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Abstract
In this paper, a simple step-stress accelerated life test (ALT) under progressive type-II censoring is consid-

ered. Progressive type-II censoring and accelerated life testing are provided to decrease the lifetime of testing
and lower test expenses. The cumulative exposure model is assumed when the lifetime of test units follows an
extension of the exponential distribution. Maximum likelihood estimates (MLEs) and Bayes estimates (BEs) of
the model parameters are also obtained. In addition, a real dataset is analyzed to illustrate the proposed proce-
dures. Approximate, bootstrap and credible confidence intervals (CIs) of the estimators are then derived. Finally,
the accuracy of the MLEs and BEs for the model parameters is investigated through simulation studies.

Keywords: step-stress accelerated life testing, progressive type-II censoring, Bayes estimation,
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1. Introduction

In traditional life testing and reliability experiments, it is not easy to collect lifetimes on highly reli-
able products with long lifetimes because few or no failures may occur within a limited testing time
under normal conditions. Accelerated life test (ALT) is one of the most modern approaches used to
obtain adequate failure data in a short period. In such testing, products are tested at higher than usual
levels of stress (e.g., temperature, voltage, humidity, vibration or pressure) to induce early failure.
The life data collected from such accelerated tests is then analyzed and extrapolated to estimate life
characteristics under normal operating conditions. Stress loading in ALT can be applied in differ-
ent ways, commonly used methods are constant-stress and step-stress. See Nelson (1990) for further
information on accelerated models.

In constant-stress ALT, each unit is run at constant high stress until either all units fail or the test
terminates. See Nelson (1990) and Mohie El-Din et al. (2016) for more details about constant-stress
ALT. In step-stress ALT, the stress on every unit is not fixed but is increased step by step at prespecified
times or simultaneous the occurrence of a fixed number of failures. If a test includes two levels of
stress referred to as a simple step-stress ALT.

The step-stress models have been studied extensively in the literature. Miller and Nelson (1983)
introduced the optimal simple step-stress ALT plans for the exponential distribution in the case of
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complete data. Bai et al. (1989) studied the optimal simple step-stress ALT plans for the exponential
distribution in the case of censoring data. The optimal step-stress test for the exponential distribu-
tion with progressive type-I censoring was investigated by Gouno et al. (2004). Balakrishnan et al.
(2007) considered the simple step-stress ALT under type-II censoring, assuming a cumulative expo-
sure model for exponential distribution. Srivastava and Shukla (2008a) obtained the optimal plan for
simple step-stress ALT under the log-logistic distribution by minimizing the asymptotic variance of
the maximum likelihood estimate (MLE) of the median life at the design stress. Srivastava and Shukla
(2008b) derived the optimal test plan for simple step-stress under the log-logistic model in the case of
censored data. The optimal simple step-stress ALT for truncated logistic distribution with censoring
was introduced by Srivastava and Mittal (2010). Ismail (2012) considered the MLEs of parameters
of Weibull distribution based on hybrid censored data, assuming a tampered random variable model.
Ismail (2014) obtained the MLEs of parameters of Weibull distribution and the acceleration factor
under progressive hybrid censoring schemes. Mohie El-Din et al. (2015a) considered the simple step-
stress ALT under progressive first-failure censoring, assuming a tampered random variable model for
Weibull distribution. Mohie El-Din et al. (2015b) developed Bayes estimation for step-stress ALT to
power generalized Weibull distribution under progressive censoring, using a tampered random vari-
able model.

In ALTs, tests are often terminated before all units fail, so that censored data is used to reduce test
time and expense. The most two common censoring schemes in life testing or reliability experiments
are type-I and type-II censoring. Recently, the progressive type-II censoring scheme has become
quite popular for analyzing highly reliable data. This type of censoring scheme can be described as:
Suppose n identical items are put to test, the integer m ≤ n is a prespecified number of failures and
R1,R2, . . . ,Rm are m prefixed integers satisfying R1 + R2 + · · · + Rm + m = n. At the time of the first
failure t1:m:n, R1 of the surviving units are randomly withdrawn. Likewise, at the time of the second
failure t2:m:n, R2 of the surviving units are randomly withdrawn, and so on. At the time of the mth

failure tm:m:n, the experiment is stopped and all surviving Rm = n − m − (R1 + · · · + Rm−1) units are
withdrawn. For more details about progressive type-II censoring, see Balakrishnan and Aggarwala
(2000) and Balakrishnan and Cramer (2014).

The paper is drafted as follows. In Section 2, a description of the lifetime model and test assump-
tions are presented. In Section 3, the MLEs of model parameters under the simple step-stress ALT are
derived. The Bayes estimates (BEs) of model parameters using Markov chain Monte Carlo (MCMC)
method are obtained in Section 4. In Section 5, a real dataset is analyzed to illustrate the proposed pro-
cedures in Sections 3 and 4. In Section 6, the asymptotic, bootstrap and credible confidence bounds
for the model parameters are constructed. Section 7, contains the simulation studies. The conclusion
is made in Section 8.

2. Model description and test assumptions

2.1. Extension of the exponential distribution

In 2011, Nadarajah and Haghighi (2011) introduced an extension of the exponential distribution as
an alternative to gamma, Weibull and generalized exponential distributions. It has an increasing as
well as a decreasing failure rate depending on the values of the shape parameter. It has an increasing
(decreasing) failure rate function when γ > 1 (γ < 1) respectively, and for γ = 1, it becomes constant.

