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LOCAL SYNCHRONIZATION OF MARKOVIAN NEURAL
NETWORKS WITH NONLINEAR COUPLING

CHUNJI LI* AND XIAOTONG REN

ABSTRACT. In order to react the dynamic behavior of the system more
actually, it is necessary to solve the first problem of synchronization for
Markovian jump complex network system in practical engineering prob-
lem. In this paper, the problem of local stochastic synchronization for
Markovian nonlinear coupled neural network system is investigated, in-
cluding nonlinear coupling terms and mode-dependent delays, that is less
restriction to other system. By designing the Lyapunov-Krasovskii func-
tional and applying less conservative inequality, we get a new criterion
to ensure local synchronization in mean square for Markovian nonlinear
coupled neural network system. The criterion introduced some free ma-
trix variables, which are less conservative. The simulation confirmed the
validity of the conclusion.
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1. Introduction

In order to meet the needs of engineering applications, the stability of Mar-
kovian jump systems has been widely studied. It is well known that element
fault and sudden disturbance usually exist in the real systems, and caused the
abrupt changing of the structure as well as parameter. Thus, for purpose of
reacting the dynamic behavior of the system more actually, the research on syn-
chronization for Markovian jump complex network systems has been attracted
much attention([1], [2], [10]).

The phenomenon of local stochastic synchronization in the engineering appli-
cations has been highly concerned, such as brain science, secure communication
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and the evaluation of reputation([3], [6], [7]). Hence, it is significant to re-
search the local synchronization of complex networks. Local synchronization is
defined by the nodes of a group in the networks can be synchronized while in
the global of the networks cannot be synchronized ([6]). The time delay is a
familiar problem within the real systems because of the congestions of network
communication as well as limited speed of the signal transmission. Thus the
investigation of the discrete time-delays and continuous time-delays has been
drawn in lots of researches on the complex networks. In [3], the problem of local
stochastic synchronization for Markovian neural-type complex networks within
partial information on transition probabilities was studied. In [8], the authors
investigated the synchronization for the neural complex dynamic networks with
distribution time delays where the parameter of the Markovian jump system is
unknown.

Above the all discussions, this paper focus on the local stochastic synchroniza-
tion for Markovian nonlinear coupled neural network system, including nonlin-
ear coupling terms and mode-dependent delays, that is less restriction to other
systems. By designing the Lyapunov-Krasovskii functional and applying less
conservative inequality, we get a new criterion to ensure local synchronization
in mean square for Markovian nonlinear coupled neural network system. The
numerical example is given to confirm the effectiveness of the conclusion.

2. Problem statement and preliminaries

Consider the following Markovian nonlinear coupled neural network system:

ap(t) = =C(ro)ay () + Are) f (23 (8) + B (re) f (e (8 =70, (1) + U ()
N N
+ Z Gij (re)mu (re) £ (1)) + Z G (re) 2 (re) f (a (t = 72, (1)),

(1)

where 2 (t) = [2e1 (), 202 () - 26n 0)]7 (K =1,2,...,N) is the real state
vector of the k-th node. C (ry) = diaglc1 (re),ca(re),...,cn (r)] is a positive
matrix. A (r) = (aij (1)), 4> B (1¢) = (bij (1¢)),,5,» and the external input of
the real state vector of the k-th node is Uy (t) = [Ugy (), Uz (£) ., Upn (8)]" .
Tr, (t) is the time-delay dependent on the Markov mode, 7} < 7, (t) < 77,
ry (£) < hp, 7' =min7}, 72 = max 72, f (@ (¢)) is the nonlinear output of the
real state vector of the k-th node. n; (r;) and 19 (r;) denote the inner coupling
matrices between the nodes, G* (r;) and G? (r;) are coupling configuration n x n
matrices of the topological structure of the network, satisfying the following
conditions:

