510 (4(2i+1)bd) (1+(2i+2)bd)

a?n=L(—1tbf)m 1+

T (14 (264+2)bd)
=0
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(#)

(1+(2n—2)bd)

pf2n—1 nﬁ2(1+(2i+1)bd)(1+(2i+2)bd)
Lo (1+¢)
d2n=T(=1+bf)" (1+(2n—2)bd)

dzn(—l—ﬁ-bf)"
<f2"*1 n]:[2(1+(2i+1)bd)(1+(2i+2)bd)) (14(2n—1)bd)
1=0

d2n(_1+bf)n
F2n—1 T (14(2i-41)bd) (14 (20)bd)
i=0

Also, we see from Eq.(1) that

bf
T — Lan—3Y4n—4 — —1+bf
dn—1 Yan—2(—14+Tan—3Yan—a) n )
42 (—14bf)" ( bf >
714’,7
—1+bf

£2r-1 T (14(20)bd) (14 (2i+1)bd)
=0

pf2n ’fﬁ:(1+(2i)bd)(1+(2i+1)bd)
— A2 (—1+bf)™ )

and
Yan—3Tdn—4
Tan—2 (1 + Yan—3%an—s)

Yan—1 =
ec n-2

Py IT (1+(2i+1)ce)
(14-ce) 1:[0(1+(2i+3)c€) i=0

a2 "TT (1+(20)ce) (14 (2i+1)ce) ec <nﬁ2(1+(2i+1)ce)>

i=0 i=0
62"71(714»(16)" 1+

(14-ce) "f[j(1+(2i+3)ce)

2" (—14ae)"ec

(a% 71:_[:(1+(2i)ce)(1+(2i+1)ce)> (1+(2n—1)cetce)

eczn(—l-&-ae)" 602"(—1+a6)"

<a2n nl:ll(lJr(Qi)Cﬁ)(1+(2i+1)ce)> (t@mee) a2 T (+@EH)ee) (L+H42)ee)
i=0 i=

Also, we can prove the other relations. This completes the proof. (]

. _ Tn—1Yn—2 — Yn—1Tn—2
3. The Second System : 2,11 = Y1 4T _1yn_2)? Il = o (Cityn_170 2)

In this section, we get the solutions of the system of the difference equations

_ Tn—1Yn—2 _ Yn—1Tn—2
Intl = 30 2, _1yn 2)° It = 2 ity 19 2)° (2)

where n = 0,1,2, ... and the initial conditions x_o, z_1, o, y—2, y—1 and yo
are arbitrary nonzero real numbers with x_sy_1, Toy_1, *_1y0, T_1y_2 # 1.
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Theorem 2. If {x,,y,} are solutions of difference equation system (2). Then
forn=0,1,2,...,

a®"(—14-ce)™ bf2" (—14bd)™
Tan—2 = W7 Tan—1 = FEn(_11b)"
a2n+1(_1+ce)n bf2n+1(_1_‘_bd)n
Tan = W, Tan+1 = BT (—14bf)n T
d®" (—14bf)" _ ec®(=1+ae)”
y4n72 = f2n—1(,1+bd)n7 y4n71 - a2n(,1+ce)n b
@ (14" et (_1iae)”
Yan = “FEm(—itbd)n Yan+t1l = 2nFT(—1tce)n 1"

Proof. For n = 0 the result holds. Now suppose that n > 0 and that our
assumption holds for n — 1. that is,

2n—2 n—1 2n—2 n—1
_a (—1+ce) _bf (—1+bd)
Tan—6 = 23 (—Itae)" 17 Lon—5 = A2 —Z(—14bf)n—1
2n—1 n—1 2n—1 n—1
_a (—14-ce _bf —14bd
Ton—4 = W, Tan—-3 = W;
- d27172(_1+bf)7171 - 662n72(_1+ae)n—1
Yan—6 = FEn—3(_1qbd)n-1> Yan—5 = “Zn—2(_1jce)n-1 >
a2 (—1qbf)n _ec® Y (—14ae)" !
Yan—4 = o=z (1qbd)yn-1> Yan—3 = @1 ("itce)n

Now it follows from Eq.(2) that
Tan—4Y4n—5
Yan—3(—14+Tan—aYan—5)

a2 (—14ce)n L ec?""2(_1tae)"" !
2n—2(—1tae)n 1 a2 2(—14ce)n 1

= e (_1tae)” ! @ (—1qce)" ! ec?"2(_1tae)" !
aZi—1(—1tce)n —I+| ZnmE(Cigae)n T aZn=2(—1jce)n—1

aeaZ'nfl(_l_"_ce)n - az”(—l—&-ce)”
(ec?n=1(—1+ae)"~1)(—14ae) = c2n—1(—14ae)n?’

