
Bull. Korean Math. Soc. 53 (2016), No. 3, pp. 651–656
http://dx.doi.org/10.4134/BKMS.b140564
pISSN: 1015-8634 / eISSN: 2234-3016

CHARACTERIZATION OF SUZUKI GROUP BY NSE AND

ORDER OF GROUP

Ali Iranmanesh, Hosein Parvizi Mosaed, and Abolfazl Tehranian

Abstract. Let G be a finite group and nse(G) be the set of numbers
of elements of G of the same order. In this paper, we prove that the
simple group Sz(22m+1), where 22m+1−1 is a prime number, is uniquely
determined by nse(Sz(22m+1)) and |Sz(22m+1)|.

1. Introduction

For a finite group G, by π(G) we denote the set of primes q such that G

contains an element of order q and by πe(G) we mean the set of element orders
of G. Let i ∈ πe(G) and mi = mi(G) be the number of elements of order i in
G. Then we denote the set of numbers of elements of G of the same order by
nse(G), that is; nse(G) = {mi | i ∈ πe(G)}. The prime graph of group G which
is denoted by Γ(G) is a graph with vertex-set π(G), two distinct vertices u and
v are adjacent if and only if uv ∈ πe(G). The number of connected components
of Γ(G) is denoted by t(G) and the set of the connected components is denoted
by {πi | i = 1, 2, . . . , t(G)}. If G is a group of even order, then we always
assume that 2 ∈ π1.

The characterization by nse is one of the problems related to the Thompson’s
problem (Problem 12.37 of [10]) that posed by Shao and et al.. In [12], they
proved that if G is a simple K4-group, then G is characterizable by nse(G) and
|G|. (The simple group G is called simple Kn-group if |π(G)| = n.) Following
this result, in [5, 6, 7, 9, 11], it is proved that the groups A12, A13, L2(2

n)
where either 2n − 1 or 2n + 1 is a prime number, symmetric group Sr where
r is a prime number and sporadic groups are characterizable by nse and order
of group. In this paper, we continue this work and we prove that the simple
Suzuki group is characterizable by nse and order of group. In fact, we prove
the following main theorem:
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Main Theorem. Let G be a finite group such that nse(G) = nse(Sz(22m+1))
and |G| = |Sz(22m+1)|, where 22m+1 − 1 is a prime number. Then G ∼=
Sz(22m+1).

2. Notation and preliminaries

For the finite group G, a Sylow q-subgroup of G is denoted by Gq and the
number of Sylow q-subgroups of G is denoted by nq = nq(G). Also, the largest
element order of Gq is denoted by exp(Gq). Moreover, we denote by ϕ the
Euler totient function, by π(n) the set of all prime divisors of natural number
n and by (a, b) the greatest common divisor of integers a and b.

In the following, we bring some useful lemmas which will be used in the
proof of the main theorem.

Lemma 2.1 ([1, 4]). Let G be a Frobenius group of even order with kernel K

and complement H. Then

(1) t(G) = 2, π(H) and π(K) are vertex sets of the connected components

of Γ(G).
(2) |H | divides |K| − 1.
(3) K is nilpotent.

A group G is a 2-Frobenius group if there exists a normal series 1 E H E

K E G such that G/H and K are Frobenius groups with kernel K/H and H

respectively.

Lemma 2.2 ([1]). Let G be a 2-Frobenius group of even order. Then

(1) t(G) = 2, π(G/K) ∪ π(H) = π1 and π(K/H) = π2.

(2) G/K and K/H are cyclic groups satisfying |G/K| divides |Aut(K/H)|.

Lemma 2.3 ([13]). Let G be a finite group with t(G) > 1. Then one of the

following statements holds:

(1) G is a Frobenius group.

(2) G is a 2-Frobenius group.

(3) G has a normal series 1 EH EK EG such that H and G/K are π1-

groups, K/H is a non-abelian simple group, H is a nilpotent group and

|G/K| divides |Out(K/H)|. Moreover, any odd order component of G

is also an order component of K/H.

Lemma 2.4 ([3]). Let p, q be prime numbers and m,n be natural numbers such

that pm − qn = 1. Then one of the following statements holds:

(1) If m = 1, then p = 22
t

+ 1, where t ≥ 0 is a integer number.