N
Gl (r) 2 0,i#j; Gli(r)=— ) Gi(r),q=12

=1,
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In the probability space, {r:,t > 0} be the right continuous Markovian process
of the finite state space ¢ = {1,2,..., N} and take values in the space (, with
transition probabilities II = (m;;), ¢,7 € (,

) . mii At + o0 (At), 1 7,
Pr&HAt=JV}=Z}:{ 1iﬂﬁAtiO}Aﬂ ii§

where 7;; > 0 (¢ # j) is the transition rate from mode i at time ¢ to mode j at

N
time ¢t + At, m;; = — Z M-
J=1,j#i

Definition 1. The local synchronization in mean square manifold is defined as
S = {z=(21(s),22(8),...,xNn (8)) : 2k (s) € C([-7,0],R™)}
with zx () =2 (s) ,k, 1 =1,2,...,m.
Let R represent a ring and T’ (R, K ) be the set of matrices with entries R
such that the sum of each row is equal to some K € R.

Definition 2. The system (1) is said to be locally asymptotically synchronized
if

E&s“@“ﬂfoMF:th:Lluwm}

for any initial values.

Assumption 1. ([9]) For any z1 25 € R, exist constants e; , ¢/ such that
e, < filz)=filzz) < e/, 1=1,2,...,m, and denote

Tr1—I2

+ = + —
E, = diag (efef,...,e;‘;e;&) . B, =diag (61 +e em +€m> _

5 ey 5

Assumption 2. ([3]) Let ; = r € (. The coupling configuration matrices
G (q = 1,2) is the following:

Gi,, G,
G?z( 11, }12, ),

q
G21,r G22,r
where
q X q N—m)xX(N—
Gll,r c R™ m’ G22,r c R( m) X ( m)7
T N— T N—
Gloy = lafal,... al]" € ROV, G =L 0f,.. b]T € RIVTmx(m),
q 9 q q Ty g 14 a 1T
al = [alm, ag s - - ,a(N_m)7r] , bl = [bma bos s bmm] ,

Ui(t) = Us(t)=---=Upn(1).
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Lemmal. ([5]) Let G€T (f%, K) be an NxN matriz and H := (Hij) x 1y (v_1)

with entries

J
Hij = Z (Gry = Gigrhy) > 6J€{1,2,...,N —1}.

k=1
Then
MG=HM, H=MGJ,
where
1 -1 0 0 0
0o 1 -1 0 0
M = . )
0 0 0 1 1 (N_1)xN
1 1 1 1 1
011 1 1
J = z
0 0 0 0 1
0 00 0 Nx(N—1)

Lemma 2. ([6]) Define H, = MG%)J € RP=Dx(m=1) e have MG =

111 1 1
01 1 1 1

i 0 0 0 0 1 7

J =110 00 0 0 —(OT>7
0 0 0 0 0
0 0 0 0 0/ ot
1 -1 0 0 00 [0 - 0

i 0 1 —-10 00 |0 - 0

M = | =(M 0),
00 0 0 -+ 1 =10 - 0

(m—1)xN

and M € R(mfl)xm’ o= R(mfl)x(me)’ = Rmx(m—1)
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Lemma 3. ([4]) The positive matriz M and the differentiable function w € R™
take any values in the interval [a,b], satisfy the followings:

b 1 -
/ Wl (u) M (u) du > bi(ZJT (a,b) M@ (a,b),

M —-M 0 2 M M —-2M
M = * M 0 |+ T * M -2M |,
* * 0 * * 4M

where & (a,b) = [w(b),w(a),ﬁfbw(u)du}T

a

3. Main results

In this section, by designing the Lyapunov-Krasovskii functional and applying
the relevant lemma, we give the local synchronization in mean square criterion
for system (1).

