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NONLINEAR ALGORITHMS FOR A COMMON

SOLUTION OF A SYSTEM OF VARIATIONAL

INEQUALITIES, A SPLIT EQUILIBRIUM PROBLEM

AND FIXED POINT PROBLEMS

Jae Ug Jeong

Abstract. In this paper, we propose an iterative algorithm for
finding a common solution of a system of generalized equilibrium
problems, a split equilibrium problem and a hierarchical fixed point
problem over the common fixed points set of a finite family of nonex-
pansive mappings in Hilbert spaces. Furthermore, we prove that the
proposed iterative method has strong convergence under some mild
conditions imposed on algorithm parameters. The results presented
in this paper improve and extend the corresponding results reported
by some authors recently.

1. Introduction

Let H be a real Hilbert space with inner product 〈·, ·〉 and norm ‖ · ‖.
Let C be a nonempty closed convex subset of H. Let T : C → H be a
nonlinear mapping. We use Fix(T ) to denote the set of fixed points of T ,
i.e., Fix(T ) = {x ∈ C : Tx = x}. A mapping T is called nonexpansive
if the following inequality holds:

‖Tx− Ty‖ ≤ ‖x− y‖
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for all x, y ∈ C. Moreover, we also denote by R the set of all real
numbers.

Recently, Ceng and Yao [10] considered the following system of gen-
eralized equilibrium problems, which involves finding (x∗, y∗) ∈ C × C
such that{

F1(x∗, x) + 〈B1y
∗, x− x∗〉+ 1

µ1
〈x∗ − y∗, x− x∗〉 ≥ 0,∀x ∈ C,

F2(y∗, y) + 〈B2x
∗, y − y∗〉+ 1

µ2
〈y∗ − x∗, y − y∗〉 ≥ 0,∀y ∈ C,

(1.1)

where F1, F2 : C × C → R are two bifunctions, B1, B2 : C → H are two
nonlinear mappings and µ1, µ2 > 0 are two constants. The solution set
of (1.1) is denoted by Ω.

If F1 = F2 = 0, then problem (1.1) reduces to the following general
system of variational inequalities: Find (x∗, y∗) ∈ C × C such that{

〈µ1B1y
∗ + x∗ − y∗, x− x∗〉 ≥ 0, ∀x ∈ C,

〈µ2B2x
∗ + y∗ − x∗, y − y∗〉 ≥ 0, ∀y ∈ C,

(1.2)

which is introduced and considered by Ceng et al. [9].
If B1 = B2 = B in (1.2), then problem (1.2) reduces to finding

(x∗, y∗) ∈ C × C such that{
〈µ1By

∗ + x∗ − y∗, x− x∗〉 ≥ 0, ∀x ∈ C,
〈µ2Bx

∗ + y∗ − x∗, x− y∗〉 ≥ 0, ∀x ∈ C,
(1.3)

which has been introduced and studied by Verma [23,24].
If x∗ = y∗ and µ1 = µ2, then problem (1.3) collapses to the classical

variational inequality: Find x∗ ∈ C such that

〈Bx∗, x− x∗〉 ≥ 0, ∀x ∈ C.
The theory of variational inequality emerged as rapidly growing area

of research because of its applications in nonlinear analysis, optimiza-
tion, economics and game theory ( see [1,2,4,5] and the references cited
therein).

The equilibrium problem is to find x ∈ C such that

F (x, y) ≥ 0, ∀y ∈ C. (1.4)

The solution set of (1.4) is denoted by EP (F ). Numerous problems in
physics, optimization and economics reduce to finding a solution of (1.4)
( see [12,19]).
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In 1994, Censor and Elfving [11] introduced and studied the following
split feasibility problem:

Let C and K be nonempty closed convex subsets of the infinite-
dimensional real Hilbert spaces H1 and H2, respectively, and let A :
H1 → H2 be a bounded linear operator. Then the split feasibility prob-
lem is to find x∗ ∈ C such that Ax∗ ∈ K.

In this paper, we study the following split equilibrium problem:
Let Θ : K ×K → R be a nonlinear bifunction and A : H1 → H2 be a

bounded linear operator. Then the split equilibrium problem (SEP) is
to find x∗ ∈ C such that

y∗ = Ax∗ ∈ K solves Θ(y∗, y) ≥ 0, ∀y ∈ K. (1.5)

The solution set of SEP (1.5) is denoted by Λ = {p ∈ C : Ap ∈ EP (Θ)}.
Let S : C → H be a nonexpansive mapping. The following problem

is called a hierarchical fixed point problem: find x ∈ F (T ) such that

〈x− Sx, y − x〉 ≥ 0, ∀y ∈ F (T ). (1.6)

It is well known that the iterative methods for finding hierarchical fixed
points of nonexpansive mappings can be used to solve a convex mini-
mization problem ( see [25,26] and the references therein).

In 2001, Yamada [26] considered the following hybrid steepest-decent
iterative method:

xn+1 = Txn − µλnF (Txn),

where F is κ-Lipschitzian continuous and η-strongly monotone operator
with κ > 0, η > 0 and 0 < µ < 2η

κ2
. Under some appropriate condi-

tions, the sequence {xn} converges strongly to the unique solution of
the variational inequality

〈F (x∗), x− x∗〉 ≥ 0, ∀x ∈ Fix(T ). (1.7)

Zhou and Wang [28] proposed a simple explicit iterative algorithm for
finding a solution of variational inequality over the set of common fixed
points of a finite family nonexpansive mappings. They introduced an
explicit scheme as follows:

Theorem 1.1. Let H be a real Hilbert space and F : H → H be an
κ-Lipschitzian continuous and η-strongly monotone mapping with κ > 0
and η > 0. Let {Ti}Ni=1 be N nonexpansive self-mappings of H such that
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C = ∩Ni=1Fix(Ti) 6= φ. For any point x0 ∈ H, define a sequence {xn} as
follows:

xn+1 = (1− αnµF )T nNT
n
N−1 · · ·T n1 xn, n ≥ 0,

where µ ∈ (0, 2η
κ2

) and T ni = (1− σin)I + σinTi for i = 1, 2, · · · , N . When
the parameters satisfy appropriate conditions, the sequence {xn} con-
verges strongly to the unique solution of the variational inequality (1.7).

Recently, Zhang and Yang [27] proposed an explicit iterative algo-
rithm based on the viscosity method for finding a solution for a class
of variational inequalities over the common fixed points set of a finite
family of nonexpansive mappings as follows:

Theorem 1.2. Let H be a real Hilbert space and F : H → H be an
κ-Lipschitzian continuous and η-strongly monotone mapping with κ > 0
and η > 0. Let {Ti}Ni=1 be N nonexpansive mappings of H such that
C = ∩Ni=1Fix(Ti) 6= φ and V be an ρ-Lipschitzian continuous on H with
ρ > 0. For any point x0 ∈ H, define a sequence {xn} as follows:

xn+1 = αnγV (xn) + (I − αnµF )T nNT
n
N−1 · · ·T n1 xn, n ≥ 0,

where 0 < γρ < τ with τ = µ(2η − µκ2), 0 < µ < 2η
κ2

, T ni = (1 −
σin)I + σinTi for i = 1, 2, · · · , N and σin ∈ (ζ1, ζ2) for some ζ1, ζ2 ∈
(0, 1). When the parameters satisfy appropriate conditions, the sequence
{xn} converges strongly to the unique solution x∗ ∈ C of the variational
inequality:

〈(µF − γV )x∗, x− x∗〉 ≥ 0, ∀x ∈ ∩Ni=1Fix(Ti). (1.8)

In this paper, motivated by the above works, we introduce a new it-
erative algorithm for finding the approximate element of the common
set of solutions of (1.1), (1.5) and (1.8) in real Hilbert spaces. Strong
convergence theorems for common elements are established. Our result
improves and extends many known results for solving a system of vari-
ational inequality problems, split equilibrium problems and hierarchical
fixed point theorems (see [6,8,15,18,22,27,28] and the references cited
therein).
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2. Preliminaries

Let C and K be nonempty closed convex subsets of real Hilbert spaces
H1 and H2, respectively. We denote the strong convergence and the weak
convergence of {xn} to x ∈ H1 by xn → x and xn ⇀ x, respectively. For
every point x ∈ H1, there exists a unique nearest point in C, denoted
by PC(x), such that

‖x− PC(x)‖ ≤ ‖x− y‖, ∀y ∈ C.