The extension of the exponential distribution specified by the probability density function (PDF):

f (t) = γσ (1 + σt)γ−1 exp {1 − (1 + σt)γ} , t > 0, γ > 0, σ > 0, (2.1)
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the corresponding cumulative distribution function (CDF) is

F(t) = 1 − exp {1 − (1 + σt)γ} , t > 0, γ > 0, σ > 0, (2.2)

and the corresponding hazard rate function (HRF) is given by:

h(t) = γσ (1 + σt)γ−1 , t > 0, γ > 0, σ > 0. (2.3)

Then, if T follows the extension of the exponential distribution, we shall denote by T ∼ EE(γ, σ). The
exponential distribution is a special case of the EE model when γ = 1. Nadarajah and Haghighi (2011)
considered the extension of exponential distribution as a possible alternative to gamma, Weibull and
generalized exponential distributions for modeling lifetime data for three reasons. The first reason is
based on the relationship between a PDF in (2.1) and its HRF in (2.3). The EE model allows for an
increasing HRF when its PDF is monotonically decreasing. In contrast, this property is not valid for
gamma, Weibull and generalized exponential distributions. The second reason is the superiority of
the EE distribution to model data that has a mode fixed at zero compared to the gamma, Weibull and
generalized exponential distributions. The third reason is the EE distribution can be interpreted as a
truncated Weibull distribution. If the random variable Y has Weibull distribution with shape parameter
γ and scale parameter σ, then the density in equation (2.1) is the same as that of the random variable
Z = Y − σ − 1 truncated at zero. The EE distribution can then be interpreted as a truncated Weibull
distribution, for more details see Nadarajah and Haghighi (2011).

2.2. Test assumptions

Let S 0 < S 1 < S 2 be the stress levels in the test and S 0 be the use-stress or the design stress. Assume
n identical units are tested under stress level S 1, the surviving units at a prespecified time τ are put
under stress level S 2. The progressive type-II censoring is applied as: At the time of the first failure
t1:m:n, R1 units are randomly withdrawn from n − 1 surviving units. At the time of the second failure
t2:m:n, R2 units from n − 2 − R1 surviving units are randomly withdrawn. The test is terminated at the
time of mth failure occurs tm:m:n, at this time all surviving Rm = n − m −∑m−1

j=1 R j units are withdrawn.
It is clear that the complete samples and type-II censored samples are special cases of this scheme.
Let n1 be the number of failures before time τ at stress level S 1. With these notations the observed
progressive censored data is t1:m:n < t2:m:n < · · · < tn1:m:n < τ < tn1+1:m:n < · · · < tm:m:n.

The following assumptions are used throughout the article in the structure of simple step-stress
ALT:

1. Under stress level S i, i = 0, 1, 2, the failure time T follows EE(γ,σi).

2. The relationship between the life characteristic σ and the stress loading S takes one of the follow-
ing forms:

• Arrhenius model: ln(σ) = a + b/−S , b > 0, where S is the absolute temperature.
• Inverse power model: ln(σ) = a + b[ln(S )], b > 0, where S is the voltage.
• Exponential model: ln(σ) = a + bS , b > 0, where S is a weathering variable.

See Chapter 2 of Nelson (1990) for further information on accelerated models. Thus ln(σ) is a
linear function of the transformed stress ϕ(S ) = 1/−S , ln(S ) or S for the above three models.
Furthermore, we assume that the relationship between the parameter σi and the stress level S i is

ln(σi) = a + bϕi, i = 0, 1, 2, (2.4)
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where a and b (> 0) are unknown parameters, and ϕi = ϕ(S i) is an increasing function of S .

3. The cumulative exposure model holds, see Nelson (1990).

From the assumption of cumulative exposure model and the CDF given in (2.2), the CDF of a test unit
under the simple step-stress ALT is

G(t) =
{

F1(t), 0 < t < τ,
F2(t − τ + τ∗), t ≥ τ, (2.5)

where F j(t) = 1 − exp{1 − (1 + σ jt)γ}, for j = 1, 2, and τ∗ is the solution of F1(τ) = F2(τ∗).
The PDF of (2.5) is given by:

g(t) =
{

f1(t), 0 < t < τ,
f2(t − τ + τ∗), t ≥ τ, (2.6)

where for j = 1, 2, f j(t) = γσ j(1 + σ jt)γ−1 exp{1 − (1 + σ jt)γ}.

3. Maximum likelihood estimation

In this section, the MLEs of the model parameters are obtained. Let ti:m:n = ti be the observed values
of the lifetime T obtained from a progressive type-II censoring. From the CDF in (2.5) and the
corresponding PDF in (2.6), the likelihood function of the three parameters γ, σ1 and σ2 based on the
progressive type-II censoring sample is obtained as:

L(γ, σ1, σ2) = C

 n1∏
i=1

f1(ti) [1 − F1(ti)]Ri


 m∏

i=n1+1

f2(ti − τ + τ∗)
[
1 − F2(ti − τ + τ∗)

]Ri

 , (3.1)

where C = n(n − 1 − R1)(n − 2 − R1 − R2) · · · (n − m + 1 −∑m−1
j=1 R j).

The MLEs of γ, σ1 and σ2 exist only in case of at least one failure occurs before τ and after τ,
then the logarithm of likelihood function of γ, σ1 and σ2 is given by:

ℓ(γ, σ1, σ2) = log C + n1 logσ1 + n2 logσ2 + m log γ + (γ − 1)
n1∑
i=1

log(1 + σ1ti)

+

n1∑
i=1

(Ri + 1) (1 − (1 + σ1ti)γ) + (γ − 1)
m∑

i=n1+1

log(1 + σ2ω(ti))

+

m∑
i=n1+1

(Ri + 1) (1 − (1 + σ2ω(ti))γ) , (3.2)

where ω(ti) = ti + (σ1/σ2)τ − τ.
The likelihood equations of γ, σ1 and σ2 are respectively

∂ℓ(γ, σ1, σ2)
∂γ

=
m
γ
+

n1∑
i=1

log(1 + σ1ti) −
n1∑
i=1

(Ri + 1)(1 + σ1ti)γ log(1 + σ1ti)