By Assumption 2, the system (1) can be formulated as follows:

&y (t) = —Chray (1) + Arf (2 (t)) + U (t) + B f (x5 (t — 7 (1))

N N
+ Y Ghyrmef (@5 (8) + Y GRjomaef (5 (=70, (8),  (2)

j=1 j=1
k=1,2,...,N. According to Lemma 2, we define
noo= M@In,
O = L,®9C, C.=1I,19C,
A = LA, A =1, 104,
B, = I,®B, B.=I,19B,,
By = In1®E), Ey=I,_1®Es,
z(t) = [l ().2f(®),....ak ()],
U = [Uf®.05 ... .0ke)]"
Fa@) = [T @), T @), .. /T @y )]

Then the system (2) can be rewritten as the following form:
ip (t) = =Cra (t) + A f (x (8)) + U (t) + Bof (z (t — 7 (1))
+ e f (@ (8) + e f (2 (8 =70 (1)) - 3)
Theorem 4. Under the Assumptions 1 and 2, if there exist positive definite
matrices: P.,W,,V,,V,IW € Rm=nx(m=1n_und positive definite matrices:

Dll E]12
O = ( . o2 ) e R2m—Dnx2(m=Un ip [ = Q,,S,,T,,Q,S,T, and

positive diagonal matrices Ry, € R™~Dnx(m=1n (1 =12 3 4 and r € £), such
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that the following linear matriz inequalities (4) and (5) hold, then the system
(3) can be denoted locally asymptotically synchronized in mean square,

N
Z WTjTj—TSO, (4)
j=1.5#r
where Y denotes Q,S,T,V,W respectively, and
011 r 0 0 0 0 0 017 r 0 019, 0 0
* 092, 0 024.r 0251 0 0 028 .1 0 0 0
* * 033, 0 0 0 0 0 039,r 0 0
* * * 04a,r  Oa5,r 0 0 0 0 0410,r 0
* * * * 55, 0 0 0 0 0 O511,r
97‘ = * * * * * 066, r 0 0 0 0 0
* * * * * * 077, r 0 079, r 0 0
* * * * * * * 088, r 0 0 0
* * * * * * * * 099 .r 0 0
* * * * * * * * * 01010,r 0
* * * * * * * * * * 01111,r
(5)
where
b1, = —2P.C. + QM + 72Quy + 71251 + 72T + kT
+Cr6,Cp + W, + ks W + Y mpip; — Rip B,
jee
Or7r = PoA, +P.Hy +Q2+7292 4 712712 4 kT,
_(CY;)Td)TA; - (é;)T¢Tﬁ1r + erEQa
01, = P.B.+ P.Hy —(C.)\'¢.B, —(C.)"¢.Hy,,
by = S (v TV - Ry
22;r  — r_ﬁ T—"_ZT‘ - 3riia,
1 2 w2 -
Ooiy = ——5 Vit Vi), sy = ——5Vi, 0o, = S+ Ry, By,
4, =5 ( + 1 ) 25, 5 (T}2)2 28, r T Rgr b
033, = —(1—h1)QL — RovEr, 039, = —(1—h1) QF* — Ro,Eno,
1 2 _
_ 11
Opar = =S, — o (VT + 4Vr> — Ry Fy,
2 _
015, = ———=Vi, bar00 =—S52°+ RayEs,
2(r}?)
m I [t 1
Os5, = —WVT - ﬁTr , Os11, = _ETT , Oss,r = —TT?WT,
_\T —
07, = QP +72Q + 728 + 12T 4+ Iy T* + (Ar) orA,
—7 T _ _ T —7 _ T —
+ (Ar) ¢TH1’I‘ + (le) qj)rAr + (le) ¢TH1’I" - er»
—/ T — —/ T — — T -/ — T —
979,r = (Ar> (Z)TBT + (Ar) ¢TH2’I‘ + (le) (bTBr + (le) d)THQT)

AN
o
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fss» = S>— Rs,,
292 —/ T — 7 —/ T — — T —/
boos = —(1=1)Q2+(B) 6,8+ (B.) 6+ (M2)" 6,5,
— T —
+ (H2'r) ¢7‘H2r - R27‘7
1
01010, = —S2%—Rar, 1111, = i T2,
T
2)2 1)2 2)2
T — (7 T
wo= o) . ) =) 2) b =TV ARV,
H‘]T = MG?I,T']®"7QT (q: 152)7
Q22 1 122 1

T T T

Proof. Consider the following Lyapunov-Krasovskii functional

9
Viz(t),t,r)= Z Vin (x () ,t,7)

m=1

where
Vi (.’L‘ (t) 2 T) =" (t) MTPT/L.%‘ (t) )
Vea(t)tr) = [ 07 () Q0(s)ds.