Then PC is called the metric projection of H1 onto C. It is well known
that PC is nonexpansive and satisfies the following property:

〈x− PC(x), PC(x)− y〉 ≥ 0, ∀x ∈ H1, y ∈ C. (2.1)

Definition 2.1. A mapping T : H1 → H1 is said to be
(1) η-strongly monotone if there exists η > 0 such that

〈Tx− Ty, x− y〉 ≥ η‖x− y‖2, ∀x, y ∈ H1;

(2) δ-inverse strongly monotone if there exists δ > 0 such that

〈Tx− Ty, x− y〉 ≥ δ‖Tx− Ty‖2, ∀x, y ∈ H1;

(3) κ-Lipschitzian continuous if there exists κ > 0 such that

‖Tx− Ty‖ ≤ κ‖x− y‖, ∀x, y ∈ H1;

(4) σ-averaged if there exists σ ∈ (0, 1) such that T = (1− σ)I + σS,
where I : H1 → H1 is the identity mapping and S : H1 → H1 is
nonexpansive.

In order to prove our main results in the next section, we need the
following lemmas.

Lemma 2.1. For all x, y ∈ H1, there holds the inequality

‖x+ y‖2 ≤ ‖x‖2 + 2〈y, x+ y〉.

Assumption 2.1 [3]. Let F : C × C → R be a bifunction satisfying
the following assumptions:

(A1) F (x, x) = 0, ∀x ∈ C;
(A2) F is monotone, i.e., F (x, y) + F (y, x) ≤ 0, ∀x, y ∈ C;
(A3) for each x, y, z ∈ C, limt→0 F (tz + (1− t)x, y) ≤ F (x, y);
(A4) for each x ∈ C, y 7→ F (x, y) is convex and lower semicontinuous.
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Lemma 2.2 [14]. Let C be a nonempty closed convex subset of H1.
Let F1 : C × C → R satisfy (A1)-(A4). Assume that for r > 0, define a
mapping T F1

r : H1 → C as follows:

T F1
r (x) = {z ∈ C : F1(z, y) +

1

r
〈y − z, z − x〉 ≥ 0,∀y ∈ C},∀x ∈ H1.

Then the following hold:
(i) T F1

r is nonempty and single-valued;
(ii) T F1

r is firmly nonexpansive, i.e.,

‖T F1
r (x)− T F1

r (y)‖2 ≤ 〈T F1
r (x)− T F1

r (y), x− y〉,∀x, y ∈ H1;

(iii) Fix(T F1
r ) = EP (F1);

(iv) EP (F1) is closed and convex.

Lemma 2.3. [13] Assume that F1 : C × C → R satisfies Assumption
2.1 and let T F1

r be defined as in Lemma 2.2. Let x, y ∈ H1 and r1, r2 > 0.
Then

‖T F1
r2

(y)− T F1
r1

(x)‖ ≤ ‖y − x‖+ |r2 − r1

r2

|‖T F1
r2

(y)− y‖.

Lemma 2.4. [7] Let F1, F2 : C ×C → R be two bifunctions satisfying
(A1)-(A4). For any (x∗, y∗) ∈ C × C, (x∗, y∗) is a solution of (1.1) if
and only if x∗ is a fixed point of the mapping Q : C → C defined by

Q(x) = T F1
µ1

[T F2
µ2

(x− µ2B2x)− µ1B1T
F2
µ2

(x− µ2B2x)],∀x ∈ C,

where y∗ = T F2
µ2

(x∗ − µ2B2x
∗), µi ∈ (0, 2θi) and Bi : C → C is a θi-

inverse strongly monotone mapping for each i = 1, 2.

Lemma 2.5. [21] Suppose that λ ∈ (0, 1) and µ > 0. Let F : C → C
be a κ-Lipschitzian continuous and η-strongly monotone mapping with
κ > 0 and η > 0. In association with a nonexpansive mapping T : C →
C, define the mapping T λ : C → H1 by

T λx = Tx− λµF (Tx), ∀x ∈ C.

Then T λ is a contraction provided µ < 2η
κ2

, i.e.,

‖T λx− T λy‖ ≤ (1− λτ)‖x− y‖, ∀x, y ∈ C,

where τ = 1−
√

1− µ(2η − µκ2).

Lemma 2.6. [17]
(i) The composite of finitely many averaged mappings is averaged.

That is, if each of the mappings {Ti}Ni=1 is averaged, then so is the
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composite T1 · · ·TN . In particular, if T1 is α1-averaged and T2 is α2-
averaged, where α1, α2 ∈ (0, 1), then both T1T2 and T2T1 are α-averaged,
where α = α1 + α2 − α1α2.

(ii) If the mappings {Ti}Ni=1 are averaged and have a common fixed
point, then ∩Ni=1Fix(Ti) = Fix(T1 · · ·TN). In particular, if N = 2, then
we have Fix(T1) ∩ Fix(T2) = Fix(T1T2) = Fix(T2T1).

Lemma 2.7. [16] Let H1 be a Hilbert space, C be a closed convex
subset of H1 and T : C → C be a nonexpansive mapping with Fix(T ) 6=
φ. If {xn} is a sequence in C weakly converging to x ∈ C and {(I−T )xn}
converges strongly to y ∈ C, then (I − T )x = y. In particular, if y = 0,
then x ∈ Fix(T ).

Lemma 2.8. [20] Let {xn} and {yn} be bounded sequences in a Banach
space E and let {βn} be a sequence in [0, 1] with 0 < lim infn→∞ βn ≤
lim supn→∞ βn < 1. Suppose xn+1 = βnxn+(1−βn)yn for all integers n ≥
0 and lim supn→∞(‖yn+1 − yn‖ − ‖xn+1 − xn‖) ≤ 0. Then limn→∞ ‖yn −
xn‖ = 0.

Lemma 2.9. [25]. Assume {an} is a sequence of nonnegative real
numbers such that

an+1 ≤ (1− γn)an + δn,

where {γn} is a sequence in (0, 1) and δn is a sequence such that
(1)

∑∞
n=1 γn =∞;

(2) lim supn→∞
δn
γn
≤ 0 or

∑∞
n=1 |δn| <∞.

Then limn→∞ an = 0.

3. Main results

Theorem 3.1. Let H1 and H2 be two real spaces, and C ⊆ H1 and
K ⊆ H2 be two nonempty closed convex subsets. Let A : H1 → H2 be a
bounded linear operator with its adjoint A∗. Assume that F1, F2 : C ×
C → R and Θ : K ×K → R are the bifunctions satisfying Assumption
2.1 and Θ is upper semicontinuous in the first argument. Let Bi : C →
H1 be a γi-inverse strongly monotone mapping for each i = 1, 2 and
Ti : C → C be a nonexpansive mapping for each i = 1, 2, · · · , N such
that Γ = ∩Ni=1Fix(Ti) ∩ Ω ∩ Λ 6= φ. Let F : C → C be a κ-Lipschitzian
continuous and η-strongly monotone mapping with κ > 0 and η > 0,
and V : C → C be a σ-Lipschitzian continuous mapping with σ > 0. Let
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0 < µ < 2η
κ2

and 0 < ρσ < τ , where τ = 1−
√

1− µ(2η − µκ2). Suppose
{αn} and {βn} are two sequences in (0, 1). Given x1 ∈ C, let {xn} be
defined by
zn = PC(xn + δA∗(TΘ

rn − I)Axn),

yn = T F1
µ1

[T F2
µ2

(zn − µ2B2zn)− µ1B1T
F2
µ2

(zn − µ2B2zn)],

xn+1 = αnρV (xn) + βnxn + ((1− βn)I − αnµF )T nNT
n
N−1 · · ·T n1 yn,∀n ≥ 1,

(3.1)

where T ni = (1− σin)I + σinTi for i = 1, 2, · · · , N , {rn} ⊂ (0, 2ζ), ζ > 0,
µi ∈ (0, 2γi) for each i = 1, 2, δ ∈ (0, 1

L
), L is the spectral radius of

the operator A∗A, A∗ is the adjoint of A and σin ∈ (ζ1, ζ2) for some
ζ1, ζ2 ∈ (0, 1). If the following conditions are satisfied:

(i) limn→∞ αn = 0 and
∑∞

n=1 αn =∞;

(ii) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1;

(iii) 0 < lim infn→∞ rn ≤ lim supn→∞ rn < 2ζ and

limn→∞ |rn+1 − rn| = 0;

(iv) limn→∞ |σin+1 − σin| = 0 for i = 1, 2, · · · , N .

Then the sequence {xn} converges strongly to x∗ ∈ Γ = ∩Ni=1Fix(Ti)∩
Ω ∩ Λ, where x∗ = PΓ(I − µF + ρV )x∗ is the unique solution of the
variational inequality:

〈(µF − ρV )x∗, x− x∗〉 ≥ 0, ∀x ∈ Γ. (3.2)

Proof. Since our methods easily deduce the general case, we prove
Theorem 3.1 for N = 2. Now we divide the proof into several steps.

Step 1. {xn} is bounded.