+

m∑
i=n1+1

log(1 + σ2ω(ti)) −
m∑

i=n1+1

(Ri + 1)(1 + σ2ω(ti))γ log(1 + σ2ω(ti)), (3.3)
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∂ℓ(γ, σ1, σ2)
∂σ1

=
n1

σ1
+ (γ − 1)

n1∑
i=1

ti
(1 + σ1ti)

− γ
n1∑
i=1

(Ri + 1)ti(1 + σ1ti)γ−1, (3.4)

∂ℓ(γ, σ1, σ2)
∂σ2

=
n2

σ2
+ (γ − 1)

m∑
i=n1+1

ti − τ
(1 + σ2ω(ti))

− γ
m∑

i=n1+1

(Ri + 1)(ti − τ)(1 + σ2ω(ti))γ−1. (3.5)

Now, we have a system of three nonlinear equations in three unknowns γ, σ1 and σ2. It is obvious
that a closed form solution is quite difficult to obtain. Consequently, an iterative procedure such as
Newton-Raphson can be used to obtain a numerical solution of the above nonlinear system.

4. Bayes estimation

In this section, the square error (SE) loss function and linear exponential (LINEX) loss function are
considered to obtain BEs of the model parameters γ, σ1 and σ2 under progressive type-II censoring.
Assume that the model parameters γ, σ1 and σ2 are independent with priors as:

π1(γ) ∝ γµ1−1e
−γ
λ1 , γ > 0, µ1, λ1 > 0,

π2(σ1) ∝ σµ2−1
1 e

−σ1
λ2 , σ1 > 0, µ2, λ2 > 0,

and

π3(σ2) ∝ σµ3−1
2 e

−σ2
λ3 , σ2 > 0, µ3, λ3 > 0.

Many authors used the gamma priors for the scale and the shape parameters instead of the exponential
priors because the gamma prior is wealthy enough to cover the prior belief of the experimenter. See
Nassar and Eissa (2005) and Kim et al. (2011) for Weibull distribution and Singh et al. (2014a) for
the extension of the exponential distribution.

In case of non-informative priors, we take µi → 0, i = 1, 2, 3 and λi → ∞, i = 1, 2, 3. This
technique of transforming the informative priors to non-informative priors was considered by Singh
et al. (2014b). Thus the joint prior PDF of γ, σ1 and σ2 is given by:

π(γ, σ1, σ2) ∝ γµ1−1σ
µ2−1
1 σ

µ3−1
2 e

−
(
γ
λ1
+
σ1
λ2
+
σ2
λ3

)
, γ, σ1, σ2 > 0. (4.1)

The joint posterior density function of the parameters γ, σ1 and σ2 can be written from (3.1) and (4.1)
as:

π∗(γ, σ1, σ2) ∝ L(γ, σ1, σ2) π(γ, σ1, σ2)

∝ γm+µ1−1σ
n1+µ2−1
1 σ

m+µ3−n1−1
2 e

−
(
γ
λ1
+
σ1
λ2
+
σ2
λ3

)  n1∏
i=1

exp {(Ri + 1) (1 − (1 + σ1ti)γ)}

× (1 + σ1ti)γ−1

 m∏
i=n1+1

(1 + σ2ω(ti))γ−1 exp {(Ri + 1) (1 − (1 + σ2ω(ti))γ)} . (4.2)

Based on balanced SE loss function, the Bayes estimator of the function of parameters U = U(Θ),
Θ = (γ, σ1, σ2) is given by Ahmadi et al. (2009)

ÛS E = ΩÛML + (1 −Ω)
∫
Θ

U π∗(Θ) dΘ, (4.3)
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where ÛML is the MLE of U, π∗(Θ) is given by equation (4.2) and 0 ≤ Ω < 1.
Based on balanced LINEX loss function, the Bayes estimator of U = U(Θ) is given

ÛLINEX = −
1
c

ln
[
Ωe−cÛML + (1 −Ω)

∫
Θ

e−cU π∗(Θ) dΘ
]
, (4.4)

where c , 0 is the shape parameter of the LINEX loss function.
Unfortunately, we cannot calculate the integrals in equations (4.3) and (4.4) explicitly. Therefore,

MCMC technique is used to approximate these integrals.

4.1. Bayesian estimation using MCMC method

In this subsection, MCMC method is considered to generate samples from the posterior distribution
and then compute the BEs of γ, σ1 and σ2 under simple step-stress ALT using progressive type-II
censoring.

From the joint posterior density function in (4.2), the conditional posterior distributions of γ, σ1
and σ2 are given respectively by:

π∗(γ|σ1, σ2) ∝ γm+µ1−1e
−γ
λ1

 n1∏
i=1

(1 + σ1ti)γ exp {(Ri + 1) (1 − (1 + σ1ti)γ)}


×
m∏

i=n1+1

(1 + σ2ω(ti))γ exp {(Ri + 1) (1 − (1 + σ2ω(ti))γ)} , (4.5)

π∗(σ1|γ, σ2) ∝ σn1+µ2−1
1 e−

σ1
λ2

 n1∏
i=1

(1 + σ1ti)γ−1 exp {(Ri + 1) (1 − (1 + σ1ti)γ)}


×
m∏

i=n1+1

(1 + σ2ω(ti))γ−1 exp {(Ri + 1) (1 − (1 + σ2ω(ti))γ)} , (4.6)

π∗(σ2|γ, σ1) ∝ σµ3+m−n1−1
2 e−

σ2
λ3

m∏
i=n1+1

(1 + σ2ω(ti))γ−1 exp {(Ri + 1) (1 − (1 + σ2ω(ti))γ)} . (4.7)

The conditional posterior distributions of γ, σ1 and σ2 in (4.5), (4.6) and (4.7) cannot be reduced
analytically to well known distribution. The Metropolis-Hastings algorithm is used to generate ran-
dom samples from these distributions, see Upadhyay and Gupta (2010). The following algorithm is
proposed to compute Bayes estimators of U = U(γ, σ1, σ2) under SE and LINEX loss functions.

