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A RELATION OF GENERALIZED g-w-EULER NUMBERS AND
POLYNOMIALS

M.J. PARK, Y.R. KIM* AND H.Y. LEE

ABSTRACT. In this paper, we study the generalizations of Euler numbers
and polynomials by using the g-extension with p-adic integral on Z,. We

call these: the generalized g-w-Euler numbers Effgyw (a) and polynomials
Ey(fg,w(x; a). We investigate some elementary properties and relations for

E,(f‘gyw (a) and ESLD,‘;U, (z;a).
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1. Introduction

Many mathematicians are interested in the Euler numbers and polynomials
because they possess many interesting properties and arise in many areas of
mathematics and physics. Due to these reasons, recently various analogues for
Euler numbers and polynomials have been studied. C. S. Ryoo and H. Y. Lee
studied the generalized w-Euler numbers and polynomials and they observed
that the distribution of roots for E,, 4., (z;a) is different from the Euler polyno-
mials E,(z) =0 (see [4]).

Throughout this paper, Z,, Q,, Cp, N, Z, Q will be denote the ring of p-
adic integers, the field of p-adic rational numbers, the completion of algebraic
closure of Q,, the set of natural numbers, the ring of rational integers, the field
of rational numbers, the set of complex numbers respectively and Z; = NU{0}.

Let v, be the normalized exponential valuation of C, with |p|, = prP) =
p~!. When one talks of g-extension, ¢ is considered in many ways such as an
indeterminate, a complex number ¢ € C, or p-adic number ¢ € C,. If ¢ € C
one normally assume that |¢| < 1. If ¢ € C,, then we normally assume that
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lg — 1], < p_ﬁ so that ¢® = exp(xlogq) for |z|, < 1. Throughout this paper,
we use the notation:

[z]q = ! —qw’ [2]—q = #

(see [1-2, 4-9]) .

Hence lim,_,1[z], = = for any x with |z|, <1 in the present p-adic case. For
g € UD(Z,) ={glg : Z, — C, is a uniformly differentiable function},

the fermionic p-adic g-integral on Z, is defined by T. Kim as below:

Li(g) = / g(@)dp_1(z) = lim —— 3 g(a)(~1)". (1)

) Noso [PN] 1
Let
Tp = UmZ:lern = lim Cpm

m—r oo

where Cpm = {w|w?P™ = 1} is the cyclic group of order p™. For w € Tp, we
denote by ¢, : Z, — C, the locally constant function given by x —— w®.
If we take g1 (z) = g(x 4+ 1) in (1), then we easily see that

I_1(g1) + I-1(g) = 29(0). (2)

From (2), we obtain

I
-

n

Li(gn) + ()" Hgg) =2 ) (1" g(D), 3)
l

Il
o

where g, (2) = g(x +n) (see [1-2, 4-9]).
As well-known definition, the Euler polynomials are defined by

o0

_ 2 _ Et __ |
F(t) = r1=° 7ZE”E

n=0

and

T T — t
Pt = e =eH = 3 Bt
n=0 ’

with the usual convention of replacing E"(x) by E,(z). In the special case,
x =0, E,(0) = E, are called the n-th Euler numbers (see [1-2, 4-9]).

The purpose of this paper is to study the generalized g-w-Euler numbers
Eg(fq)’w(a) and polynomials Ef{f‘q)’w(x; a) which are g-analogues of the generalized
w-Euler numbers and polynomials, respectively.
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2. The generalized g-w-Euler numbers and polynomials

In this section, we study the generalized g-w-Euler numbers E,(ﬁq),w(a) and

polynomials Ey(lofq),w(x; a). To do this, we define the notions of the generalized
g-w-Euler numbers Ey(ﬁ‘q)w(a) and polynomials E,S?q),w (z; a) using fermionic inte-

gral.