Tyn—2 =

y _ Yan—4Tan_5
4n—2 Zan—3(—1+Yan—aTan_s)

dQn—l(_l_'_bf)n—l bf2n—2(_1+bd)n71
f2n—2(_1+bd)n—1 d2n—2(_1+bf)n—l

bf2n71(_1+bd)n—1 d2nfl(_1+bf)n71 bf2n72(_1+bd)n—1
T I(—Itbf)" -1+ FI=2(—1+bd)n 1 A2 —2(—14bf)n 1
bd d2n(_1+bf)n

2n—1,_ n—1 = (= 1tbd)™
<%>(—l+b@

Also, we see from Eq.(2) that

ZLan—3Y4n—4
Yan—2(—14+Tan—3Yan—a)

bf2n—1(71+bd)n—l> <d2n—1(71+bf)n—l

Tyn—1 =

danl(_l_)'_bf)n f2n72(_1+bd)nfl

= d2n(71+bf)n bf2n71(71+bd)n—l d2n—1(71+bf)n—l
FFi—ivea)n | | T T e e P2 (—14bd)n—1
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bf )
- (*Hbf _ b (= 14bd)"

d2"(71+bf)n bf - d2"(—1+bf)" I
I~ 1tbd)" (_1+—1+bf>

Yan—3T4n—4

Yan—1 = ZTan—2(—1+Yan—3%an—a)
e 1 (—14ae)" ! @ (—14ce)" !
=1 (—1tce)” =2 (—1tae)n—1
o a®" (—14ce)™ 1 ec®™ 1 (—1+ae)" ! a®>" H(—14ce)" !
Zn1(—1tae)" —1+ T =1(—1tce)” =2 (—1tae)n—T
ec
(71+ce> N —14ae)"(ec) _ ec®(—14ae)”

(FE) Culatg)) T O

By the same way we can prove the other relations. The proof is complete. O

Lemma 1. The solution of system (2) is unbounded except in the following case.

Theorem 3. System (2) has a periodic solution of period four iff d = f, a =c¢
and it will be taken the following form {x,} = {07 b,a, %H)JHC,...}, {yn} =

{fed =g fre,. )

Proof. First suppose that there exists a prime period four solution

{z,} = {c, b,a, %_w,c, b,a,...}, {yn} = {f,e,d, e [r6:4d, },

of system (2), we see from the form of the solution of system (2) that

a®" (—14ce)™ bf2" (—14-bd)™

Tan—2 = € = @1 ra Tan—1 = b = g

van = 0 = 2 Tani = iy = BT
y4n72:f:}m%7 y4n71=€=%,

Yan = d = %, Yin+l = Tiee = ae;f:j(l,(zi;a)?:l.

Then we get d = f, a = ¢. Second assume that d = f, a = ¢. Then we see from
the form of the solution of system (1) that

a®"(—1+ae)" b2 (—14+bd)”

Tan—2 = Zn-i(—dtae)r — & Tan—1 = gEn(—itbd)n b,
2n+1 n 2n+1 n
_a (=1+ae)™ _ _ bf (=14bd)™ _ b
Tin = “Zn(—1tae)r — D Tantl = PrF(_11bd)nFT — (—146d)’
_ AP (=14bH) _ ec®(=1+ae)” _
Yan—2 = f2n—1(_1+bd)n — f7 Yan—1 = a2n(_1+ce)n =€,

P (Z14bf)” et (_14ae)™
Yan = “pmm—igea)n d, Yantl = GZnFI(_1fce)ntl

e
— (—14ce)”

Thus we have a periodic solution of period four and the proof is complete. [
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Lemma 2. System (2) has a periodic solution of period two iff d = f, a =
¢, bd = ce = 2 and it will be taken the following form {x,} = {c,b,¢,b,...},
{un} =A{f.e fre ..}

Proof. The proof is consequently from the previous theorem and so, will be

omitted.

O

4. Other Systems

Here we study some systems of difference equations and the proof of all the
Theorems are similar to above systems and so, will be omitted and in all cases
we suppose that o =c¢, x_1 =0, xo=a, y2=f, y_1 =e and yo = d.

