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ENERGETIC SUBSETS OF BE-ALGEBRAS

YOUNG BAE JUN AND SUN SHIN AHN*

Abstract. The notion of Ipg-energetic subsets in BFE-algebras is
introduced, and several properties are investigated. Characteriza-
tions of Ipg-energetic subsets are discussed, and conditions for a
subset to be an Igg-energetic subset are provided.

1. Introduction

As a generalization of a BC K-algebra, the notion of B F-algebras has
been introduced by H. S. Kim and Y. H. Kim in [5]. The study of BE-
algebras has been continued in papers [1], [2], [3], [6] and [7]. Jun et al.
[4] have introduced the notions of S-energetic subsets and I-energetic
subsets in BCK/BCI-algebras, and investigated several properties.

In this paper, we introduce the notion of Ipg-energetic subsets in
BFE-algebras, and investigate several properties. We consider character-
izations of Ipg-energetic subsets and provide conditions for a subset to
be an Ipg-energetic subset.

2. Preliminaries

We display basic notions on BFE-algebras. We refer the reader to the
papers [2, 5] for further information regarding BFE-algebras.

Let K(7) be the class of all algebras of type 7 = (2,0). By a BE-
algebra we mean a system (X;*,1) € K(7) in which the following axioms
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hold:

(1) Ve e X)(zxz=1),

(2) Vz e X)(zx1=1),

(3) Vee X)(1xx =ux),

(4) (Vz,y,z € X)(xx(yxz) =y=*(x*2)). (exchange)

We say that 1 is the unit of X.
A nonempty subset I of a BFE-algebra X is called an ideal of X if it
satisfies
(5) X*xICI,
(6) (Ve X)(Va,beI)((ax(bxx))xxel)
where X x I = {x*a |z € X, a € I}.
A BFE-algebra X is said to be transitive if it satisfies: for all x,y, z €

X, (yxz)* ((z*y)*(xxz)) =1. A BFE-algebra X is said to be self
distributive if it satisfies: for all x,y,z € X, x* (y*z) = (z*y) * (z * 2).

3. Energetic subsets

In what follows, let X denote a B E-algebra unless otherwise specified.

Definition 3.1. A nonempty subset A of X is said to be Ipg-
energetic if it satisfies

(7)) (Va,b,z € X)((ax(bxz))xxz €A = {a,b}NA#D).

Example 3.2. Let X = {1,a,b,¢,d,0} be a set with the following
Cayley table:

*x|1 a b ¢ d O
1/1 a b ¢ d O
all 1 a ¢ ¢ d
b1 1 1 ¢ ¢ c
c|ll a b 1 a b
dil 1 a1 1 a
0/1 1 11 1 1

Then (X;x*,1) is a BE-algebra (see [2]). It is routine to verify that
A :={0,c¢,d} is an Ipg-energetic subset of X. But B := {0,b,c,d} is
not an Ipg-energetic subset of X since (a * (a x b)) xb = b € B but
{a,a} N B = 0.
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Example 3.3. Let X = {1,a,b,¢,d} be a set with the following
Cayley table:

*x11 a b ¢ d
111 a b c d
all 1 b ¢ d
bll a 1 ¢ ¢
c|l 1 b 1 b
dil1 1 1 11
Then (X;x*,1) is a BE-algebra (see [2]). It is routine to verify that

A :={b,c,d} is an Igp-energetic subset of X.

Proposition 3.4. Let A be a nonempty subset of X which does not
contain the unit. If A is Ipg-energetic, then

(8) (Va,z € X)((axx)*xz € A = a€A).

Proof. Assume that (axz)*x € Aforall a,x € X. Then (ax*(1*z))x*
x = (a*xz)*x € A by (3), which implies from (7) that {a,1} N A # 0.
Since 1 ¢ A, it follows that a € A. O

Proposition 3.5. For every Igg-energetic subset A of X, if A does
not contain the unit, then

9) Va,z € X)(axxz =1, 2€A = acA).

Proof. Assume that 1 ¢ A and let a,z € X be such that axz = 1 and
x € A. Then (axx)*x=1%x =z € A, and so a € A by Proposition
3.4. O

Proposition 3.6. Let A be a nonempty subset of X which does not
contain the unit. If A satisfies the following condition:

(10) (Ve,y,z€ X)(xx2€ A = {y, zx(yx2)} NA#D),
then the condition (9) is valid.