Algorithm (1)

1. Start with γ(0) = γ̂MLE , σ
(0)
1 = σ̂1MLE , σ

(0)
2 = σ̂2MLE .

2. Set i = 1.

3. Generate γ(i), σ(i)
1 and σ(i)

2 from equations (4.5)–(4.7) respectively.

4. Set i = i + 1.

5. Repeat steps (3)–(4) N times.
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6. The approximate means of U and e−cU are given respectively by

E(U) =
1

N − M

N∑
i=M+1

U
(
γ(i), σ(i)

1 , σ
(i)
2

)
, (4.8)

E
(
e−cU

)
=

1
N − M

N∑
i=M+1

exp
{
−cU

(
γ(i), σ(i)

1 , σ
(i)
2

)}
, (4.9)

where M is the burn-in period. Then, from equations (4.8) and (4.9), the Bayes estimators of U
under balanced SE and balanced LINEX loss functions are given respectively by:

ÛS E = ΩÛML + (1 −Ω)E(U), (4.10)

ÛLINEX = −
1
c

ln
[
Ωe−cÛML + (1 −Ω)E

(
e−cU

)]
. (4.11)

It is clear that the balanced loss functions are more general, which include the MLE and both symmet-
ric and asymmetric BEs as special cases. For examples, from (4.10), with Ω = 1, the Bayes estimate
under balanced SE loss function reduces to ML estimate, and for Ω = 0, it reduces to the Bayes
estimate relative to SE loss function (symmetric). The Bayes estimator under balanced LINEX loss
function in (4.11) also reduces to ML estimate when Ω = 1, and for Ω = 0, it reduces to the case of
LINEX loss function (asymmetric). In the case of 0 < Ω < 1, the Bayes estimate under balanced loss
functions is a mixture of MLE and symmetric or asymmetric BEs.

5. Application

In this section, the estimation procedures were developed in Sections 3 and 4 are illustrated with a
real data example.

5.1. Example

The data in Table 5.4, of Chapter 5 of Zhu (2010) was collected from a step-stress test of light bulbs
with a design stress (voltage) of 2 V. In this test, 64 light bulbs were tested under 2.25 V for 96 hours;
voltage was then increased to 2.44 V. Consequently, the stress change time is τ = 96 hours. The failure
times of the light bulbs are displayed in Table 1, and the unit removed from test before failure is noted
by +. In this case, the number of units under stress is n = 64, and 11 of these units had removed from
the test before the failure. Consequently, the number of failures is m = 53, the number of failure units
under S 1 = 2.25 V is n1 = 34, and the progressive censoring scheme Ri, i = 1, 2, . . . , 53 be

Ri =

{
0, i , 35,
11, i = 35.

Based on engineering experience, inverse power model is expected to be appropriate to describe
the acceleration voltage relationship. Thus, the acceleration model can be expressed as

ln(σi) = a + b ln(S i), b > 0, i = 0, 1, 2. (5.1)

To verify the validity of the EE distribution with data in Table 1, we use modified Kolmogorov-
Smirnov goodness-of-fit test for progressive type-II censored data. The modified Kolmogorov-Smirnov
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Table 1: The failure times in hours of 64 light bulbs

No. Failure time No. Failure time No. Failure time No. Failure time
1 12.07 17 91.22 33 14.00 49 94.38
2 19.50 18 102.10 34 17.95 50 97.71
3 22.10 19 105.10 35 24.00 51 101.53
4 23.11 20 109.20 36 26.46 52 105.11
5 24.00 21 114.40 37 26.58 53 112.11
6 25.10 22 117.90 38 28.06 54 119.58
7 26.90 23 121.90 39 34.00 55 120.20
8 36.64 24 122.50 40 36.13 56 126.95
9 44.10 25 123.60 41 40.85 57 129.25
10 46.30 26 126.50 42 41.11 58 136.31
11 54.00 27 130.10 43 42.63 59 140+
12 58.09 28 140+ 44 52.51 60 140+
13 64.17 29 140+ 45 62.68 61 140+
14 72.25 30 140+ 46 73.13 62 140+
15 86.90 31 140+ 47 83.63 63 140+
16 90.09 32 140+ 48 91.56 64 140+

statistic for progressive type-II censored data was suggested by Pakyari and Balakrishnan (2012).
They proposed a general purpose goodness-of-fit test by first estimating the unknown parameters of
the hypothesized distribution, then transforming the data to normality, and then testing the goodness-
of-fit of the transformed data to normality. For further information about the test procedure and how
to transform the data to normality (Pakyari and Balakrishnan, 2012).

Let T1:m:n < T2:m:n < · · · < Tm:m:n be a progressively type-II right censored sample with progressive
censoring scheme (R1,R2, . . . ,Rm) from a continuous distribution function F(t, θ), then the modified
Kolmogorov-Smirnov statistic for progressive type-II censored data is given by

Dm:n = max
{
D+m:n, D−m:n

}
, (5.2)

where

D+m:n = max
i
{νi:m:n − ui:m:n},

D−m:n = max
i
{ui:m:n − νi−1:m:n},

where νi:m:n = E(Ui:m:n) is the expected value of the ith type-II progressively censored order statistic
from the uniform(0, 1) distribution, given by