Tn—1Yn—2

Tntl = U A tan_1yn_2)’ Int+l =
Tntl = ST ) Ynt1 =
Tl = T, g Yntl =
Tl = G e, g Untl =
Tl = T, ) Yntl =

Yn—1Tn—2
Tn(1=Yn—1Tn—2)" (3)

Yn—1Tn—2 4
Tn(1+yYn—1Tn—2)" ( )

Yn—1Tn—2
Tn(1=Yn—1Tn_2) " (5)

Yn—1Tn_2
Tn(—1=Yn—1Tn_2)" (6>

Yn—1Tn—2 (
Tn(=1+yn—1Tn_2)"

Yn—1Tn—2 (
Tn(=1=Yn—1Tn_2)"

7)
8)

Theorem 4. The solutions of the following system (8) with woy—1 # 1, T_1y—2 #
1 are given by the following formula for n =0,1,2, ...,

a2 TT (1= (24)ce) (1— (2i+1)ce)
=0

Ton—2 = 2n=T(—1tae)” y Tan—1 =
n—1
2ntl .1:[0(1—(2i+1)ce)(17(2i+2)ce)
Tan = — Zn(—1tae)” s Lon+1
A2 (=14bf)"
Yan—2 = Py ( ) y Yan—1
f2n=1 TT (1—(24)bd)(1—(2i+1)bd)
i=0
d2n+1 —1+bf n
Yan ( ) y Yan+1 =

T pen T (1 (204 1)bd) (1— (264 2)bd)
i=0

bf2n 'ﬁj:(1—(2i)bd)(1—(2i+1)bd)
= P e )

b2+ TT (1= (2i41)bd) (1— (2+2)bd)
1=0
d2"+1(—1+bf)n+1 )

ec?”(—14ae)™

a2n 71::[:(17(2#1)66)(17(2i+2)ce)

ec?"t(—14ae)™

a?2n+1(1—ce) 7_11:_1:(17(2i+2)ce)(17 (2i+3)ce) ’

Theorem 5. If {xz,,y,} are solutions of the difference equation system (4)
where the initial conditions x_o, x_1, To, Y—2, Yy—1 and yo are arbitrary nonzero
real numbers with xoy_1 # —1, x_1y_o # —1. Then forn =0,1,2, ...,

a2 TT (+(2i)ce) 1+ @i+ 1)ce)

Tyn—2 = Zrn-1(_1_ae)n ; Tan—1 =
n—1
a®>" T (14(2i+1)ce) (14(2i+2)ce)
_ i=0
Tan = 62"(7170,6)"' 9 x4n+1
d®" (=1-bf)"
Yan—2 = ( ) y Yan—1 =

21 T (14(20)bd) (14(2i+1)bd)
1=0

bf2n flj:(1+(2i)bd)(1+(2i+1)bd)
B (—1bf)n ’

2t "1:[1(1+(2i+1)bd)(1+(2i+2)bd)
i=0
d2nFI(—1—pf)nt1 ’
ec®™ (—1—ae)”

a2n ] (14(2i41)ce) (1+(2i+2)ce)
=0
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_ d2"+1(717bf)" _ ec2”+1(717ae)"
Yqn = n—1 y Yan4+1 = 1 .
£27 TT (14(2i+1)bd) (14 (2i+2)bd) a?ntl(14-ce) [T (14(2i4+2)ce)(1+(2i+3)ce)
i=0 i=0

Theorem 6. If {x,,y,} are solutions of the difference equations system (5)
where the initial conditions x_o, x_1, To, Y_2, Yy_1 and yo are arbitrary nonzero
real numbers with xqy_1 # —1, ©_1y_o # —1. Then forn =0,1,2, ...,

a2 "I (1= (20)ce) (1— (2i41)ce) br2n T (1= (20)bd)(1—(2i-+1)bd)
— i=0 _ i=0
Ton—2 = Zn=1(—1—ae)n y Tdn—1 = & (—1-bf)" )
a2t 7%1:[1(1—(2i+1)ce)(1—(2i+2)cc) pf2ntl 7?1:[1(1—(2i+1)bd)(1—(2i+2)bd)
Tan = = Zn(—1—ae)" y Ldn4+1 = 1:22n+1(_1_bf)n+1 )
d2n —1—bf)"™ 2n ¢ 1 n
Yan—2 = n—1 (-1-bf) y Yan—1 = n—1 e ?(—1-ae) 5
F2r-1 T (1= (20)bd) (1—(2i4+1)bd) a?n T (1=(2i+1)ce)(1—(2i+2)ce)
=0 =0
2n41(_1_1e\n 2n41l/_q___\n
Yan = d (—=1-bf)  Yang1 = ec (—1—ae)

20 TT (1= (264 1)bd) (1— (2i+2)bd) a2n+1(1—ce) T] (1= (2i+2)ce)(1—(2i4+3)ce)
=0 =0

Theorem 7. Assume that {x,,yn} are solutions of the system (6) with the

initial conditions are arbitrary nonzero real numbers with x_oy_1, T_1yg # —1,

Toy—1, T_1Yy—o # 1. Then forn =0,1,2, ...,

_ a®(~1-ce)” b (—1-bd)”
Tan—2 = @a-1(—1tae)n’ Tdn—1 = G117
_ a®t(—1—ce)” bl (—1—bd)™
Tan = “Zn(1tae)n » Tan+l = F@aFi(_11bf)ntl>

. d2n(71+bf)n . ec2"(71+ae)”
Yan—2 = Fra—1(_1_pqyn> Y4n—1 = GZn(_1_ce)n

A2 (—14bf)" e+ (Z14ae)"

Yan FE(—1—bd)r » Y4n+tl = GZaFi(_1_ce)nti-

Lemma 3. The solution of equation system (6) is unbounded except in the
following case.