Definition 2.1. For ¢ € R*, ¢t € R and w € C, the generalized g-w-Euler
numbers and polynomials is given by

(oo} t”
S Bty = [ wre e ) )
n=0 ’ Zp
and
- [e3 tn ax (l’I‘ q
S B0 = [ weretee d s ), )
n=0 : Ly

From Definition 2.1 and some calculations, we get

o0

tm
S B (i) = / wetlov sl gy ()
n=0 ' Zp
p N_1
R
pN—l o] s
_ 1 ANy n b
S o S
y=0 n=0
< 1 \" P t
— : _ana\Y (1 _ ,o(ayt+a)\yn”
;(l_qa) i 3 e
> 1 " P! " /n t"
— li o, a\Y -1 l aayl azl”
(1—qa> dim > () Z<l>( Vet
n=0 y=0 =0
= 1 " [ A tn
_ 1\l oxl q; _a0\Y oayl b
=3 () X (7)o S e
n—0 1=0 y=0
) Eere s
- _ o aaal )"
o 1—¢q — l 1+ waqee n!
Then we get

1 "< /n 1
(Oz) 1\ axl
o =2 (=) ()0 e ©
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Also from some calculations, we get

[ 1 "
Eulma =2 (12 ) X

(L) S ()

k=0 =0

n l axl 1
-1 I
(l>( >q 1+waqaal

(7) l awlz w® aal

l oc:vl aalk

q

1 T k_ . ak ar+aak\n
e DICIEEYE

k=0
> 1— qa(m+ak’) n
— k, ak
=2 (-Dkw (1 Y
k=0
= 22(—1)’“ [ + ak]”
k=0
= 2(-1)*w™ [z + ak]
k=0
Therefore we get
o _ k. .ak n
EY) J(z5a) =2 (=1 w™ [z + ak]l.
k=0

In the above result, if z = 0, then we get

)q’ _QZ k (Lk ak

Hence we get the theorem as below:

Theorem 2.2. For a € RY and w € C, we get
E,(Lagwa:a *22 x—i—ak]
and
22 k (Lk ak
k=0

From (6) and some calculations, we get

Er(Lqu)lywl(a—x;a):2(1_q ) Z() 1igateo

I=

1

1+ wfaqfaal
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1 n _n n waqaal
— 9(—1)"g" § -1 l azl —aal
(=1 (1—q0‘> (l>( V@™ q 1+ weqal

=0
_ 2(_1)nqomwa 1 ni n (_1)lqa:cl 1
1—qg> — l 1+ weq®al
(71)77, an aEr(Laq)w(x;a)-

Hence, we get the following theorem.

Theorem 2.3. Fora €¢ RT, w € C and n € N, we have

EY | (e —z0) = (-1)"¢""w E)  (z:a).

n,aw=1,q n,q,w

From Definition 2.1 and some calculations, we get

B2, 4(w50) = /Z way + z]gadp—1(y)

P

- / W ([2)ge + ¢ [aylge) " dpir (1)

P

P

= n -l az «
-y (l> ]l B (a)
(@)= + 0 E)(@))

Hence we get an identity as below:

n

B o(@sa) = ([alye + 4™ B ()

Let m be a positive integer. From the equation (6), we get

n i ar aZ+SU
[l S (1) W B (m;a)
=0
m—1 n n
=il - 0t 2 () 3 () e
=0 1=

(l_qam>” < 1 >”
= — X2X | ———
]_7ch 17q0£’n’7,

n n 1 m—1
l (yrl a i aail
X ZZ <l) 1 +wmaqamal q

= O

/Z ayZ( ) Jna g ay]ha dp—1 (y)

= i (7> ) / W ay)gedp—1(y)

1

1+ wme qamal
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1 " (1 o 1 1 4 wamgeam
2 Z (=1)'g ] ]
1 — qa l 1 + wmaqama ]_ + waqaa

=0
) et
17(1 — 1+waqaal
*Egaq)w(x;a’)'

Hence we get the distribution relation as below:

Theorem 2.4. Fora ¢ R, w € C and n,m € N, we have

m—1 .
[m]ga Z <_1)iwaiEnofq)am,wm (aln—: ’ ) a) (o,(q), (CL’; a)'

=0

Let g(x) = w*e'l*®le> . From properties of the fermionic p-adic integral (2),
we get

I_1(g1) +1-1(9) :/ wa(”l)@t[a(zﬂ)““dufl(f)+/ wetlo®lae gy (2)
Z

P Zp
:waZ/Z aI[az+a] wdp—1( +Z/ du 1 )f;
n=0 P :
oo t”
=3 (v B w(@a) + B, (@) =
n=0
=2.

