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A Study on the Theoretical Background of the Multiplication of Rational
Numbers as Composition of Operators

ABSTRACT. A rational number as operator is eventually that it is
considered a mapping. Depending on how selecting domain (the target
of operation by rational number) and codomain (including the results of
operations by rational number), it is possible to see the rational in two
aspects. First, rational numbers can be deal with functions if we choose
the target of operation by rational number as a number field containing
rationals. On the other hand, if we choose the target of operation by
rational number as integral domain Z, then rational numbers can be
regarded as partial functions on Z. In this paper, we regard the
rational numbers with a view of partial functions, we investigate the
theoretical background of the relationship between the multiplication of
rational numbers and the composition of rational numbers as operators.
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Aol Al ofolt] 4 (principle ideal)oll A A 2= &= % 3 A (homomorphism) 2]
BHoZ tFa ot TEPATES B AH3 sARAE EYste] &
A75Y BEdom Fea JdS A8t vk @4, 29 dve fETE
RES(AAR, HE AGAgHE, partial bijection; Lawson, 1998, pp. 4-5)¢]
A2 oFa 7] wEe] AAEHA tiFAd FE S5 sl Rkt

(inverse semigroup; Howie, 1976, pp.133-135)E A ZtalE 4= o)

~
of mEAME AN AT F A BH FAA RUAFE HRY

Fo B
o pFeka, F el FoAMA onzAe T feRe 34
(composition)’ Atele] #AE oofFi FeAel olgd WAL nAHIA B

dowg FAH9 7] wlio]th(Charalambous, 2005). <19 [I-1>+ &
Ao AA-FEANET 2 Y e FAEZ B4 A 2 A E

<29 I-1> 59 gl A #A% B2 2 A A7 A4 A=
2 d(Charalambous, 2005, p.237).
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o 69 olvlE A A A 1o Byomwt FRANAN Uy Aow,
23 sx3ge F AW gHow AWsE AR da2rh<ad m-2>,

<9 M-4>9 <19 MI-5> H|a). whehal 6x§5 = AR Y] Ao Ad

sh Aol ‘A ool SHelA, Hoh g&Ad & otk 5, F o6 <
EEE AMAR Fseta 1 Ad(4) B sl AR B Aol ded e
Sl Frh.
[ ]
G\L A eF
(A X XX N ]
2
3
[ A X N ]
<¥ MI-5> 6x 39} #AHE wHgA %
durdo s #AL skl #HoR =Enh Ao s ool A
SHAR Felay Al wAdA s aedeR HEHA I aey
TE QAR BHu F oerEe e oAb 94, 5 7 2] A9
(Skemp(# &= & <), 1996, p. 157) o= sfstdd @A A olse] oA

2. % 289 FHozAY U5 F
) #95 29 $E 43} RIS
FAol B3 HoF Fgroup) QE the el vehd 4 glnk,

Q'=Q\{0}= {ﬁ [a,b= Z\ (0}, ged(ab)=1 }

o714 ged(a,b)E= F AF a9 b9 FWTFFE UL
oAl o Q9 Z739] *E'L(multlphcatlon)oii 2F2-(action)S A 78l B},
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ol 7] Wi, &+ Q' Z(CQ)ol FEHoZ Z&(partially act)3Hc}. 3,
Q<7 — 7, (gx) = gz (F F259 )

= 7 Q9 FEFE(partial action; FHEH], 48X, 2000, 2002, 2008;
Kellendonk & Lawson, 2004)0]iL, wetA] 7z} A4 ¢ge Qe Z9 FE7 3 o)A
Aoy = FEAR(partial one to one)drE FE3T =] glgH A4 ge

Qoll oM fred FEEA T g2 B S,

F

g - dom(g)={z€Z | go2€Z} —> Z

4714, dom(g) FRFS g9 AL omArh dMAom -leQ'E

SAESE 4FSE AR g et ol ont Aduagelth

A

1
g: aZ — bZ, ax = bx (gcd(a,b)=1)

AN, nZ={nz: z€Z}Z no ¥WFE9 TS YEAT]
olAl, A Part(Q, Z)& ZAl o+ Qo 934 fFrd i GAgFE9

Hgoleta T3k =,
Part(Q", Z):={g: dom(y) = Z | ¢ Q")

A} 29 BE FE AEFEY IS 1(Z2)ga Fx. 28H (Z)«
Bago A (o <29 MI-5> Fa)ste] 9 v (inverse semigroup)?]
Part(Q", Z)CI(Z)olt}. Part(Q”, Z)2 F 94 g,hol