Indeed, take x∗ ∈ Γ = ∩Ni=1Fix(Ti) ∩ Ω ∩ Λ arbitrarily. Since Ax∗ =
TΘ
rn(Ax∗), we have

‖Axn − Ax∗‖2 = ‖(TΘ
rn − I)Axn − (TΘ

rnAxn − Ax
∗)‖2

= ‖(TΘ
rn − I)Axn‖2 − 2〈(TΘ

rn − I)Axn, T
Θ
rnAxn − Ax

∗〉
+ ‖TΘ

rnAxn − Ax
∗‖2

≤ ‖(TΘ
rn − I)Axn‖2 − 2〈(TΘ

rn − I)Axn, T
Θ
rnAxn − Ax

∗〉
+ ‖Axn − Ax∗‖2.
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It follows that

〈(TΘ
rn − I)Axn, T

Θ
rnAxn − Ax

∗〉 ≤ 1

2
‖(TΘ

rn − I)Axn‖2. (3.3)

Note that x∗ = PC(x∗). From (3.1) and (3.3), it follows that

‖zn − x∗‖2

= ‖PC(xn + δA∗(TΘ
rn − I)Axn)− PC(x∗)‖2

≤ ‖xn + δA∗(TΘ
rn − I)Axn − x∗‖2

= ‖xn − x∗‖2 + 2δ〈xn − x∗, A∗(TΘ
rn − I)Axn〉

+ δ2‖A∗(TΘ
rn − I)Axn‖2

= ‖xn − x∗‖2 + 2δ〈A(xn − x∗), (TΘ
rn − I)Axn〉

+ δ2〈(TΘ
rn − I)Axn, AA

∗(TΘ
rn − I)Axn〉

= ‖xn − x∗‖2 + 2δ(〈TΘ
rn(Axn)− Ax∗, (TΘ

rn − I)Axn〉 − ‖(TΘ
rn − I)Axn‖2)

+ δ2〈(TΘ
rn − I)Axn, AA

∗(TΘ
rn − I)Axn〉

≤ ‖xn − x∗‖2 + 2δ(
1

2
‖(TΘ

rn − I)Axn‖2 − ‖(TΘ
rn − I)Axn‖2)

+ δ2‖AA∗‖‖(TΘ
rn − I)Axn‖2

= ‖xn − x∗‖ − δ(1− Lδ)‖(TΘ
rn − I)Axn‖2

≤ ‖xn − x∗‖2. (3.4)

Since Bi is a γi-inverse strongly monotone mapping for each i = 1, 2,
x∗ = T F1

µ1
(y∗−µ1B1y

∗) and y∗ = T F2
µ2

(x∗−µ2B2x
∗), we obtain from (3.4)

that

‖yn − y∗‖2

= ‖T F1
µ1

[T F2
µ2

(zn − µ2B2zn)− µ1B1T
F2
µ2

(zn − µ2B2zn)]

− T F1
µ1

[T F2
µ2

(x∗ − µ2B2x
∗)− µ1B1T

F2
µ2

(x∗ − µ2B2x
∗)]‖2

≤ ‖T F2
µ2

(zn − µ2B2zn)− T F2
µ2

(x∗ − µ2B2x
∗)

− µ1(B1T
F2
µ2

(zn − µ2B2zn)−B1T
F2
µ2

(x∗ − µ2B2x
∗))‖2
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≤ ‖T F2
µ2

(zn − µ2B2zn)− T F2
µ2

(x∗ − µ2B2x
∗)‖2

− 2µ1〈B1T
F2
µ2

(zn − µ2B2zn)−B1T
F2
µ2

(x∗ − µ2B2x
∗),

T F2
µ2

(zn − µ2B2zn)− T F2
µ2

(x∗ − µ2B2x
∗)〉

+ µ2
1‖B1T

F2
µ2

(zn − µ2B2zn)−B1T
F2
µ2

(x∗ − µ2B2x
∗)‖2

≤ ‖T F2
µ1

(zn − µ2B2zn)− T F2
µ2

(x∗ − µ2B2x
∗)‖2

− µ1(2γ1 − µ1)‖B1T
F2
µ2

(zn − µ2B2zn)−B1T
F2
µ2

(x∗ − µ2B2x
∗)‖2

≤ ‖(zn − x∗)− µ2(B2zn −B2x
∗)‖2

− µ1(2γ1 − µ1)‖B1T
F2
µ2

(zn − µ2B2zn)−B1T
F2
µ2

(x∗ − µ2B2x
∗)‖2

= ‖zn − x∗‖2 − 2µ2〈B2zn −B2x
∗, zn − x∗〉+ µ2

2‖B2zn −B2x
∗‖2

− µ1(2γ1 − µ1)‖B1T
F2
µ2

(zn − µ2B2zn)−B1T
F2
µ2

(x∗ − µ2B2x
∗)‖2

≤ ‖zn − x∗‖2 − µ2(2γ2 − µ2)‖B2zn −B2x
∗‖2

− µ1(2γ1 − µ1)‖B1T
F2
µ2

(zn − µ2B2zn)−B1T
F2
µ2

(x∗ − µ2B2x
∗)‖2

≤ ‖zn − x∗‖2

≤ ‖xn − x∗‖2. (3.5)

From (3.1), (3.5) and Lemma 2.5, we have

‖xn+1 − x∗‖
= ‖αnρV (xn) + βnxn + ((1− βn)I − αnµF )T n2 T

n
1 yn − x∗‖

≤ αn‖ρV (xn)− µF (x∗)‖+ βn‖xn − x∗‖
+ ‖((1− βn)I − αnµF )T n2 T

n
1 yn − ((1− βn)I − αnµF )T n2 T

n
1 x
∗‖

= αn‖ρV (xn)− µF (x∗)‖+ βn‖xn − x∗‖

+ (1− βn)‖(I − αn
1− βn

µF )T n2 T
n
1 yn − (I − αn

1− βn
µF )T n2 T

n
1 x
∗‖

≤ (1− βn)(1− αnτ

1− βn
)‖yn − x∗‖+ βn‖x∗ − x∗‖+ αn‖ρV (xn)− µF (x∗)‖

≤ (1− αnτ)‖xn − x∗‖+ αnρ‖V (xn)− V (x∗)‖+ αn‖ρV (x∗)− µF (x∗)‖

≤ (1− αn(τ − ρσ))‖xn − x∗‖+ αn(τ − ρσ)
‖ρV (x∗)− µF (x∗)‖

τ − ρσ

≤ max

{
‖xn − x∗‖,

‖ρV (x∗)− µF (x∗)‖
τ − ρσ

}
. (3.6)
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It follows from (3.6) and induction that

‖xn − x∗‖ ≤ max

{
‖x0 − x∗‖,

‖ρV (x∗)− µF (x∗)‖
τ − ρσ

}
, n = 1, 2, · · · .

Therefore {xn} is bounded. We also obtain that {yn} and {zn} are all
bounded.

Step 2. limn→∞ ‖xn+1 − xn‖ = 0.

Indeed, set xn+1 = βnxn + (1− βn)wn for all n ≥ 1. Then we obtain

wn+1 − wn =
xn+2 − βn+1xn+1

1− βn+1

− xn+1 − βnxn
1− βn

=
αn+1ρV (xn+1) + ((1− βn+1)I − αn+1µF )T n+1

2 T n+1
1 yn+1

1− βn+1

− αnρV (xn) + ((1− βn)I − αnµF )T n2 T
n
1 yn

1− βn
=

αn+1

1− βn+1

(ρV (xn+1)− µF (T n+1
2 T n+1

1 yn+1))

+
αn

1− βn
(µF (T n2 T

n
1 yn)− ρV (xn))

+ T n+1
2 T n+1

1 yn+1 − T n+1
2 T n+1

1 yn + T n+1
2 T n+1

1 yn − T n2 T n1 yn.
It follows that

‖wn+1 − wn‖ − ‖xn+1 − xn‖

≤ αn+1

1− βn+1

(ρ‖V (xn+1)‖+ µ‖F (T n+1
2 T n+1

1 yn+1)‖)

+
αn

1− βn
(µ‖F (T n2 T

n
1 yn)‖+ ρ‖V (xn)‖)

+ ‖T n+1
2 T n+1

1 yn − T n2 T n1 yn‖+ ‖yn+1 − yn‖ − ‖xn+1 − xn‖. (3.7)

Utilizing the nonexpansivity of T n+1
2 , we obtain

‖T n+1
2 T n+1

1 yn − T n2 T n1 yn‖
= ‖T n+1

2 T n+1
1 yn − T n+1

2 T n1 yn‖+ ‖T n+1
2 T n1 yn − T n2 T n1 yn‖

≤ ‖T n+1
1 yn − T n1 yn‖+ ‖T n+1

2 T n1 yn − T n2 T n1 yn‖. (3.8)

Note that

‖T n+1
1 yn − T n1 yn‖ = ‖(1− σ1

n+1)yn + σ1
n+1T1yn − (1− σ1

n)yn − σ1
nT1yn‖

≤ |σ1
n+1 − σ1

n|(‖yn‖+ ‖T1yn‖).
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Since limn→∞ |σin+1−σin| = 0 for i = 1, 2 and {yn}, {T1yn} are bounded,
we easily obtain

lim
n→∞

‖T n+1
1 yn − T n1 yn‖ = 0. (3.9)