(2) If n = 1, then q = 2p0 − 1, where p0 is a prime number.

(3) If m,n > 1, then (p, q,m, n) = (3, 2, 2, 3).

Lemma 2.5 ([14]). Let q, k, l be natural numbers. Then

(1) (qk − 1, ql − 1) = q(k,l) − 1.



CHARACTERIZATION OF SUZUKI GROUP BY NSE AND ORDER OF GROUP 653

(2) (qk + 1, ql + 1) =

{
q(k,l) + 1 if both k

(k,l) and l
(k,l) are odd,

(2, q + 1) otherwise.

(3) (qk − 1, ql + 1) =

{
q(k,l) + 1 if k

(k,l) is even and l
(k,l) is odd,

(2, q + 1) otherwise.

In particular, for every q ≥ 2 and k ≥ 1 the inequality (qk − 1, qk + 1) ≤ 2
holds.

Lemma 2.6 ([2]). Let G be a finite group and m be a positive integer dividing

|G|. If Lm(G) = {g ∈ G | gm = 1}, then m | |Lm(G)|.

Lemma 2.7. Let G be a finite group. Then for every i ∈ πe(G),
{
ϕ(i) | mi

i |
∑

d|imd

and if i > 2, then mi is even.

Proof. According to Lemma 2.6, the proof is straightforward. �

Lemma 2.8. Let S be Suzuki group Sz(22m+1), where p = 22m+1 − 1 is a

prime number. Then mp = (p− 1)(p+1)2((p+1)2 +1)/2 and p | mr for every

r ∈ πe(S) \ {1, p}.

Proof. Since |Sp| = p, we deduce that Sp is a cyclic group of order p and
hence Lemma 2.7 implies that mp = ϕ(p)np = (p − 1)np. Now it is enough
to show that np = (p + 1)2((p + 1)2 + 1)/2. Since Sp is a cyclic group of
order p, we deduce that |NS(Sp)/CS(Sp)| | (p − 1) and since according to
Table 3 in [8], p is an isolated point of Γ(S), we deduce that |CS(Sp)| = p

and hence |NS(Sp)| = xp, where x | (p − 1). On the other hand, NS(Sp) ≤ S

implies that x | (p + 1)2((p + 1)2 + 1). Thus x | (p + 1)2((p + 1)2 + 1) =
((p3 + 5p2 +12p+ 18)(p− 1) + 20). So we deduce that x | 20 . But by Sylow’s
theorem, np ≡ 1 (mod p) and hence (p + 1)2((p + 1)2 + 1)/x ≡ 1 (mod p).
Thus p | (2−x). Since x | 20 and p = 22m+1−1 is prime, we deduce that x = 2
and np = (p+ 1)2((p+ 1)2 + 1)/2, as desired.

Let r ∈ πe(S) \ {1, p}. Since p is an isolated point of Γ(S), we deduce that
p ∤ r and pr /∈ πe(S). Thus Sp acts fixed point freely on the set of elements of
order r by conjugation and hence |Sp| | mr. So we conclude that p | mr. �

3. Proof of Main Theorem

From now on, we suppose that p := 22m+1 − 1 is a prime number. Also we
denote Sz(22m+1) by S. Thus nse(G) = nse(S) and |G| = |S|. We prove the
main theorem in a sequence of lemmas.