£ 4 4

i
i
N
N
E
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et

gOh=gh: dom(gh) — Z

2 Agosha oA ght T QA g9 hel FL vt dF ol

g:%, }L:%ePart((Q*, 7Z)¥ u dom(g®h)=dom(gh)=57Z°]1,

gOh 1 BZ — Z,b5r

o

ARA Folt 99k Be FHoRRH T Ade o & Yk

3) 1(Z)e ol&ddst oo fis] @8da E=3k thgo] Ayeith 499 o pyel(Z)e
A, (1) ac(Bey)=(acp) ey, (2) acaleca=a, a'oaca 'l=a'
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(1) Part(Q", Z)e] 9% g=2o thalA, dom(g)=aZ el

(2) (Part(@Q", Z), @) ¥l &3 F24 & Q9 « 5 (isomorphic)©] T}

Part(Q", Z)CI(Z)o]l7] w&e] Part(Q’, 7)o =®EE 3 34 E(finite
compositions)®] A Part(Q”, Z)» & (7)o <9 HFE  wkit(inverse
1

o]
subsemigroup)©] B& HA & = AHHowie, 1976, p. Al 1.2 3=x).

(3) Part(Q", Z)o F ¥& g,hell HallA, gohe Part(Q’, Z)) °]i <17
M-5>25E s 9=
dom(g ° h)=h"'(ran(h) Ndom(g))
h
dom(h) ——= ran(h)
ran(h)N dom(g)
ran(geh)
dom(geh)
dom(g) ? ran(g)
<Y 5> go bt F 8 G5 g3t hol A
oA 5ol g= h=2EPart(Q", Z)Q 45, dom(g > h)=3Z°] 3 dom(h ° g)

=6Zolth. 12a v AR e o 5 Sl
hog:6Z — 27Z°]3, ged(6,2) =271

171 W&ol heyg & Part(Q', Z)olth el AN ERH Part(Q', Z)& °lF
At o o Ta|A DE QYR LSS o 4 9t}

O

A WF [(Z)AY AdAYE REEA <2 1854 &, o <4E ‘domla)C
dom(p)eliL dom(a)’dollAl 7 FE&r7t 235 ov| gt}
(4) o F& v Part(Q', Z)) o 999 Yae Part(Q, Z)9] ofd 94

o o& $1& FA(bounded above)o|th. AAE thLo] A Y3},

a=g g, 0 og € <Part(Q*, 7))y o]H, aCg,0g,OOg,
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A% 5o, ¥ g=2 h-ye Par(Q’, Z2)Y W,

goh 1102 — 27, 10z > 5z — 2z,
gOh 157 — 7, bz b x

olt}. o714 domlg° h)=107Z < 57 = dom(¢®hr)e|i gOhl10Z =g ° holT}
welA goh € gOh ©]Tt}

(5) Part(Q", Z)» o 92 a7t a < gholH, g=holth. A7|A g rE
Part(Q", 7)o ¥xolth dutsii,

b, .
a:gl ° gQ O e © gnv g; :Z(Z:]-a ...an)

ol aa, - a,Z < dom(a)olil, k=aa, - a,= 0°] °}d dom(a)e] Piolt}

A, o < grol7]l Wi, glim@=a=hlim@el L WeFA g-k=h-kolt}. ute}
A g=holt}

6) Part(Q", Z)) /ot & (Part(Q’, Z), ©)¢F FFeo|th. wehA o+ Q'
T 5¥8Y9S ¢ F Utk 9qUIAM oE Part(Q, Z)) oA HA F Ts
(minimum group congruence; Lawson, 1998, pp. 62-63)°]t}.

AAR, (42 Bl fsiA Part(Q, Z)9 7 4t Part(Q’, Z)) o A4
Yol T3 Part(Q”, Z)) 9 RE Y2E Part(Q, Z)9 F43 Hda] 9
af & FAolth oleld AR HA o FEY BOE ol &std, 479 o-F
(oc-class)©= fFdgt HHLES 7Hvhe AHES =8 1%
Part(Q", Z)) /o= o-F2 HULES Hy ddid digo] = wt
a,EPart(Q", Z)°olW a° pSa®p, aOpE Hujdo]iL
TEY Aol

AAR, Part(Q", Z2)9 94 a: aZ — bZ9 <(Part(Q", Z)) A o-F la
= U3 2ok

al={a, kaZ — KZ | k(#0) € Z}

A7 ot (Part(Q', Z)) oA A, AAZ [o]o FAT FHojdoloh
SH o aZ — VZE (a,b) 32 FAAIGH af o-F [0l <9 II-6>3

ol & + Utk
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<9 M-6> [a: 27 — Z1¢F o] X792 Hud