Similarly, we get

‖T n+1
2 T n1 yn − T n2 T n1 yn‖ ≤ |σ2

n+1 − σ2
n|(‖T n1 yn‖+ ‖T2T

n
1 yn‖,

which implies that

lim
n→∞

‖T n+1
2 T n1 yn − T n2 T n1 yn‖ = 0. (3.10)

Since zn = PC(xn + δA∗(TΘ
rn − I)Axn), it follows from Lemma 2.3 that

‖zn+1 − zn‖
= ‖PC(xn+1 + δA∗(TΘ

rn+1
− I)Axn+1)− PC(xn + δA∗(TΘ

rn − I)Axn)‖
≤ ‖xn+1 − xn − δA∗A(xn+1 − xn)‖+ δ‖A‖‖TΘ

rn+1
(Axn+1)− TΘ

rn(Axn)‖

+ |1− rn
rn+1

|‖PC(xn+1 + δA∗(TΘ
rn+1
− I)Axn+1)

− (xn+1 + δA∗(TΘ
rn+1
− I)Axn+1)‖

≤ (‖xn+1 − xn‖2 − 2δ‖A(xn+1 − xn)‖2 + δ2‖A‖4‖xn+1 − xn‖2)
1
2

+ δ‖A‖(‖A(xn+1 − xn)‖+ |1− rn
rn+1

|‖TΘ
rn+1

(Axn+1)− Axn+1‖)

+ |1− rn
rn+1

|‖PC(xn+1 + δA∗(TΘ
rn+1
− I)Axn+1)

− (xn+1 + δA∗(TΘ
rn+1
− I)Axn+1)‖

= (1− δ‖A‖2)‖xn+1 − xn‖+ δ‖A‖2‖xn+1 − xn‖

+ δ‖A‖|1− rn
rn+1

|‖TΘ
rn+1

(Axn+1)− Axn+1‖

+ |1− rn
rn+1

|‖PC(xn+1 + δA∗(TΘ
rn+1
− I)Axn+1)

− (xn+1 + δA∗(TΘ
rn+1
− I)Axn+1)‖

= ‖xn+1 − xn‖+ |rn+1 − rn
rn+1

|(δ‖A‖ψn+1 + χn+1),

where ψn = ‖TΘ
rn(Axn)−Axn‖ and χn = ‖PC(xn + δA∗(TΘ

rn − I)Axn)−
(xn + δA∗(TΘ

rn − I)Axn)‖. Without loss of generality, let us assume that
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there exists a real number µ > 0 such that rn > µ > 0 for all positive
integers n. Then we get

‖zn+1 − zn‖ ≤ ‖xn+1 − xn‖+
1

µ
|rn+1 − rn|(δ‖A‖ψn+1 + χn+1). (3.11)

Next, we estimate that

‖yn+1 − yn‖2

= ‖T F1
µ1

[T F2
µ2

(zn+1 − µ2B2zn+1)− µ1B1T
F2
µ2

(zn+1 − µ2B2zn+1)]

− T F1
µ1

[T F2
µ2

(zn − µ2B2zn)− µ1B1T
F2
µ2

(zn − µ2B2zn)]‖2

≤ ‖T F2
µ2

(zn+1 − µ2B2zn+1)− T F2
µ2

(zn − µ2B2zn)

− µ1(B1T
F2
µ2

(zn+1 − µ2B2zn+1)−B1T
F2
µ2

(zn − µ2B2zn))‖2

≤ ‖T F2
µ2

(zn+1 − µ2B2zn+1)− T F2
µ2

(zn − µ2B2zn)‖2

− µ1(2γ1 − µ1)‖B1T
F2
µ2

(zn+1 − µ2B2zn+1)−B1T
F2
µ2

(zn − µ2B2zn)‖2

≤ ‖zn+1 − zn − µ2(B2zn+1 −B2zn)‖2

≤ ‖zn+1 − zn‖2 − µ2(2γ2 − µ2)‖B2zn+1 −B2zn‖2

≤ ‖zn+1 − zn‖2. (3.12)

It follows from (3.11) and (3.12) that

‖yn+1 − yn‖ ≤ ‖zn+1 − zn‖

≤ ‖xn+1 − xn‖+
1

µ
|rn+1 − rn|(δ‖A‖ψn+1 + χn+1). (3.13)

Using (3.8), (3.13) in (3.7), we get

‖wn+1 − wn‖ − ‖xn+1 − xn‖

≤ αn+1

1− βn+1

(ρ‖V (xn+1)‖+ µ‖F (T n+1
2 T n+1

1 yn+1)‖)

+
αn

1− βn
(µ‖F (T n2 T

n
1 yn)‖+ ρ‖V (xn)‖)

+ ‖T n+1
1 yn − T n1 yn‖+ ‖T n+1

2 T n1 yn − T n2 T n1 yn‖

+
1

µ
|rn+1 − rn|(δ‖A‖ψn+1 + χn+1).

Consequently, it follows from (3.9), (3.10) and conditions (i)-(iii) that

lim sup
n→∞

(‖wn+1 − wn‖ − ‖xn+1 − xn‖) ≤ 0.
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Hence by Lemma 2.8, we have

lim
n→∞

‖wn − xn‖ = 0.

Consequently,

lim
n→∞

‖xn+1 − xn‖ = lim
n→∞

(1− βn)‖wn − xn‖ = 0. (3.14)

Step 3. limn→∞ ‖xn − yn‖ = 0 and limn→∞ ‖zn − xn‖ = 0.

Indeed, from (3.13), (3.14) and condition (iii), we have

lim
n→∞

‖yn+1 − yn‖ ≤ lim
n→∞

‖xn+1 − xn‖+
1

µ
lim
n→∞

|rn+1 − rn|(δ‖A‖ψn+1 + χn+1)

= 0.

Since xn+1 = αnρV (xn) + βnxn + ((1− βn)I −αnµF )T n2 T
n
1 yn, we obtain

‖xn − T n2 T n1 yn‖ ≤ ‖xn − xn+1‖+ ‖xn+1 − T n2 T n1 yn‖
≤ ‖xn − xn+1‖+ αn‖ρV (xn)− µF (T n2 T

n
1 yn)‖

+ βn‖xn − T n2 T n1 yn‖,

that is,

‖xn − T n2 T n1 yn‖ ≤
1

1− βn
‖xn − xn+1‖+

αn
1− βn

‖ρV (xn)− µF (T n2 T
n
1 yn)‖.

It follows from (3.14) and condition (i) that

lim
n→∞

‖xn − T n2 T n1 yn‖ = 0. (3.15)

From (3.4), (3.5) and Lemma 2.5, we get

‖xn+1 − x∗‖2

= 〈αnρV (xn) + βnxn + ((1− βn)I − αnµF )T n2 T
n
1 yn − x∗, xn+1 − x∗〉

= 〈αnρ(V (xn)− V (x∗)), xn+1 − x∗〉+ αn〈ρV (x∗)− µF (x∗), xn+1 − x∗〉
+ βn〈xn − T n2 T n1 yn, xn+1 − x∗〉
+ 〈(I − αnµF )T n2 T

n
1 yn − (I − αnµF )T n2 T

n
1 x
∗, xn+1 − x∗〉

≤ αnρσ‖xn − x∗‖‖xn+1 − x∗‖+ αn〈ρV (x∗)− µF (x∗), xn+1 − x∗〉
+ βn‖xn − T n2 T n1 yn‖‖xn+1 − x∗‖+ (1− αnτ)‖yn − x∗‖‖xn+1 − x∗‖
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≤ αnρσ

2
(‖xn − x∗‖2 + ‖xn+1 − x∗‖2) + αn〈ρV (x∗)− µF (x∗), xn+1 − x∗〉

+ βn‖xn − T n2 T n1 yn‖‖xn+1 − x∗‖+
1− αnτ

2
(‖yn − x∗‖2 + ‖xn+1 − x∗‖2)

≤ 1− αn(τ − ρσ)

2
‖xn+1 − x∗‖2 +

αnρσ

2
‖xn − x∗‖2

+ αn〈ρV (x∗)− µF (x∗), xn+1 − x∗〉+ βn‖xn − T n2 T n1 yn‖‖xn+1 − x∗‖

+
1− αnτ

2
‖yn − x∗‖2

≤ 1− αn(τ − ρσ)

2
‖xn+1 − x∗‖2 +

αnρσ

2
‖xn − x∗‖2

+ αn〈ρV (x∗)− µF (x∗), xn+1 − x∗〉+ βn‖xn − T n2 T n1 yn‖‖xn+1 − x∗‖

+
1− αnτ

2
(‖zn − x∗‖2 − µ2(2γ2 − µ2)‖B2zn −B2x

∗‖2

− µ1(2γ1 − µ1)‖B1T
F2
µ2

(zn − µ2B2zn)−B1T
F2
µ2

(x∗ − µ2B2x
∗)‖2)