0 t
Vi (x (t) t.r) = / " @@ sav,

1
t—7,

Vi(z(t),t,r)= /t_ . 67 (5) S0 (s) ds,
Vs (2 (1), t,r) = /__ [ 07 ()50 s)asav,
Vi (2 (1), 1,r) = /_ _ [ 76T (5) s,

-7t 0 t
Vz (x(t)ﬂf,r):/_ . / " 0" (s) T (s) dsdadv,
ha@.en=[ " f () Vi i ) s
0 gt
+/—73 /HU (ux ()" Wy (ux (s)) dsdo,

Vg(x(t),t,r)z/: /Uo/t; (pd ()" V (i (s)) dsdadv

393
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-/ / i / + (i ()" W (i (s)) dsdado,

where y1 = M & I,, and 0 (t) = [pz (t), uf (z ()]
According to the structure of y , we have

uCr = Cop, pA, = Ap, pB, =By, plU (t) =0, pijgr = Hoppr.
Let L be the weak infinitesimal generator, and
€(tr) = [ ()7, (e (=7 ()7 G (= 7o () (i (2= 72 (1))
(fi e (o) ds)T, (i (9)ds) " uf @ O)” L (uf (a (= 7))
(uf @t = O (uf (@ (=72 ON) (75 ns @ (s))ds)T}T
According to Lemma 3 and Assumption 1, we can obtain

e{LV (z(t),t,r)} <e{&" (t,r)0,&(t,r)}.
If 6, < 0, we have

e{LV (z(t),t,7)} < =Ae {|lua (t) P},
where A = min,¢cc Apin (—6,-) > 0, thus
V(x(t),t,r) <V (x(0),0,rq).

Since

t
e{V(x(t),t,r)} —e{V ((0),0,1r9)} = 5{/ LV(m(s),s,rs)ds} ,
0
there exists a constant ~, satisfying

ve{lux @) P} < e{V(x(t),t,1)}
= E{V({,C(O),OJ’())}“FE{/O LV(x(s)7s,rS)ds}

IN

t
AV (@000} =2 [ e {llur (9P}
The proof is completed. O

4. Simulation

In this section, a numerical example is given to confirm the effectiveness of the
proposed method. Let us consider the following Markovian nonlinear coupling
neural networks:

i (t) = —C, xk( Y+ A f (xp ( ))+Uk( )+ By f (xk (t — 77 (1))
+ Z Gk] r771rf x] + Z ij rnQTf (in ( — Try (t>)) ’
j=1 j=1

k = 1,2,3,4, and r = 1,2,
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in which z (t) = [ z1 () } () = [ tanhzy (¢) } 71 () = 0.5+ 0.4sin (1),

x2 (t) tanh 5 (t)
T2 (t) = 0.4 + 0.3sin (¢) , and
12 0 28 0.8 26 —1.5
G = <0 1.2>’A1(—0.7 —2.1)’31(0.1 2.6 )
13 0 21 02 2.7 —0.7
C: = <0 1.3>’A2_<—0.2 —2.5)’32_(03 1.8 )
53 0 00
771’!‘ - (0 49>7E1_(0 0))
05 0 05 0
= (0 0.5)7E2_(0 0.5)’
0.9 0.9
= ( 13 -13 )
U = [0.22,0.42,0.22,0.42,0.92,0.02,0.13,0.64]"
= 0.1, 72=09, 7 =01, 72 =0.7,
hy = 04, hy =0.3,