Proof. Let a,x € X be such that axz = 1 and x € A. Since
lxx =z € A, it follows from (10) that {a,1}NA = {a, 1x(axz)}NA # 0.
Hence a € A since 1 ¢ A. O

Theorem 3.7. Let A be an Igg-energetic subset of X which does
not contain the unit. If A satisfies:

(11) (Va,z € X)(z*xa€c A = acA),
then X \ A is an ideal of X.
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Proof. We know from (11) that a € X \ A = z*xa € X \ A for all
a,z € X, thatis, X« X\ A C X\ A. Let a,b € X\ A. If (ax(bxz))xz € A
for some x € X, then {a,b} N A # 0 by (7), which implies that a € A or
b € A. This is a contradiction, and so (a* (bxz))*xz € X \ A. Therefore
X \ A is an ideal of X. O

Theorem 3.8. Let I be a nonempty subset of X satisfying the con-
dition (6). Then A := X \ I is an Ipg-energetic subset of X.

Proof. Let a,b,z € X be such that (a* (bxz))*x € A. Assume that
{a,b} NA=10. Thena ¢ Aand b ¢ A, and so a,b € I. It follows from
(6) that (a* (bxx)) xx € I for all z € X. This is a contradiction, and
therefore {a,b} N A # (). Hence A := X \ I is an Ipg-energetic subset of
X. O

Theorem 3.8 shows that X can be partitioned by a subset satisfying
the condition (6) and an Ipg-energetic subset.

Theorem 3.9. Let A be a nonempty subset of a transitive BE-
algebra X which does not contain the unit. Then A is Igp-energetic if
and only if A satisfies the condition (10).

Proof. Assume that A is Igg-energetic and let xx2z € A for z,z € X.
If {y, 2x(yx2)} N A =0 for some y € X, then y € X \ A and
xx(yxz) € X\ A. It follows from Proposition 3.4 that (y*xz)xz € X\ A.
By the transitivity of X, we have ((y*z)*z)* ((x* (y*2))*(zxz2)) =1,
and so

((ge2)v2) e ((wn (ye2)) e (@n)) (@ez) = Lx (@xz) —axz € A

Hence {(y*2)xz, xx(y*2)} NA#D by (7), and so (y*z)xz € A or
xx (y*z) € A. This is a contradiction, and so {y, = * (y*2)} N A # 0.

Conversely, suppose that A satisfies the condition (10). Let a,b,z €
X be such that (a*(bxx))*z € A. Then {b, (ax*(bxx))*(bxz)}NA#D
by (10), and so b€ A or (ax (bxx))* (b*xxz) € A. If b € A, then clearly
{a,b} N A £ 0. If (a*x(bxx))*(bxx) € A, then (bx (ax*z))* (bx*
x) = (ax(bxx))*x (bxx) € A by (4). The transitivity of X induces
((a*xx)*x)*((bx(axx))*(bxx)) = 1. Hence (a*xx)*x € A by Proposition
3.6, and thus

{a,1}NA={a,(axz)*(axx)}NA#D

by (1) and (10). Since 1 ¢ A, it follows that a € A and so that {a,b} N
A # (). Therefore A is an Igp-energetic subset of X. O
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Note that Theorem 3.9 also holds in a self distributive BFE-algerba
since every self distributive BFE-algerba is transitive.

Theorem 3.10. If A and B are Igg-energetic subsets of X, then
AN B is also an Igg-energetic subset of X.

Proof. Let (ax(bxx))*x € ANB for a,b,x € X. Then (ax(bxz))xx € A
and (ax(bxz))+x € B. It follows that {a,b} N A # () and {a,b} N B # 0.
Hence {a,b} N (AN B) = ({a,b} N A) N ({a,b} N B) # (), and therefore
AN B is an Igg-energetic subset of X. O

For any u,v € X, we consider sets
X, ={z€X|ux(vxz)=1}and A, == X\ X, .
Obviously, u,v ¢ Al, AY = A and A}, does not contain the unit. We

know that A}, may not be Ipg-energetic as seen in the following example.

Example 3.11. Consider the BE-algebra X = {1,a,b,c,d,0} in
Example 3.2. We know that A% = {0,b} and it is not Igp-energetic
since (a* (a* b)) xb=0b¢c A? but {a,a} N AL = 0.

We consider conditions for the set AY to be Ipg-energetic.

Theorem 3.12. If X is a self distributive BFE-algebra, then A}, is
Ipg-energetic for all u,v € X.

Proof. Let (ax (bxx))xx € AY, for a,b,x € X. Assume that {a,b} N
A? = (). Then a ¢ AY and b ¢ AY, which imply that ux (vxa) =1 =

u* (v*b). Using (3) and the self distributivity of X, we have

wk (v ((ax (bxx))xx)) = ((ux(vxa))*(ux(vx(bxx))))* (ux(v*))
(ux (v (bxx))) * (ux (v*x))

(s (05 B)) % (us (v52))) % (us (vea) =1,
and so (a* (bxx))*xx ¢ AYU. This is a contradiction, and therefore

{a,b} N AY # 0. Hence AY is an Ippg-energetic subset of X for all
u,v € X. ]
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