≤ 1− αn(τ − ρσ)

2
‖xn+1 − x∗‖2 +

αnρσ

2
‖xn − x∗‖2

+ αn〈ρV (x∗)− µF (x∗), xn+1 − x∗〉+ βn‖xn − T n2 T n1 yn‖‖xn+1 − x∗‖

+
1− αnτ

2
(‖xn − x∗‖ − δ(1− Lδ)‖(TΘ

rn − I)Axn‖2

− µ2(2γ2 − µ2)‖B2zn −B2x
∗‖2

− µ1(2γ1 − µ1)‖B1T
F2
µ2

(zn − µ2B2zn)−B1T
F2
µ2

(x∗ − µ2B2x
∗)‖2),

(3.16)

which implies that

‖xn+1 − x∗‖ ≤
αnρσ

1 + αn(τ − ρα)
‖xn − x∗‖2

+
2αn

1 + αn(τ − ρσ)
〈ρV (x∗)− µF (x∗), xn+1 − x∗〉

+
2βn

1 + αn(τ − ρσ)
‖xn − T n2 T n1 yn‖‖xn+1 − x∗‖

+ ‖xn − x∗‖2 − 1− αnτ
1 + αn(τ − ρσ)

{δ(1− Lδ)‖(TΘ
rn − I)Axn‖2

+ µ2(2γ2 − µ2)‖B2zn −B2x
∗‖2

+ µ1(2γ1 − µ1)‖B1T
F2
µ2

(zn − µ2B2zn)−B1T
F2
µ2

(x∗ − µ2B2x
∗)‖2}.
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Then from the above inequality, we get

1− αnτ
1 + αn(τ − ρσ)

{δ(1− Lδ)‖(TΘ
rn − I)Axn‖2 + µ2(2γ2 − µ2)‖B2zn −B2x

∗‖2

+ µ1(2γ1 − µ1)‖B1T
F2
µ2 (zn − µ2B2zn)−B1T

F2
µ2 (x∗ − µ2B2x

∗)‖2}

≤ αnρσ

1 + αn(τ − ρσ)
‖xn − x∗‖2 +

2αn
1 + αn(τ − ρσ)

〈ρV (x∗)− µF (x∗), xn+1 − x∗〉

+
2βn

1 + αn(τ − ρσ)
‖xn − Tn2 Tn1 yn‖‖xn+1 − x∗‖+ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2

≤ αnρσ

1 + αn(τ − ρσ)
‖xn − x∗‖2 +

2αn
1 + αn(τ − ρσ)

〈ρV (x∗)− µF (x∗), xn+1 − x∗〉

+
2βn

1 + αn(τ − ρσ)
‖xn − Tn2 Tn1 yn‖‖xn+1 − x∗‖

+ (‖xn − x∗‖+ ‖xn+1 − x∗‖)‖xn+1 − xn‖.

From δ(1 − Lδ) > 0, 2γi − µi > 0 for i = 1, 2, (3.14) and (3.15), we
obtain

lim
n→∞

‖(TΘ
rn − I)Axn‖ = 0, lim

n→∞
‖B2zn −B2x

∗‖ = 0 (3.17)

and

lim
n→∞

‖B1T
F2
µ2

(zn − µ2B2zn)−B1T
F2
µ2

(x∗ − µ2B2x
∗)‖ = 0. (3.18)

Since PC is firmly nonexpansive, we have

‖zn − x∗‖2

= ‖PC(xn + δA∗(TΘ
rn − I)Axn)− PC(x∗)‖2

≤ 〈zn − x∗, xn + δA∗(TΘ
rn − I)Axn − x∗〉

=
1

2
{‖zn − x∗‖2 + ‖xn + δA∗(TΘ

rn − I)Axn − x∗‖2

− ‖zn − x∗ − (xn + δA∗(TΘ
rn − I)Axn − x∗)‖2}

≤ 1

2
{‖zn − x∗‖2 + ‖xn − x∗‖2 − ‖zn − xn − δA∗(TΘ

rn − I)Axn‖2}

≤ 1

2
{‖zn − x∗‖2 + ‖xn − x∗‖2 − (‖zn − xn‖2 + δ2‖A∗(TΘ

rn − I)Axn‖2

− 2δ〈zn − xn, A∗(TΘ
rn − I)Axn〉)}.
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Hence we get

‖zn − x∗‖2 ≤ ‖xn − x∗‖2 − ‖zn − xn‖2 + 2δ‖Azn − Axn‖‖(TΘ
rn − I)Axn‖.

(3.19)

Utilizing the firm nonexpansivity of T F2
µ2

, we have

‖T F2
µ2

(zn − µ2B2zn)− y∗‖2

= ‖T F2
µ2

(zn − µ2B2zn)− T F2
µ2

(x∗ − µ2B2x
∗)‖2

≤ 〈T F2
µ (zn − µ2B2zn)− y∗, zn − µ2B2zn − (x∗ − µ2B2x

∗)〉

=
1

2
{‖T F2

µ2
(zn − µ2B2zn)− y∗‖2 + ‖zn − x∗ − µ2(B2zn −B2x

∗)‖2

− ‖zn − x∗ − µ2(B2zn −B2x
∗)− (T F2

µ2
(zn − µ2B2zn)− y∗)‖2}

≤ 1

2
{‖T F2

µ2
(zn − µ2B2zn)− y∗‖2 + ‖zn − x∗‖2 − µ2(2γ2 − µ2)‖B2zn −B2x

∗‖2

− ‖zn − T F2
µ2

(zn − µ2B2zn)− (x∗ − y∗)− µ2(B2zn −B2x
∗)‖2}

≤ 1

2
{‖T F2

µ2
(zn − µ2B2zn)− y∗‖2 + ‖zn − x∗‖2

− ‖zn − T F2
µ2

(zn − µ2B2zn)− (x∗ − y∗)‖2

+ 2µ2〈zn − T F2
µ2

(zn − µ2B2zn)− (x∗ − y∗), B2zn −B2x
∗〉

− µ2
2‖B2zn −B2x

∗‖2}

≤ 1

2
{‖T F2

µ2
(zn − µ2B2zn)− y∗‖2 + ‖zn − x∗‖2

− ‖zn − T F2
µ2

(zn − µ2B2zn)− (x∗ − y∗)‖2

+ 2µ2‖zn − T F2
µ2

(zn − µ2B2zn)− (x∗ − y∗)‖‖B2zn −B2x
∗‖}.

It follows from (3.19) that

‖T F2
µ2

(zn − µ2B2zn)− y∗‖2

≤ ‖zn − x∗‖2 − ‖zn − T F2
µ2

(zn − µ2B2zn)− (x∗ − y∗)‖2

+ 2µ2‖zn − T F2
µ2

(zn − µ2B2zn)− (x∗ − y∗)‖‖B2zn −B2x
∗‖

≤ ‖xn − x∗‖2 − ‖zn − xn‖2 + 2δ‖Azn − Axn‖‖(TΘ
rn − I)Axn‖

− ‖zn − T F2
µ2

(zn − µ2B2zn)− (x∗ − y∗)‖2

+ 2µ2‖zn − T F2
µ2

(zn − µ2B2zn)− (x∗ − y∗)‖‖B2zn −B2x
∗‖. (3.20)
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And we have

‖yn − x∗‖2

= ‖TF1
µ1 (TF2

µ2 (zn − µ2B2zn)− µ1B1T
F2
µ2 (zn − µ2B2zn))− TF1

µ1 (y∗ − µ1B1y
∗)‖2

≤ 〈yn − x∗, TF2
µ2 (zn − µ2B2zn)− µ1B1T

F2
µ2 (zn − µ2B2zn)− (y∗ − µ1B1y

∗)〉

=
1

2
{‖yn − x∗‖2 + ‖TF2

µ2 (zn − µ2B2zn)− y∗ − µ1(B1T
F2
µ2 (zn − µ2B2zn)−B1y

∗)‖2

− ‖TF2
µ2 (zn − µ2B2zn)− y∗ − µ1(B1T

F2
µ2 (zn − µ2B2zn)−B1y

∗)− (yn − x∗)‖2}

=
1

2
{‖yn − x∗‖2 + ‖TF2

µ2 (zn − µ2B2zn)− y∗‖2

− 2µ1〈TF2
µ2 (zn − µ2B2zn)− y∗, B1T

F2
µ2 (zn − µ2B2zn)−B1y

∗〉
+ µ2

1‖B1T
F2
µ2 (zn − µ2B2zn)−B1y

∗‖2

− ‖TF2
µ2 (zn − µ2B2zn)− yn − µ1(B1T

F2
µ2 (zn − µ2B2zn)−B1y

∗) + x∗ − y∗‖2}

≤ 1

2
{‖yn − x∗‖2 + ‖TF2

µ2 (zn − µ2B2zn)− y∗‖2

− µ1(2γ1 − µ1)‖B1T
F2
µ2 (zn − µ2B2zn)−B1y

∗‖2

− ‖TF2
µ2 (zn − µ2B2zn)− yn − µ1(B1T

F2
µ2 (zn − µ2B2zn)−B1y

∗) + x∗ − y∗‖2}

≤ 1

2
{‖yn − x∗‖2 + ‖TF2

µ2 (zn − µ2B2zn)− y∗‖2

− ‖TF2
µ2 (zn − µ2B2zn)− yn + x∗ − y∗‖2

+ 2µ1〈TF2
µ2 (zn − µ2B2zn)− yn + x∗ − y∗, B1T

F2
µ2 (zn − µ2B2zn)−B1y

∗〉}.