νi:m:n = 1 −
m∏

j=m−i+1

(
j + Rm− j+1 + · · · + Rm

j + 1 + Rm− j+1 + · · · + Rm

)
,

and ui:m:n = F(ti:m:n, θ̂) for i = 1, 2, . . . ,m.
Based on the technique of Pakyari and Balakrishnan (2012) for transforming the data to normality

and then testing the goodness-of-fit of the transformed data to normality, the values of test statistic
(Dm:n) and the corresponding p-values for each stress level S i, i = 1, 2, are calculated and presented in
Table 2. It is clear that the EE distributions provide a good fit to the given data due to all p-values be
greater than 0.05. The MLEs and BEs of the parameters γ, σ1 and σ2 are introduced in Table 3, where
σ̂i = eâ+b̂ ln(S i), i = 1, 2. For this dataset, Bayesian analysis is conducted in case of non-informative
priors.
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Table 2: The value of test statistic Dm:n and the corresponding p-values of each stress level for EE distribution

Stress (voltage) 2.25 V 2.44 V
Dm:n 0.1641 0.6652

p-value 0.30 0.94

Table 3: MLEs and BEs under SE (BSE) and LINEX (BLINEX) loss functions of γ, σ1 and σ2 for the real
dataset

MLEs BSE BLINEX
c = −2 c = .001 c = 2

âML σ̂1 ML σ̂1BS σ̂1BL1 σ̂1BL2 σ̂1BL3
b̂ML σ̂2 ML σ̂2BS σ̂2BL1 σ̂2BL2 σ̂2BL3
γ̂ML γ̂BS γ̂BL1 γ̂BL2 γ̂BL3
−17.798 0.00152 0.00200622 0.00200638 0.00200622 0.00200606

13.950 0.00472 0.00608 0.006081 0.00608 0.006079
5.0125 3.99850 4.2185 3.9984 3.7982

MLEs = maximum likelihood estimates; BEs = Bayes estimates; SE = square error; LINEX = linear exponential.

From the acceleration model in (5.1), then the MLE of the scale parameter under normal condi-
tions σ̂0 = eâ+b̂ ln(S 0) = 0.000297. By using the MLEs of γ and σ0, then the failure rate under normal
conditions is

h(t) = 5.0125 × 0.000297(1 + 0.000297t)4.0125, t > 0,

the reliability function under normal conditions is

R(t) = exp
{
1 − (1 + 0.000297t)5.0125

}
, t > 0,

the mean time to failure (MTTF) under normal conditions is

MTTF =
e1

0.000297 × 5.0125
Γ

(
1

5.0125
, 1

)
= 438.978 hours,

where Γ(· , ·) is incomplete gamma function.

6. Interval estimation

In this section, the approximate, bootstrap and credible confidence intervals (CIs) of the parameters
γ, σ1 and σ2 are derived.

6.1. Approximate confidence intervals

In this subsection, the approximate confidence bounds of the parameters are obtained based on the
asymptotic distributions of the MLEs of the elements of the vector of unknown parameters Θ =
(γ, σ1, σ2). It is known that the asymptotic distribution of the MLEs of Θ is given by Miller (1981).

((γ̂ − γ) , (σ̂1 − σ1) , (σ̂2 − σ2)) ∼ N (0,Σ) ,

where Σ = (σi j), i, j = 1, 2, 3 is the variance-covariance matrix of the unknown parameters Θ =
(γ, σ1, σ2).

The approximate 100(1 − β)% two sided CIs for θi is given by(
θ̂iL, θ̂iU

)
= θ̂i ± Z1− β

2

√
σii, i = 1, 2, 3, (6.1)

where (θ̂1 ≡ γ̂, θ̂2 ≡ σ̂1, θ̂3 ≡ σ̂2) and Zq is the 100qth percentile of a standard normal distribution.
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6.2. Bootstrap confidence intervals

In this subsection, CIs based on the parametric bootstrap method for the unknown parameters γ, σ1
and σ2 using percentile interval are derived, for more details see Efron and Tibshirani (1993). The
following algorithm is implemented to obtain a bootstrap sample.

Algorithm (2)

1. From the original data, t ≡ (t1, . . . , tn1 , tn1+1, . . . , tm), compute the MLEs of the parameters γ, σ1
and σ2.

2. Use γ̂ML, σ̂1ML and σ̂2ML to generate a bootstrap sample t∗ with same Ri, i = 1, 2, . . . ,m.

3. As in step (1) based on t∗ compute the bootstrap sample estimates γ̂∗, σ̂1
∗ and σ̂2

∗ of γ̂ML, σ̂1ML
and σ̂2ML, respectively.

4. Repeat steps (1)–(3), B times and arrange each estimate in ascending order to obtain the bootstrap
samples {γ̂∗[1], γ̂∗[2], . . . , γ̂∗[B]}, {σ̂1

∗[1], σ̂1
∗[2], . . . , σ̂1

∗[B]} and {σ̂2
∗[1], σ̂2

∗[2], . . . , σ̂2
∗[B]}.

Then, the 100(1 − β)% percentile bootstrap CIs for θi is given by(
θ̂i
∗
L, θ̂i

∗
U

)
=

(
θ̂i
∗[β B

2 ]
, θ̂i
∗
[(

1− β
2

)
B
])
, i = 1, 2, 3, (6.2)

where θ̂1
∗ ≡ γ̂∗, θ̂2

∗ ≡ σ̂1
∗ and θ̂3

∗ ≡ σ̂2
∗.

6.3. Credible confidence intervals

A 100(1 − β)% Bayesian credible or posterior interval for a random quantity θ is the interval that has
the posterior probability (1 − β) that θ lies in the interval such that

p(L ≤ θ ≤ U) =
∫ U

L
π∗(θ|t)dθ = 1 − β.

There are several kinds of credible interval, containing a central interval of posterior probability which
is the range of values between the β/2 and (1 − β)/2 percentiles.

The following algorithm is performed to obtain credible CIs of γ, σ1 and σ2.