T3 Part(Q”, Z)> = A=A H e (totally ordered set)S ol o & Sof,
(2,1): 2Z — Z, (4,2): 4Z — 27, (6,3): 6Z — 37, (12,6): 12Z — 672Y
u o]E Atole] A FAE <Y N-7>3 2ok AAZ, (4,2)9 (6,3)F w4
A7 gl

(12,6)

<y OI-7> (Part(Q, Z)) oA F&EA

©)9 oA <1y M8>3 ol F o] ohd Felsel Fo AT T ¥

Fro gHoE 448 + Ak

Al

ac”.
[1] € (Part(Q’, 2)) /o

Pari@’, 20 /o= %] | adZ
U{f]e (Part(Q’, Z)> /o

<a® M-8> F 22 A&(FA)T s F Lxd-M

2) $¥ FF9 3%

Ao AF ZdeA AHod" FE 59 g (globalization)s A ZF3l B4
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olE HY, =lcPart(Q’, Z)% Aelejo] aZQl FFolTh F

PR ZANAE RRFFIY. 74 28 XE $gsd, o dad A%
Xgel A Ao w e

’

g9 &g (extension of g), g& FAA FAHo=E, i
Z — Xt 4ddd 5ol <1y M-9>& wdrks thojofrseltt,

wA, FH1E Q'

Z T
Aud AAE ~= FARAL 92 ¢ 5 Ak

A1 - & AR B T g B, (La)~(2a
II-10>3 ). A4 Q< Z9

=
L)

o,

2 (go)o BAF BRE (o)) B3 FA

[(g;2)]=A{(h, ) (g, 2) ~ (h,y) }
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I
o
—
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o
(@]
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s
IS
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u



212 2 o)

oA, =X AA ~o] oI TAFEY HIFS Z.2ta A

ol

Zgw = Q' <Z/~ ={[(g2)] | (9.2)EQ"XZ}

ERE tee ¢ & Atk

A% Zgol FoZ Ag(act)dr}. F,
§: Q"X Zgw = Zgw (g l(h,2)]) = g-[(h,z)]=[(gh,z)]

FAHoR g s FEFE QX Z — Z, (g2) & gz A FF
(minimum  globalization; Choi & Lim, 2008)¢] #t}. wetr 7z 9 ¢ge Q'
Zo:oA AoH s ¢E FEdu F,

g Zige — Zigw [(hz)] = g-[(h,z)]=[(gh,z)]

@ AT 2% Zoo FRIF (Lo)] 22 Z)S FAAG 5 Atk AAZ,
e

rr
e
=
e
i
N
o
°

P ) e o ®
& A A . o a
. o . A A <&
n . Y-

F f

<3y M-11> i Z — Zew [(L0)], [(LD)], [(1L2)], [(1,3)], [, =1,
(1, =21, [(1, =3)]
gebd (D7 @ol SlalA, A5 ZAe) RS o= lePart(Q”, Z), gi aZ

=]
=
— bZE FFIE g Zoe — ZoZ 7HAY F g i(aZ) & i(WZ)E FLA
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& 5 QL gliaz) =golth (<2¥ NI-12> F2),

g
Zgw —=> Z g«

al ?bZ

<9 MI-12> 34 g9 HA 33

) AF Zot Feve AT Qs AW Bgol Aok WA, T AF A

o B8 6T Thea} 2ol el s,

el (gox) ~(hy)olH (hlg) z=y° Wl hE ¥t ga =h-xo]il,
A o= Z Aolw Aboldt A, WA ¢([(g,2))=¢([(h,z)])OIH, g -z =h-z0]
3l W e FalA A (hlg)z=yol WEA (g,z) ~ (h,y)©l =

ojt}h, whebA AR ¢i= ZAbo|th

4) 8 60:Q'xQ — Q, (g2) = gz (F F9 F)e FE24E QX Z —
Z, (gz) = g (F 59 39 A4 B (minimum globalization)o]t. A 2,
<9 II-13>% wErbs tholopisola webd F A& 99 v T

(equivalence)®] t}.

Q'xQ —4—> 0@

W

Q" Z@*ﬁ Z s

<ad9g 1I-13> %< F 28

wEbA fE g o Qe Fol <3 A
[e]

Q &
ATz R Agel Ak 4 48U O Atk Al walA,
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5}
Al (whole) & 2
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AAZ, <3y IV-1>olA & (unit)et A
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<39 V1> A%l A el A
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