So, we obtain from (3.20) that

‖yn − x∗‖2

≤ ‖TF2
µ2 (zn − µ2B2zn)− y∗‖2 − ‖TF2

µ2 (zn − µ2B2zn)− yn + x∗ − y∗‖2

+ 2µ1‖TF2
µ2 (zn − µ2B2zn)− yn + x∗ − y∗‖‖B1T

F2
µ2 (zn − µ2B2zn)−B1y

∗‖
≤ ‖xn − x∗‖2 − ‖zn − xn‖2 + 2δ‖Azn −Axn‖‖(TΘ

rn − I)Axn‖
− ‖zn − TF2

µ2 (zn − µ2B2zn)− (x∗ − y∗)‖2

+ 2µ2‖zn − TF2
µ2 (zn − µ2B2zn)− (x∗ − y∗)‖‖B2zn −B2x

∗‖
− ‖TF2

µ2 (zn − µ2B2zn)− yn + x∗ − y∗‖2

+ 2µ1‖TF2
µ2 (zn − µ2B2zn)− yn + x∗ − y∗‖‖B1T

F2
µ2 (zn − µ2B2zn)−B1y

∗‖.
(3.21)
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From (3.16) and (3.21), we have

‖xn+1 − x∗‖2

≤ 1− αn(τ − ρσ)

2
‖xn+1 − x∗‖2 +

αnρσ

2
‖xn − x∗‖2

+ αn〈ρV (x∗)− µF (x∗), xn+1 − x∗〉+ βn‖xn − T n2 T n1 yn‖‖xn+1 − x∗‖

+
1− αnτ

2
‖yn − x∗‖2

≤ 1− αn(τ − ρσ)

2
‖xn+1 − x∗‖2 +

αnρσ

2
‖xn − x∗‖2

+ αn〈ρV (x∗)− µF (x∗), xn+1 − x∗〉+ βn‖xn − T n2 T n1 yn‖‖xn+1 − x∗‖

+
1− αnτ

2
{‖xn − x∗‖2 − ‖zn − xn‖2 + 2δ‖Azn − Axn‖‖(TΘ

rn − I)Axn‖

− ‖zn − T F2
µ2

(zn − µ2B2zn)− (x∗ − y∗)‖2

+ 2µ2‖zn − T F2
µ2

(zn − µ2B2zn)− (x∗ − y∗)‖‖B2zn −B2x
∗‖

− ‖T F2
µ2

(zn − µ2B2zn)− yn + x∗ − y∗‖2

+ 2µ1‖T F2
µ1

(zn − µ2B2zn)− yn + x∗ − y∗‖‖B1T
F2
µ2

(zn − µ2B2zn)−B1y
∗‖},

which implies that

‖xn+1 − x∗‖2

≤ αnρσ

1 + αn(τ − ρσ)
‖xn − x∗‖2 +

2αn
1 + αn(τ − ρσ)

〈ρV (x∗)− µF (x∗), xn+1 − x∗〉

+
2βn

1 + αn(τ − ρσ)
‖xn − Tn2 Tn1 yn‖‖xn+1 − x∗‖

+
1− αnτ

1 + αn(τ − ρσ)
{‖xn − x∗‖2 − ‖zn − xn‖2 + 2δ‖Azn

−Axn‖‖(TΘ
rn − I)Axn‖

− ‖zn − TF2
µ2 (zn − µ2B2zn)− (x∗ − y∗)‖2

+ 2µ2‖zn − TF2
µ2 (zn − µ2B2zn)− (x∗ − y∗)‖‖B2zn −B2x

∗‖}
− ‖TF2

µ2 (zn − µ2B2zn)− yn + x∗ − y∗‖2

+ 2µ1‖TF2
µ2 (zn − µ2B2zn)− yn + x∗ − y∗‖‖B1T

F2
µ2 (zn − µ2B2zn)−B1y

∗‖}
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≤ αnρσ

1 + αn(τ − ρσ)
‖xn − x∗‖2 +

2αn
1 + αn(τ − ρσ)

〈ρV (x∗)− µF (x∗), xn+1 − x∗〉

+
2βn

1 + αn(τ − ρσ)
‖xn − Tn2 Tn1 yn‖‖xn+1 − x∗‖+ ‖xn − x∗‖2

+ 2δ‖Azn −Axn|‖(TΘ
rn − I)Axn‖

+ 2µ2‖zn − TF2
µ2 (zn − µ2B2zn)− (x∗ − y∗)‖‖B2zn −B2x

∗‖
+ 2µ1‖TF2

µ2 (zn − µ2B2zn)− yn + x∗ − y∗‖‖B1T
F2
µ2 (zn − µ2B2zn)−B1y

∗‖

− 1− αnτ
1 + αn(τ − ρσ)

{‖zn − xn‖2 + ‖zn − TF2
µ2 (zn − µ2B2zn)− (x∗ − y∗)‖2

+ ‖TF2
µ2 (zn − µ2B2zn)− yn + x∗ − y∗‖2}.

Therefore we obtain
1− αnτ

1 + αn(τ − ρσ)
{‖zn − xn‖2 + ‖zn − T F2

µ2
(zn − µ2B2zn)− (x∗ − y∗)‖2

+ ‖T F2
µ2

(zn − µ2B2zn)− yn + x∗ − y∗‖2}

≤ αnρσ

1 + αn(τ − ρσ)
‖xn − x∗‖2 +

2αn
1 + αn(τ − ρσ)

〈ρV (x∗)− µF (x∗), xn+1 − x∗〉

+
2βn

1 + αn(τ − ρσ)
‖xn − T n2 T n1 yn‖‖xn+1 − x∗‖

+ (‖xn − x∗‖+ ‖xn+1 − x∗‖)‖xn+1 − xn‖+ 2δ‖Azn − Axn‖‖(TΘ
rn − I)Axn‖

+ 2µ2‖zn − T F2
µ2

(zn − µ2B2zn)− (x∗ − y∗)‖‖B2zn −B2x
∗‖

+ 2µ1‖T F2
µ2

(zn − µ2B2zn)− yn + x∗ − y∗‖‖B1T
F2
µ2

(zn − µ2B2zn)−B1y
∗‖.

Thus, from (3.14), (3.15), (3.17) and (3.18), we conclude that

lim
n→∞

‖zn − T F2
µ2

(zn − µ2B2zn)− (x∗ − y∗)‖ = 0,

lim
n→∞

‖T F2
µ2

(zn − µ2B2zn)− yn + x∗ − y∗‖ = 0

and

lim
n→∞

‖zn − xn‖ = 0. (3.22)

Since

‖zn − yn‖ ≤ ‖zn − T F2
µ2

(zn − µ2B2zn)− (x∗ − y∗)‖
+ ‖T F2

µ2
(zn − µ2B2zn)− yn + x∗ − y∗‖,
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we get

lim
n→∞

‖zn − yn‖ = 0. (3.23)

It follows from (3.22) and (3.23) that

lim
n→∞

‖xn − yn‖ ≤ lim
n→∞

‖xn − zn‖+ lim
n→∞

‖zn − yn‖

= 0. (3.24)

Step 4. limn→∞ ‖xn − T n2 T n1 xn‖ = 0.
Indeed, from (3.1), we get

‖xn − T n2 T n1 xn‖ ≤ ‖xn − xn+1‖+ ‖xn+1 − T n2 T n1 xn‖
≤ ‖xn − xn+1‖+ ‖αn(ρV (xn)− µF (T n2 T

n
1 yn))

+ βn(xn − T n2 T n1 yn) + T n2 T
n
1 yn − T n2 T n1 xn‖

≤ ‖xn − xn+1‖+ αn‖ρV (xn)− µF (T n2 T
n
1 yn)‖

+ βn‖xn − T n2 T n1 yn‖+ ‖yn − xn‖.

So, from (3.14), (3.15) , (3.24) and condition (i), we have

lim
n→∞

‖xn − T n2 T n1 xn‖ = 0. (3.25)

Step 5. lim supn→∞〈(µF − γV )x∗, x∗ − xn〉 ≤ 0, where x∗ = PΓ(I −
µF + γV )x∗.