Algorithm (3)

1. Do steps (1)–(6) in Algorithm (1).

2. Repeat step (1), K times and arrange each estimate in ascending order as {θ̂i
[1]
S E , θ̂i

[2]
S E , . . . , θ̂i

[K]
S E },

i = 1, 2, 3, where θ̂1S E ≡ γ̂S E , θ̂2S E ≡ σ̂1S E and θ̂3S E ≡ σ̂2S E .

Then, the 100(1 − β)% credible CIs for θi is given by(
θ̂i

[β K
2 ]

S E , θ̂i

[(
1− β

2

)
K
]

S E

)
, i = 1, 2, 3. (6.3)
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7. Simulation studies

In this section, simulation studies are conducted to investigate the performances of the MLEs and
BEs (under square error loss function [SEL] and LINEX loss function [LINEXL]) in terms of their
mean square errors (MSEs) and relative absolute biases (RABs) for various choices of n, m, τ and Ri,
i = 1, 2, . . . ,m. Table 4 introduces MSEs and RABs of the MLEs and BEs of the model parameters; in
addition, the 95% approximate, credible and percentile bootstrap CIs are computed. Table 5 includes
the lengths and the coverage probabilities of 95% approximate, credible and percentile bootstrap CIs
of the model parameters. We consider the following three progressive censoring schemes (C.S) for
the simulation studies.

Scheme 1: Ri =

{
n − m, i = 1,
0, other wise.

Scheme 2: Ri =

{
1, i = 1, 2, . . . , n − m,
0, other wise.

Scheme 3: If m even, Ri =

 n − m, i =
m
2
,

0, other wise.

If m odd, Ri =

 n − m, i =
m + 1

2
,

0, other wise.

The estimation procedure is performed according to the following algorithm.

Algorithm (4)

1. Specify the values of n, m, τ, Ω, and c.

2. For given values of the prior parameters µ1, µ2, µ3, λ1, λ2 and λ3 generate γ from π1(γ), σ1 from
π2(σ1) and σ2 from π3(σ2).

3. Generate a simple random sample of size m from Uniform(0, 1) distribution, (U1,U2, . . . ,Um).

4. Determine the values of the censored scheme Ri, i = 1, 2, . . . ,m, such that
∑m

i=1 Ri = n − m.

5. Set Ei = U1/(i+
∑m

d=m−i+1 Rd)
i , i = 1, 2, . . . ,m.

6. Obtain the progressive type-II censored sample (U∗1:m:n,U
∗
2:m:n, . . . ,U

∗
m:m:n), where U∗i:m:n = 1 −∏m

d=m−i+1 Ed, i = 1, 2, . . . ,m.

7. Find n1, such that U∗n1:m:n < F1(τ) ≤ U∗n1+1:m:n.

8. From steps (3)–(7), the order observations t1:m:n, t2:m:n, . . . , tn1:m:n, tn1+1:m:n, . . . , tm:m:n, are calculated
as follows

ti:m:n =


1
σ1

{
(1 − ln(1 − U∗i:m:n))

1
γ − 1

}
, i = 1, 2, . . . , n1,

τ − σ1

σ2
τ +

1
σ2

{
(1 − ln(1 − U∗i:m:n))

1
γ − 1

}
, i = n1 + 1, . . . ,m.
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Table 4: MSEs and RABs inside the parentheses for MLEs and BEs

n m C.S θ ML SEL LINEXL
c = −2 c = .001 c = 2

15 12 1

σ1
0.03795 0.00052 0.00051 0.00052 0.00053

(0.63035) (0.08776) (0.08712) (0.08776) (0.08841)

σ2
1.06586 0.00084 0.00086 0.00084 0.00083
(0.8472) (0.04644) (0.04673) (0.04644) (0.04614)

γ
0.3742 0.00076 0.00081 0.00076 0.00072

(0.77498) (0.03927) (0.04044) (0.03927) (0.03812)

2

σ1
0.05635 0.00048 0.00048 0.00048 0.00049

(0.69542) (0.08322) (0.08389) (0.08322) (0.08506)

σ2
1.04923 0.00084 0.00086 0.00084 0.00082

(0.83841) (0.03067) (0.03099) (0.03067) (0.03038)

γ
0.33102 0.00275 0.00296 0.00275 0.00255

(0.71383) (0.0791) (0.08251) (0.0791) (0.07572)

3

σ1
0.03762 0.00035 0.00035 0.00035 0.00036

(0.64608) (0.0725) (0.07183) (0.0725) (0.07317)

σ2
1.16453 0.02409 0.02410 0.02409 0.02407

(0.93719) (0.04651) (0.04679) (0.04651) (0.04622)

γ
0.93459 0.00268 0.00289 0.00268 0.00248

(1.29368) (0.08509) (0.0885) (0.08509) (0.08172)

15 15

σ1
0.03227 0.00034 0.00033 0.00034 0.00033

(0.55285) (0.07062) (0.06996) (0.07062) (0.07128)

σ2
0.88028 0.00079 0.00081 0.00079 0.00077

(0.83158) (0.03059) (0.03083) (0.03059) (0.03024)

γ
0.29889 0.00049 0.00055 0.00049 0.00043

(0.65396) (0.03284) (0.03532) (0.03284) (0.03284)

20 15 1

σ1
0.03762 0.0005 0.0005 0.0005 0.00051

(0.62092) (0.08647) (0.08604) (0.08647) (0.0869)

σ2
0.9524 0.00084 0.00085 0.00084 0.00082

(0.81362) (0.03052) (0.03082) (0.03052) (0.03022)

γ
0.22144 0.00038 0.00039 0.00038 0.00037

(0.57916) (0.0275) (0.02837) (0.0275) (0.02685)

2

σ1
0.03718 0.00041 0.00041 0.00041 0.00042

(0.60134) (0.07829) (0.07762) (0.07829) (0.07896)