Lemma 3.1. m2(G) = m2(S), mp(G) = mp(S), np(G) = np(S) and p is an

isolated point of Γ(G).
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Proof. According to Lemma 2.7, if H is a group of even order and r ∈ πe(H) \
{1} such that mr is odd, then r = 2. Thus m2(G) = m2(S). By Lemma
2.7, (mp(G), p) = 1. Thus p ∤ mp(G) and hence by Lemma 2.8, mp(G) =
mp(S). Since Gp and Sp are cyclic groups of order p, we deduce that mp(G) =
ϕ(p)np(G) = ϕ(p)np(S) = mp(S). So np(G) = np(S). If p is not an isolated
point of Γ(G), then there is t ∈ π(G) − {p} such that tp ∈ πe(G). Thus
mtp(G) = ϕ(tp)np(G)k, where k is the number of cyclic subgroups of order
t in CG(Gp). By the proof of Lemma 2.8, we have np(S) = |S|/2p and since
np(S) = np(G) and |S| = |G|, we deduce that np(G) = |G|/2p. Thus (t−1)(p−
1)|G|/2p = ϕ(tp)np(G) | mtp(G) and hence (t− 1)(p− 1)|G|/2p ≤ mtp(G). So
(t − 1)(p − 1)/2p ≤ 1 because |G| ≥ mtp(G). This implies that (t − 1) ≤
2p/(p − 1) < 3. So we deduce that t ∈ {2, 3}. If t = 2, then by Lemma
2.8, p | m2p(G). So (p − 1)|G|/2 | m2p(G) which implies that m2p(G) > |G|,
a contradiction. Similar argument leads us to a contradiction for the case
t = 3. �

Lemma 3.2. G is neither a Frobenius group nor a 2-Frobenius group.

Proof. Let G be a Frobenius group with kernel K and complement H . Then
by Lemma 2.1, t(G) = 2, π(H) and π(K) are vertex sets of the connected
components of Γ(G). Since p is an isolated point of Γ(G), we deduce that
|K| = p, |H | = (p+ 1)2((p+ 1)2 + 1) or |H | = p, |K| = (p+ 1)2((p+ 1)2 + 1)
and hence (p+1)2((p+1)2+1) | (p−1) or p | ((p+1)2((p+1)2+1)−1). This is
a contradiction. So G is not a Frobenius group. Let G be a 2-Frobenius group.
Then by Lemma 2.2, t(G) = 2 and G has a normal series 1EH EK EG such
that G/H and K are Frobenius groups with kernel K/H and H respectively,
π(G/K) ∪ π(H) = π1, π(K/H) = π2 and |G/K| divides |Aut(K/H)|. Let
|G/K| = x. According to Lemma 3.1, p is an isolated point of Γ(G). Thus
|K/H | = p and x|H | = (p+1)2((p+1)2+1) and hence x | (p+1)2((p+1)2+1).
On the other hand, |G/K| divides |Aut(K/H)|. Thus x | (p − 1). So we
deduce that x | ((p+ 1)2((p+ 1)2 + 1)− (p3 + 5p2 + 12p+ 18)(p− 1)). Hence
x | 20. Since K is a Frobenius group with kernel H , Lemma 2.1 implies that
p | ((p + 1)2((p + 1)2 + 1)/x − 1) and hence p | ((p + 1)2((p + 1)2 + 1) − x) =
(p(p3 + 4p2 + 7p+ 6) + (2 − x)). Thus p | (2 − x) and since p = (22m+1 − 1)
is a prime, we deduce that x = 2 and |H | = (p + 1)2((p + 1)2 + 1)/2. Let L

be complement of Frobenius group K. Since H is nilpotent, we deduce that
H2 ⋊L is Frobenus group. Thus by Lemma 2.1, |L| divides |H2| − 1 and hence
p | ((p+ 1)2/2− 1). This is a contradiction. �

Lemma 3.3. G ∼= S.

Proof. Since p is an isolated point of Γ(G), we deduce that t(G) > 1. Thus
according to Lemmas 2.3 and 3.2, G has a normal series 1EH EK EG such
that H and G/K are π1-groups and K/H is a non-abelian simple group. As
3 divides the order of the finite non-abelian simple groups except Sz(22n+1)
and 3 doesn’t divide |K/H |, we have K/H ∼= Sz(22n+1). Hence |Sz(22n+1)|
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divides |G|. Thus 22n+1 | 22m+1, which yields 2n+ 1 ≤ 2m+ 1. On the other
hand, since p is an isolated point of Γ(G), we deduce that p | |Sz(22n+1)|. Thus
p | (24n+2 + 1) or p | (22n+1 − 1). Hence Lemma 2.5 yields p | (22n+1 − 1).
Therefore 2m + 1 ≤ 2n + 1. So we deduce that m = n and K/H ∼= S. Now
since 1 E H E K E G and |K/H | = |S| = |G|, we conclude that H = 1 and
G = K ∼= S. �
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