—16.12  14.20 0.96 0.96

o 1420 —16.12 096  0.96

1= 003 003 —008 002 [
003 003 002 —0.08
~13.19 1135 092  0.92

o 1135 —13.19 092  0.92

2 = 0.04 004 —009 001

0.04 0.04 0.01 -0.09

By using Matlab LMI Toolbox, we can obtain a set of feasible solutions as follows
(we just list a section of the obtained matrices for space consideration)

p _ ( 04830 —0.0001 p _ (04426 —0.0001
1=\ —0.0001 06999 )’ "2\ —0.0001 0.6591 /-

According to Theorem 4, we obtain that the first two nodes are synchronized in
mean square, while in the whole network it is cannot be achieved, as shown in
the follow Fig. 1 and Fig. 2, which are calculated by

4

2
(xli_xZi)27 ZZ fflz x]z .

1 i=1 j=2

2

%
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Fig. 2. Synchronization error es(t) of the all nodes.

5. Conclusion

This paper research the novel delay-dependent local synchronization of the
Markovian nonlinear coupled networks. By designing the Lyapunov-Krasovskii
functional and applying less conservative inequality, we get a new criterion to
ensure local synchronization in mean square for Markovian nonlinear coupled
neural network system. The new criterion to solving practical problems is more
conducive, reduce the difficulty for calculation. Finally the simulation demon-
strates the effectiveness of the conclusion.

REFERENCES

1. Q. Ma, S. Xu and Y. Zou, Stability and synchronization for Markovian jump neural net-
works with partly unknown transition probabilities, Neurocomputing 74 (2011) 3404-3411.

2. Y. Liu, Z. Wang, J. Liang and X. Liu, Synchronization of coupled neutral-type neural
networks with jumping-mode-dependent discrete and unbounded distributed delays, IEEE
Trans. Cybern. 43 (2013) 102-114.

3. J. Wang, H. Zhang, Z. Wang and H. Liang, Local stochastic synchronization for Markovian
neutral-type complex networks with partial information on transition probabilities, Neuro-
computing 149(2015) 983-992.

4. T.H. Lee, H.P. Ju, and S.M. Lee, Robust sampled-data control with random missing data
scenario, International Journal of Control. 87 (2014) 1957-1969.

5. C.W. Wu and L.O. Chua, Synchronization in an array of linearly coupled dynamical sys-
tems, IEEE Trans. Circuits Syst. I: Fundam. Theory Appl. 42 (1995) 430-447.



Local Synchronization of Markovian Neural Networks with Nonlinear Coupling 397

6. W. Yu, J. Cao, G. Chen, J. Lu, J. Han and W. Wei, Local synchronization of a complex
network model, IEEE Trans. Syst. Man Cybern. B 39 (2009) 230-241.

7. Q. Song, and Z. Zhao, Cluster, local and complete synchronization in coupled neural net-
works with mized delays and nonlinear coupling, Neural Comput. Appl. 24 (2014) 1101-
1113.

8. X. Liu and H. Xi, Synchronization of neutral complex dynamical networks with Markovian
switching based on sampled-data controller, Neurocomputing 139 (2014) 163-179.

9. Y. Liu, Z. Wang and X. Liu, Global exponential stability of generalized recurrent neural
networks with discrete and distributed delays, Neural Networks 19 (2006) 667-675.

10. H. Chang, Y. Fang and S. Lou, Stabilization of a class of continuous-time singular Markov
jump systems, Control and Decision 27 (2012) 641-645.

Chunji Li received Ph.D. degree from Kyungpook National University, Korea. His research
interests focus on the control theory, moment method, and unilateral weighted shifts.

Department of Mathematics, Northeastern University, Shenyang 110004, P. R. China
e-mail: lichunji@mail.neu.edu.cn

Xiaotong Ren is a graduate student in Northeastern University. Her research interests
focus on the control theory.

Department of Mathematics, Northeastern University, Shenyang 110004, P. R. China
e-mail: renxt19940163.com