σ2
0.84186 0.00080 0.00081 0.00080 0.00078

(0.77233) (0.0298) (0.0301) (0.0298) (0.02951)

γ
0.19224 0.00130 0.00131 0.00130 0.00129
(0.5275) (0.0531) (0.05334) (0.0531) (0.05296)

3

σ1
0.03205 0.00035 0.00035 0.00035 0.00036

(0.56379) (0.07233) (0.07167) (0.07233) (0.0730)

σ2
1.069953 0.00087 0.00089 0.00087 0.00085
(0.8825) (0.03112) (0.03142) (0.03112) (0.03082)

γ
0.41723 0.00239 0.00259 0.00239 0.00220

(0.76791) (0.07746) (0.08088) (0.07746) (0.07408)

20 20

σ1
0.02091 0.00030 0.00028 0.00030 0.00032

(0.48696) (0.07104) (0.07038) (0.07104) (0.07170)

σ2
0.72913 0.00078 0.00080 0.00078 0.00075

(0.76653) (0.0296) (0.0301) (0.0296) (0.0284)

γ
0.455 0.00227 0.00244 0.00227 0.00211

(0.50905) (0.07343) (0.07664) (0.07343) (0.07027)

30 22 1

σ1
0.02725 0.00045 0.00045 0.00045 0.00046

(0.52535) (0.08213) (0.08147) (0.08213) (0.08278)

σ2
0.80283 0.00083 0.00084 0.00083 0.00081

(0.77195) (0.03039) (0.03066) (0.03039) (0.03019)

γ
0.10645 0.00035 0.00032 0.00035 0.00037

(0.41491) (0.02741) (0.02610) (0.02741) (0.02648)
(continued)
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Continued

n m C.S θ ML SEL LINEXL
c = −2 c = .001 c = 2

2

σ1
0.03071 0.00041 0.00041 0.00041 0.00042
(0.5115) (0.07820) (0.07754) (0.0782) (0.07886)

σ2
0.82308 0.00080 0.00082 0.00080 0.00078

(0.72409) (0.02926) (0.03016) (0.02926) (0.02916)

γ
0.09813 0.00125 0.00122 0.00125 0.00128

(0.38384) (0.05216) (0.05161) (0.05216) (0.05279)

3

σ1
0.03014 0.00032 0.00031 0.00032 0.00032

(0.55336) (0.07235) (0.07169) (0.07235) (0.07301)

σ2
0.79754 0.00085 0.00086 0.00085 0.00083
(0.7698) (0.03074) (0.03103) (0.03074) (0.03044)

γ
0.41366 0.00220 0.00238 0.00220 0.00203

(0.72589) (0.07476) (0.08083) (0.07476) (0.07326)

30 30

σ1
0.01746 0.00030 0.00026 0.00030 0.00031

(0.43587) (0.07176) (0.07111) (0.07176) (0.07242)

σ2
0.4826 0.00080 0.00081 0.00080 0.00077

(0.61059) (0.02762) (0.02952) (0.02762) (0.02491)

γ
0.09491 0.000209 0.000223 0.000209 0.000196

(0.34028) (0.02775) (0.03022) (0.02775) (0.02533)

45 33 1

σ1
0.01846 0.00043 0.00042 0.00043 0.00044

(0.47129) (0.07983) (0.07917) (0.07983) (0.08049)

σ2
0.27895 0.00065 0.00066 0.00065 0.00064

(0.50049) (0.02697) (0.02718) (0.02697) (0.02677)

γ
0.04821 0.00024 0.00022 0.00024 0.00025
(0.3029) (0.02416) (0.02327) (0.02416) (0.02504)

2

σ1
0.01251 0.00039 0.00037 0.00039 0.00041
(0.3225) (0.07758) (0.07692) (0.07758) (0.07824)

σ2
0.25778 0.00068 0.0007 0.00068 0.00067

(0.44797) (0.02763) (0.02789) (0.02763) (0.02738)

γ
0.03699 0.00097 0.00095 0.00097 0.00099
(0.3032) (0.04967) (0.04898) (0.04967) (0.05035)

3

σ1
0.00707 0.00027 0.00027 0.00027 0.00028

(0.27482) (0.06337) (0.06282) (0.06337) (0.06392)

σ2
0.18425 0.00065 0.00066 0.00065 0.00064

(0.40417) (0.02697) (0.02717) (0.02697) (0.02675)

γ
0.04554 0.00031 0.00033 0.00031 0.00030

(0.29551) (0.02776) (0.02837) (0.02776) (0.02714)

45 45

σ1
0.00691 0.00020 0.00019 0.00020 0.00020
(0.0662) (0.0612) (0.06058) (0.0612) (0.06182)

σ2
0.13695 0.00053 0.00057 0.00053 0.00051

(0.35176) (0.02506) (0.02527) (0.02506) (0.02485)

γ
0.03624 0.00021 0.00023 0.00021 0.00020

(0.24853) (0.02396) (0.02458) (0.02396) (0.02341)

MSEs=mean square errors; RABs= relative absolute biases; MLEs = maximum likelihood estimates; BEs = Bayes estim-
ates; C.S= censoring scheme; ML = maximum likelihood; SEL = square error loss function; LINEXL = linear exponential
loss function.
True values (γ = 0.5735, σ1 = 0.2585 and σ2 = 0.9455), values of the prior parameters (µ1 = 3.28902, λ1 = 0.1743, µ2 =

0.6683, λ2 = 0.3868, µ3 = 8.9451, λ3 = 0.1057), time of changing stress τ = 13 and Ω = 0.

9. Use the progressively censored data to compute the MLEs of the model parameters by solving the
nonlinear system (3.3)–(3.5).