Indeed, since {σik} is bounded for i = 1, 2, we can assume that σikj →
σi∞ as j → ∞, where 0 < ζ1 ≤ σi∞ ≤ ζ2 < 1 for i = 1, 2. Define
T∞i = (1− σi∞)I + σi∞Ti for i = 1, 2. Then we have Fix(T∞i ) = Fix(Ti)
for i = 1, 2. Note that

‖T kji x− T∞i x‖ = ‖(1− σikj)x+ σikjTix− (1− σi∞)x− σi∞Tix‖
≤ |σikj − σ

i
∞|(‖x‖+ ‖Tix‖).

Hence we deduce that

lim
j→∞

sup
x∈D
‖T kji x− T∞i x‖ = 0, (3.26)

whereD is an arbitrary bounded subset ofH1. Since Fix(T∞1 )∩Fix(T∞2 ) =
Fix(T1) ∩ Fix(T2) 6= φ and T∞i is σi∞-averaged for i = 1, 2, by Lemma
2.6, we know that Fix(T∞2 T∞1 ) = Fix(T∞2 ) ∩ Fix(T∞1 ). Since {xn} is
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bounded, there exists a subsequence {xnj
} of {xn} such that xnj

⇀ w
as j →∞. Note that

‖xnj
− T∞2 T∞1 xnj

‖ ≤ ‖xnj
− T nj

2 T
nj

1 xnj
‖+ ‖T nj

2 T
nj

1 xnj
− T∞2 T

nj

1 xnj
‖

+ ‖T∞2 T
nj

1 xnj
− T∞2 T∞1 xnj

‖
≤ ‖xnj

− T nj

2 T
nj

1 xnj
‖+ ‖T nj

2 T
nj

1 xnj
− T∞2 T

nj

1 xnj
‖

+ ‖T nj

1 xnj
− T∞1 xnj

‖
≤ ‖xnj

− T nj

2 T
nj

1 xnj
‖+ sup

x∈D′
‖T nj

2 x− T∞2 x‖

+ sup
x∈D′′

‖T nj

1 x− T∞1 x‖,

where D′ is a bounded subset including {T nj

1 xnj
} and D′′ is a bounded

subset including {xnj
}. According to (3.25) and (3.26), we obtain

lim
n→∞

‖xnj
− T∞2 T∞1 xnj

‖ = 0.

First, it is clear from Lemma 2.7 that w ∈ Fix(T∞2 T∞1 ).

Second, let us show that Aw ∈ EP (Θ). Since A is a bounded linear
operator, Axnj

→ Aw. Now we set νnj
= Axnj

− TΘ
rnj
Axnj

. It follows

from (3.17) that limj→∞ νnj
= 0 and Axnj

− νnj
= TΘ

rnj
Axnj

. Therefore,

from the definition of TΘ
rnj

, we have

Θ(Axnj
− νnj

, y) +
1

rnj

〈y − (Axnj
− νnj

), (Axnj
− νnj

)− Axnj
〉 ≥ 0,∀y ∈ K.

Since Θ is upper semicontinuous in the first argument, taking lim sup in
the above inequality as j →∞, we obtain

Θ(Aw, y) ≥ 0, ∀y ∈ K,

which implies that Aw ∈ EP (Θ) and w ∈ Λ.
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Next, we show that w ∈ Ω. From (3.22), it is easy to observe that
znj
→ w. For any x, y ∈ C, we have

‖Q(x)−Q(y)‖2 = ‖T F1
µ1

[T F2
µ2

(x− µ2B2x)− µ1B1T
F2
µ2

(x− µ2B2x)]

− T F1
µ1

[T F2
µ2

(y − µ2B2y)− µ1B1T
F2
µ2

(y − µ2B2y)]‖
≤ ‖(T F2

µ2
(x− µ2B2x)− T F2

µ2
(y − µ2B2y)

− µ1(B1T
F2
µ2

(x− µ2B2x)−B1T
F2
µ2

(y − µ2B2y))‖2

≤ ‖T F2
µ2

(x− µ2B2x)− T F2
µ2

(y − µ2B2y)‖2

− µ1(2γ1 − µ1)‖B1T
F2
µ2

(x− µ2B2x)−B1T
F2
µ2

(y − µ2B2x)‖2

≤ ‖T F2
µ2

(x− µ2B2x)− T F2
µ2

(y − µ2B2y)‖2

≤ ‖(x− µ2B2x)− (y − µ2B2y)‖2

≤ ‖x− y‖2 − µ2(2γ2 − µ2)‖B2x−B2y‖2

≤ ‖x− y‖2.

This shows that Q : C → C is nonexpansive. Note that

‖yn −Q(yn)‖ = ‖Q(zn)−Q(yn)‖
≤ ‖zn − yn‖ → 0 as n→∞.

It follows from Lemma 2.7 that w = Q(w). According to Lemma 2.4,
we obtain w ∈ Ω. Thus we have w ∈ Γ = ∩Ni=1Fix(Ti) ∩ Ω ∩ Λ.

Finally, we claim that lim supn→∞〈(µF − ρV )x∗, x∗ − xn〉 ≤ 0. By
x∗ = PΓ(I − µF + ρV )x∗ and (2.1), we have

lim sup
n→∞

〈(µF − ρV )x∗, x∗ − xn〉 = lim
n→∞
〈(µF − ρV )x∗, x∗ − xnk

〉

= 〈(µF − ρV )x∗, x∗ − w〉
≤ 0.

Step 6. xn → x∗ as n→∞.
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Indeed, from (3.1), (3.5), Lemma 2.1 and 2.5, we have

‖xn+1 − x∗‖2

= ‖αnρV (xn) + βnxn + ((1− βn)I − αnµF )Tn2 T
n
1 yn − x∗‖2

= ‖αn(ρV (xn)− µF (x∗)) + βn(xn − x∗) + ((1− βn)I − αnµF )Tn2 T
n
1 yn

− ((1− βn)I − αnµF )Tn2 T
n
1 x
∗‖2

≤ ‖βn(xn − x∗) + ((1− βn)I − αnµF )Tn2 T
n
1 yn − ((1− βn)I − αnµF )Tn2 T

n
1 x
∗‖2

+ 2αn〈ρV (xn)− µF (x∗), xn+1 − x∗〉

≤ (βn‖xn − x∗‖+ (1− βn)‖(I − αn
1− βn

µF )Tn2 T
n
1 yn − (I − αn

1− βn
µF )Tn2 T

n
1 x
∗‖)2

+ 2αnρ〈V (xn)− V (x∗), xn+1 − x∗〉+ 2αn〈ρV (x∗)− µF (x∗), xn+1 − x∗〉

≤ (βn‖xn − x∗‖+ (1− βn)(1− αn
1− βn

τ)‖yn − x∗‖)2

+ 2αnρσ‖xn − x∗‖‖xn+1 − x∗‖+ 2αn〈ρV (x∗)− µF (x∗), xn+1 − x∗〉
≤ (βn‖xn − x∗‖+ (1− βn − αnτ)‖xn − x∗‖)2

+ αnρσ(‖xn − x∗‖2 + ‖xn+1 − x∗‖2) + 2αn〈ρV (x∗)− µF (x∗), xn+1 − x∗〉
= [(1− αnτ)2 + αnρσ]‖xn − x∗‖2 + αnρσ‖xn+1 − x∗‖2

+ 2αn〈ρV (x∗)− µF (x∗), xn+1 − x∗〉.

This implies that

‖xn+1 − x∗‖2

≤ (1− αnτ)2 + αnρσ

1− αnρσ
‖xn − x∗‖2

+
2αn

1− αnρσ
〈ρV (x∗)− µF (x∗), xn+1 − x∗〉

=

(
1− 2(τ − ρσ)αn

1− αnρσ

)
‖xn − x∗‖2 +

α2
nτ

2

1− αnρσ
‖xn − x∗‖2

+
2αn

1− αnρσ
〈ρV (x∗)− µF (x∗), xn+1 − x∗〉

≤
(

1− 2(τ − ρσ)αn
1− αnρσ

)
‖xn − x∗‖2 +

2(τ − ρσ)αn
1− αnρσ

{
αnτ

2

2(τ − ρσ)
M1

+
1

τ − ρσ
〈ρV (x∗)− µF (x∗), xn+1 − x∗〉

}
= (1− δn)‖xn − x∗‖2 + δnσn,
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where M1 = sup{‖xn − x∗‖2 : n ≥ 0}, δn = 2(τ−ρσ)αn

1−αnρσ
and σn =

αnτ2

2(τ−ρσ)
M1 + 1

τ−ρσ 〈ρV (x∗) − µF (x∗), xn+1 − x∗〉. It is easy to see that

δn → 0,
∑∞

n=0 δn =∞ and lim supn→∞ σn ≤ 0. Hence, applying Lemma
2.9 to the last inequality, we immediately obtain that xn → x∗ as n→∞.
This completes the proof.