Theorem 8. System (6) has a periodic solution of period four iff d = —f,
a = —c and it will be taken the following form {x,} = {c, b,a, ﬁm, b,a, } ,

{yn} = {f7€7d7 e /e d, } )

Theorem 9. Forn =0,1,2, ..., the solutions of system (7) with x_sy_1, T_1yo #
1, xoy—1, T_1y—2 # —1 are given by the following relations

2n n 2n n
_a’"(—1+ce) _ bf“"(—1+bd)
Tan—2 = Zn=1(_1_qe)n’ TA4n—1 = @1 _pf)n >
- a2n+1(_1+ce)n o bf2n+1(_1+bd)n
Tan = “@n(—i—ae)n » Tan+l = GEaFi(—1_pp)nti>
@ (—1—bf)" e (—1—ae)™
Yan—2 = Fra—1T(_11pq)n> Y4n—-1 = GZn(_1jce)n

o d2n+1(_1_bf)n - ec2n+1(_1_ac)n
Yan = ~pmniypa)r 0 Y4n+l = @I 1qce)n i
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Lemma 4. The solution of equation system (7) is unbounded except in the
following case.

Theorem 10. System (7) has a periodic solution of period four iff d = —f,

a = —c and it will be taken the following form {x,} = {c, b, a, ﬁ,c, b,a, } ,

{yn} = {ﬁ%%ﬁ,f,e,d,...}.

Theorem 11. Suppose that the sequences {xp}o>_o and {yn}S>_o are solu-
tions of system equations (8) with x_oy_1, T_1Yo, ToYy—1, T_1Y—2 # —1, then
we obtain the following expressions of the solutions for n =0,1,2, ...,

_ a®(=1-co)" _ b (—1-bd)”
Tan—2 =  @n-1(—i—qe)nr Tan—-1= gan(—1_pp)n >
_ a®t(—1-ce) _ b (—1-bd)”
Tan = “@n(_1_ae)n 0 TAntl = @aFi(_1_pp)nFls
o d®" (—1—bf)" _ec®(—1—ae)"”
Yan—2 = a1 pgyno Y4n—1 = GZn(—1—ce)n
Y R G e D _ et (—1—qae)”
Yan = “pmm(—1_pa)n 0 YAnt+l T GEInFI(_1_ceyntl-

Lemma 5. The solution of equation system (8) is unbounded except in the
following case.

Theorem 12. System (8) has a periodic solution of period four iff d = f,

a =c and it will be taken the following form {x,} = {c, b,a, %_bf,c, b,a,...

{yn} = {f&,i%_ce,f,e,d,...}.

Lemma 6. System (8) has a periodic solution of period two iff d = f, a =
¢, bd = ce = =2 and it will be taken the following form {x,} = {c,b,¢,b,...},
{ynt ={f.e.fre,..}.

5. Numerical Examples

In order to illustrate the results of the previous sections and to support our
theoretical discussions, we consider several interesting numerical examples in
this section. These examples represent different types of qualitative behavior of
solutions to nonlinear difference equations.

Example 1. We consider numerical example for the difference system (1) with
the initial conditions x_5 = 3.07, x—_; = 0.13, zop = 0.4, y_o = 0.02, y_; =
0.7 and yo = 0.03. (See Figure 1).

Example 2. We consider interesting example for the difference system (1) with
the initial conditions x_5 = 0.07, z_y = 0.4, zg = —0.04, y_o = 0.02, y_; =
—0.07 and yo = 0.03. (See Figure 2).

Example 3. We consider numerical example for the difference system (2) with
the initial conditions x_5 = 0.8, z_1 = 04, g = 0.9, y_o = 0.2, y_1; =
0.7 and yo = 0.3. (See Figure 3).
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Example 4. See Figure (4) when we take system (2) with the initial conditions
T_o=9, 2_1=05,20=7, y_2=28, y_1 =2 and yo = 4.

Example 5. We assume the difference equations system (2)when we put the
initial conditions z_2 =9, x_1 =7, 20 =9, y_2 =5, y_1 = 2 and yo = 5. See
figure 5.

Example 6. Figure (6) shows the periodicity of the solution of the difference
system (2) with the initial conditions z_o = =3, x_1 = 5, g = —3, y_o =
04, y_1 = —2/3 and yo = 0.4.
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