10. Compute the BEs of the model parameters under SE and LINEX loss functions, with N = 11000,
M = 1000, using Algorithm (1).
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Table 5: Lengths and coverage probabilities of 95% approximate, credible and bootstrap CIs for γ, σ1 and σ2

n m C.S θ
Length Coverage probability

Approximate CI Credible CI Bootstrap CI Approximate CI Credible CI Bootstrap CI

15 12 1
σ1 1.281 0.051 0.548 0.760 1 0.895
σ2 8.638 0.065 3.306 0.820 0.820 1
γ 4.160 0.168 1.504 0.980 1 1

2
σ1 1.347 0.051 0.675 0.817 1 0.950
σ2 7.559 0.066 3.359 0.800 0.883 1
γ 3.881 0.166 1.518 0.958 1 1

3
σ1 1.192 0.051 0.534 0.650 1 0.912
σ2 7.965 0.065 3.354 0.700 0.875 1
γ 6.031 0.182 2.009 0.975 0.988 0.887

15 15
σ1 1.038 0.050 0.492 0.795 1 0.970
σ2 8.434 0.064 3.281 0.790 0.785 1
γ 3.098 0.156 1.886 1 1 0.930

20 15 1
σ1 1.020 0.051 0.485 0.790 0.995 0.810
σ2 6.769 0.065 3.012 0.795 0.895 1
γ 3.370 0.162 1.391 0.980 1 1

2
σ1 1.157 0.051 0.790 0.865 1 0.970
σ2 7.218 0.064 3.347 0.815 0.840 1
γ 2.948 0.159 1.340 0.940 0.990 0.985

3
σ1 1.116 0.050 0.511 0.850 0.995 0.945
σ2 7.654 0.063 3.187 0.850 0.780 1
γ 5.485 0.179 1.765 1 1 0.920

20 20
σ1 0.803 0.050 0.484 0.845 1 0.975
σ2 5.935 0.055 2.966 0.810 0.885 1
γ 3.410 0.159 1.693 1 0.985 0.940

30 22 1
σ1 0.874 0.050 0.358 0.850 0.875 0.588
σ2 7.688 0.064 2.872 0.887 0.750 0.988
γ 2.073 0.152 1.271 0.962 0.988 0.975

2
σ1 1.101 0.051 0.710 0.930 0.970 0.990
σ2 6.907 0.066 3.184 0.905 0.930 1
γ 1.610 0.149 1.104 0.905 0.920 0.970

3
σ1 0.796 0.051 0.469 0.820 0.990 0.935
σ2 5.986 0.065 3.009 0.795 0.840 1
γ 3.401 0.171 1.672 1 1 0.930

30 30
σ1 0.740 0.0501 0.337 0.875 1 0.950
σ2 4.738 0.065 2.354 0.812 0.862 0.988
γ 2.302 0.137 1.006 1 0.975 0.962

45 33 1
σ1 0.571 0.039 0.183 0.750 0.550 0.275
σ2 4.235 0.052 1.446 0.925 0.950 1
γ 1.716 0.084 0.683 1 1 0.975

2
σ1 0.778 0.047 0.369 0.975 0.825 0.950
σ2 4.367 0.060 1.525 0.900 1 1
γ 1.112 0.078 0.733 0.925 0.750 0.825

3
σ1 0.656 0.045 0.299 1 1 0.950
σ2 4.116 0.053 1.555 0.950 1 1
γ 1.527 0.082 0.801 1 1 0.900

45 45
σ1 0.476 0.029 0.149 1 1 0.975
σ2 3.234 0.052 1.430 0.950 0.825 1
γ 0.190 0.071 0.589 1 1 1

C.S = censoring schemes; CI = confidence interval.
True values (γ = 0.5735, σ1 = 0.2585 and σ2 = 0.9455), time of changing stress τ = 13 and Ω = 0.
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11. Compute the approximate confidence bounds with confidence level 95% for the three parameters
γ, σ1 and σ2.

12. Compute 95% bootstrap and credible CIs using Algorithm (2) and Algorithm (3) respectively.

13. Replicate the steps (3)–(12), 1000 times.

14. Compute the average values of the MSEs and RABs associated with the MLEs and BEs of the
parameters γ, σ1 and σ2.

15. Do steps (1)–(14) with different values of n, m, τ, and Ri, i = 1, 2, . . . ,m.

8. Conclusion

In this paper, we studied a simple step-stress ALT model for the EE distribution under progressive
type-II censored data. Based on simulation studies, point estimation of the model parameters has been
investigated through maximum likelihood and Bayes methods. Approximate, credible and bootstrap
CIs have been established for the model parameters. The calculations have been made based on
different sample sizes and three different progressive censoring schemes.

From the results in Tables 4–5, we observed the following:

1. The MSEs and RABs of MLEs and BEs of the considered parameters decrease as the sample size
increases, except for few cases. This may be due to fluctuations in data.

2. The BEs of σ1, σ2 and γ give more accurate results through the MSEs and RABs than MLEs.

3. The BEs of σ1 under LINEX loss function (c = −2) have the smallest MSEs and RABs as com-
pared with estimates under SE loss function, LINEX loss function (c = 2), and MLEs.

4. The BEs of σ2 and γ under LINEX loss function (c = 2) have the smallest MSEs and RABs
compared to estimates under SE loss function, LINEX loss function (c = −2), and MLEs.

5. The length of approximate, bootstrap and credible CIs decreases as the sample size increases,
except for a few cases. This may be due to fluctuations in data.

6. The credible CIs of σ1, σ2 and γ give more accurate results than approximate and bootstrap CIs
through the length and the coverage probability of CIs.

7. The coverage probability of credible CIs of σ1, σ2 and γ greater than the coverage probability of
approximate and bootstrap CIs, except for few cases. This may be due to fluctuation in data.

8. The bootstrap CIs of σ1, σ2 and γ give more accurate results than approximate CIs through the
length of CIs.
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