Corollary 3.1. Let C, K be nonempty closed convex subsets of
real Hilbert spaces H1, H2, respectively. Let A : H1 → H2 be a bounded
linear operator with its adjoint A∗. Assume F1, F2 : C × C → R and
Θ : K × K → R are the bifunctions satisfying Assumption 2.1. Let
Bi : C → H1 be a γi-inverse strongly monotone mapping for each i = 1, 2
such that Γ = Ω∩Λ 6= φ. Let F : C → C be a κ-Lipschitzian continuous
and η-strongly monotone mapping with κ > 0 and η > 0, and V : C → C
be a σ-Lipschitzian continuous mapping with σ > 0. Let 0 < µ < 2η

κ2
and

0 < ρσ < τ , where τ = 1−
√

1− µ(2η − µκ2). Suppose {αn} and {βn}
are two sequences in (0, 1). Given x1 ∈ C, let {xn} be defined by

zn = PC(xn + δA∗(TΘ
rn − I)Axn),

yn = T F1
µ1

[T F2
µ2

(zn − µ2B2zn)− µ1B1T
F2
µ2

(zn − µ2B2zn)],

xn+1 = αnρV (xn) + βnxn + ((1− βn)I − αnµF )yn, ∀n ≥ 1,

where {rn} ⊂ (0, 2ζ), ζ > 0, µi ∈ (0, 2γi) for each i = 1, 2, δ ∈ (0, 1
L

), L
is the spectral radius of the operator A∗A, A∗ is the adjoint of A. If the
following conditions are satisfied:

(i) limn→∞ αn = 0 and
∑∞

n=1 αn = 0;
(ii) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1;
(iii) 0 < lim infn→∞ rn ≤ lim supn→∞ rn < 2ζ and limn→∞ |rn+1 −

rn| = 0.
Then the sequence {xn} converges strongly to x∗ ∈ Ω ∩ Λ, where

x∗ = PΩ∩Λ(I − µF + ρV )x∗ is the unique solution of the variational
inequality:

〈(µF − ρV )x∗, x− x∗〉 ≥ 0, ∀x ∈ Ω ∩ Λ.

Proof. Put Tix = x for all i = 1, 2, · · · , N and x ∈ C, and take
the finite family of sequences {σin}Ni=1 in (ζ1, ζ2) for some ζ1, ζ2 ∈ (0, 1)
such that limn→∞ |σin+1 − σin| = 0 for all i = 1, 2, · · · , N . In this case,
T nNT

n
N−1 · · ·T n1 is the identity mapping I of C. It is easy to see that all
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conditions of Theorem 3.1 are satisfied. Thus, the desired result follows
from Theorem 3.1.

To verify the theoretical assertions, we consider the following example.

Example 3.1. Let H1 = H2 = R with the inner product defined by
〈x, y〉 = xy for all x, y ∈ R and the standard norm | · |. Let C = [0,+∞),
K = (−∞, 0], B1 = B2 = 0 and µ1 = µ2 = 1. Define the mappings
A : R → R, F1, F2 : C × C → R, Θ : K ×K → R, Ti : C → C for each
i = 1, 2, · · · , N , F : C → C and V : C → C as follows:

F1(x, y) = −3x2 + xy + 2y2, F2(x, y) = −5x2 + xy + 4y2,

Ti(x) = 0 for i = 1, 2, · · · , N, F (x) = x, V (x) =
1

2
x, ∀(x, y) ∈ C × C,

Θ(x, y) = −x(x− y), ∀(x, y) ∈ K ×K
and

Ax = −2x, ∀x ∈ R.

It is easy to see that σ = 1
2
, η = κ = 1 and hence 0 < µ < 2η

κ2
= 2. Put

µ = 1. Then τ = 1 −
√

1− µ(2η − µκ2) = 1. From 0 < ρσ < τ , we
have ρ ∈ (0, 2). Without loss of generality, we put ρ = 1. Let αn = 1

3n
,

β = 2n−1
3n

, rn = 1 and σin = 1
2

for each i = 1, 2, · · · , N . The sequences
{αn}, {βn}, {rn} and {σin} satisfy conditions (i)-(iv). Since Ti(x) = 0 for
i = 1, 2, · · · , N and Ax = −2x for every x ∈ R, we have ∩Ni=1Fix(Ti) =
{0} and A is a bounded linear operator with A∗ = A and ‖A‖ = 2.
Obviously, EP (Θ) = {0}, Λ = {p ∈ C : Ap ∈ EP (Θ)} = {0} and
F1, F2,Θ satisfy Assumption 2.1. For rn = µ1 = µ2 = 1, un = TΘ

rn(Axn)
is equivalent to

Θ(un, v) + 〈v − un, un − Axn〉 ≥ 0, ∀v ∈ K,n ∈ N.
Hence, we can easily find un = −xn ∈ K. It is not hard to compute
A∗(TΘ

rn − I)Axn = A∗(un−Axn) = −2(un−Axn) = −2xn for all n ∈ N.
Hence, for δ = 1

8
, we have

xn +
1

8
A∗(TΘ

rn − I)Axn = xn +
1

8
(−2xn) =

3

4
xn ∈ C, ∀n ∈ N.

So, we have

zn =
3

4
xn. (3.27)
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From vn = T F2
µ2
zn and yn = T F1

µ1
vn, we have

0 ≤ F2(vn, y) + 〈y − vn, vn − zn〉
= −5v2

n + vny + 4y2 + (y − vn)(vn − zn), ∀y ∈ C, (3.28)

and

0 ≤ F1(yn, y) + 〈y − yn, yn − vn〉
= −3y2

n + yny + 2y2 + (y − yn)(yn − vn), ∀y ∈ C. (3.29)

From (3.28) and (3.29), we have

0 ≤ 4y2 + (2vn − zn)y − 6v2
n + vnzn, ∀y ∈ C,

and

0 ≤ 2y2 + (2yn − vn)y − 4y2
n + ynvn, ∀y ∈ C.

Let A1(y) = 4y2 + (2vn − zn)y − 6v2
n + vnzn and A2(y) = 2y2 + (2yn −

vn)y − 4y2
n + ynvn. Then we determine the discriminants 41 of A1 and

42 of A2 as follows:

41 = (2v2
n − zn)2 − 16(−6v2

n + vnzn)

= z2
n − 20vnzn + 100v2

n

= (zn − 10vn)2

and

42 = (2yn − vn)2 − 8(−4y2
n + ynvn)

= v2
n − 12ynvn + 36y2

n

= (vn − 6yn)2.

By A1(y) ≥ 0 and A2(y) ≥ 0, we have 41 = 42 = 0. So, we get

vn =
1

10
zn and yn =

1

6
vn. (3.30)

For every n ≥ 1, from (3.27) and (3.30), we can rewrite (3.1) as follows:
zn = 3

4
xn,

yn = 1
60
zn,

xn+1 = 1
3n

1
2
xn + 2n−1

3n
xn + ((1− 2n−1

3n
)− 1

3n
) 1

2N
yn,
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that is,

xn+1 =
4n− 1

6n
xn +

1

3 · 2N
yn

= (
2

3
+

1

240 · 2N
− 1

6n
)xn.

Observe that for all n ≥ 1,

|xn+1 − 0| = |(2

3
+

1

240 · 2N
− 1

6n
)xn − 0|

≤ 161

240
|xn − 0|.

Hence we have |xn+1 − 0| ≤ (161
240

)n|x1 − 0| for all n ≥ 1. This implies
that {xn} converges strongly to 0 ∈ Γ = ∩Ni=1Fix(Ti) ∩ Ω ∩ Λ. Observe
that 〈(µF − ρV )0, x − 0〉〉 ≥ 0, x ∈ Γ, that is, 0 is the solution of the
variational inequality 〈(µF − ρV )x∗, x− x∗〉 ≥ 0, x ∈ Γ.

Remark 3.1. Theorem 3.1 improves and extends many recent corre-
sponding main results of other authors (see [15,21,27,28]) in the following
ways:

(a) The explicit iterative methods in [15,27,28] have been extended
to the new iterative method (3.1) in Theorem 3.1. So, their iterative
methods are some special cases of our iterative method (3.1) and some
of their main results have been included in Theorem 3.1.

(b) The iterative approximating point in Theorem 3.1 is also the
unique solution of the variational inequality (3.2). In fact, (3.2) is
a hierarchical fixed point problem which closely relates to a convex
minimization problem. In hierarchical fixed point problem (1.6), if
S = I − (ρV − µF ), then we can get the variational inequality (3.2). In
(3.2), if V = 0, then we get the variational inequality 〈Fx∗, x− x∗〉 ≥ 0,
∀x ∈ Γ = ∩Ni=1Fix(Ti) ∩ Ω ∩ Λ, which just is the variational inequality
studied by Suzuki [21] extending the common set of solutions of a sys-
tem of variational inequalities (1.1), a split equilibrium problem (1.5), a
hierarchical fixed point problem (3.2) and the common fixed points set
of a finite family of avereged mappings. So, the result of Theorem 3.1 in
this paper have many useful applications.
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