By comparing the coefficients of % in both sides, we get an identity as below:

Theorem 2.5. Fora € R, w € C and n € Z., we have

2, ifn=0
a pe) (@) - ’
w By w(as @) + By () { 0, ifn>0.

By Theorem 2.4 and the equation (9), we have the following corollary.

Corollary 2.6. Forn € Z,, we have

a aa «a n «a 2a ifn=0
W+ B + Eut@ ={ & 4720

with the usual convention of replacing (E,,(a))" by E, ,(a).
Let g(x) = w*®el®@le>t. From g(z) and the left side of the equation (3), we
get
I-1(gn) + (=1)" " -1(g)

:/ w“(x+")€[a(w+”)];“dufl(ac)—|—(—1)"_1/ wo elazly dp_ (z)
z

D ZP
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:wan/
Z

worele T enlie gy (2) + (—1)%1/ w el dpu_y (x)

P ZP
an - tm
=w n;)(/zpw “laz + an]jadp 1 (z )>m'
- 12 (/ (e >> “
= 3 (Bl ufamsa) + (1" 1E<agw<a>)§!. (10)

=0
Also, from g(x) and the right hand side of equation of (3), we get the following :

n—1 _
n—1— a a ta n — a m tm
23 (—1)" ! wtelalla Z ( Z =y l[al]qa> — (11)

=0 m=0 =0

Hence by (10) , (11) and comparison of the coefficients of % in both hand
sides, we have the following theorem

Theorem 2.7. For a positive integer n, we have

n—1
w B (ana) + (1) B (@) =2 (=1 e al] gk
=0

3. The analogue of the generalized ¢g-w-Euler zeta function

n—1

The Euler zeta function is defined by (g(s) = >, (_171)5 (see [3]). By
using the generalized g-w-Euler numbers and polynomials, the generalized Hur-
witz g-w-Euler zeta functions and the generalized g-w-Euler zeta functions are
defined. These functions interpolate the generalized g-w-FEuler numbers and ¢-
w-Euler polynomials, respectively. In this section, let w be the p™-th root of
unity.

Let Fgg,a(t; r)=>""4 E(aq) o (5 a) . Then by the k-th differentiation, we
get

dF o o
ﬁFg,ﬂ)ﬂ(t;x) =B\ (z;0). (12)
t=0

By using equation (12), we are now ready to define the concept of generalized
w-Euler zeta functions.

Definition 3.1. For s € C, we define

o0
Cq’wa Z x—i—cm

n=0

llTL
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Note that C,gi&a(s;x) is a meromorphic function on C. Note that if w —
1, ¢ =+ 1 and a = 1, then <,§f’;),,a(s;x) = ((x;s), which is the Hurwitz Euler
zeta function. The relation between (% o(s;2) and ES%)..(2;a) is given in the

following theorem.
Theorem 3.2. For k € N, we have
(e al—550) = By w3 )

q,w,a 5,q,w
Observe that the function Cé'ﬁ,a(s; x) interpolates Effq)w (z;a) at non-negative
integers. By using (12), we note that

k
4° )

SEESLB0)| =B (0:0) = B (). (13)

k.q,w k,q,w
t=0

By using the above equation, we are now ready to define the notion of twisted
Hurwitz g-w-Euler zeta functions.

Definition 3.3. For s € C, we define

n an

(@) (g — 9§ (ED"w™
Cq,w,a(s) nz::l Tl];a

[a

Note that Cé,o;),,a(s) is a meromorphic function on C. Obserse that if w — 1
and ¢ — 1, then C(?{B,a(s) = ((s) is the Hurwitz Euler zeta function. The relation
between (é?‘u)w (s) and Eé?;))w is given in the following theorem.

Theorem 3.4. For k € N, we have
(6 al=5) = B, (a).

»W,a 5,4, w
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