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In this paper, torques of two motors are compared by Finite Element Analysis (FEA). One has a symmetric

rotor structure and the other has an asymmetric rotor structure. The comparison shows that the asymmetric

rotor structured motor has reduced torque ripple compared to the symmetric. The torque of the compared

motor models was analyzed by separating into magnetic torque and reluctance torque. Through the analysis of

torque component separated, it is shown that the magnetic torque and the reluctance torque compensate each

other in the motor with the asymmetric structure rotor. Here “compensate” means decrementing the effect of

one or more harmonics. It is shown how this compensation appears between the magnetic torque and the

reluctance torque by looking into back electro motive force (emf) and the relative permeability distribution of

rotor core.
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1. Introduction

The high torque ripple of Interior Permanent Magnet

Synchronous Motors (IPMSMs) is common and inherent

drawback [1-3]. The primary cause of torque ripple due to

a motor are cogging effects, distortion of the magnetic

flux density in the air-gap and the permeance difference

between d and q axis. Higher harmonics of magnetic flux

density in the air gap produce the field harmonic electro-

magnetic torque, and the unequal permeance in the d and

q axis produces the reluctance torque. Measures taken to

minimize the torque ripple by motor design include

elimination of slots, skewed slots, special shape slots and

stator laminations, selection of the number of stator slots

with respect to the number of poles, decentered magnets,

skewed magnets, shifted magnet segments, selection of

magnet width, direction-dependent magnetization of per-

manent magnets (PMs) [4]. These measures are well-

known and used commonly but they cause the increase of

manufacturing difficulties and cost or the decrease of the

average torque.

In case an electric motor rotates in both direction clock

wise and counter clock wise, generally the same charac-

teristics are required in both directions. So such kind of

motor should have a symmetric structure rotor design. In

case a motor rotates in a single direction as for oil pumps

or cooling fans, it might not to have a symmetric structure

rotor. Therefore, it is possible to apply an asymmetric

structure in order to reduce their torque ripples. A method

reducing IPMSM’s torque ripple is introduced in [5]

without the decrease of average torque by an asymmetric

rotor. This method is easier and less complicated than the

above mentioned methods for reducing torque ripple.

However, it was not introduced in [5] how the rotor with

asymmetric structure influences on the torque ripple. In

this paper, the torque of two motors are compared by

FEA. One motor has a symmetric rotor structure and the

other has an asymmetric rotor structure. The comparison

shows that the asymmetric rotor structured motor has

reduced torque ripple compared to the symmetric. The

torque of the compared motor models was analyzed by

separating into magnetic torque and reluctance torque.

Through the analysis of torque component separated, it is

shown that the magnetic torque and the reluctance torque

compensate each other in the motor with the asymmetric

structure rotor. Here the meaning of “compensate” is follow-

ing the definition in [6] as a meaning of decrementing the

effect of one or more harmonic. It is shown how this

compensation appears between the magnetic torque and

the reluctance torque by looking into back electro motive
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force (emf) and the relative permeability distribution of

rotor core. Through the above, it will be shown how torque

ripple can be reduced by the application of an asymmetric

structure rotor.

2. Analyzed Model and FEA Result

In order to compare the torque characteristics of two

motors with a symmetric structure rotor and an asym-

metric structure rotor, the two motor models with 4-poles

24-slots are analyzed by FEA. All specifications such as

stator, magnet size, pole arc and material are the same

except the arrangement of magnets in rotor. The analyzed

models are shown in Fig. 1 and the common specifi-

cations of the motors are shown in Table 1.

JMAG-Designer by JSOL corporation (Ver.15) was

used for FEA. The FEA was executed on the condition of

sinusoidal current input and constant rotor speed. Torque

waves from FEA are shown in Fig. 2(a). The average

torque and the torque ripples of the two motor models are

compared in Fig. 2(b). As shown in Fig. 2(b), torque

ripple reduction effect of 31.3% appears in the asym-

metric structure rotor without a significant average torque

change. In order to analyze the reason that this kind of

difference occurs between the two motor models, the

torque of each model will be separated into the magnetic

torque and the reluctance torque in the next section.

3. Torque Analysis using Component 
Separation

The electromagnetic torque of IPM 3-phase synchronous

motor can be calculated as (1) [7].
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Table 1. Common specification of the two motors.

Specification Values

Pole / Slot numbers 4/24

Stack length 45 mm

Stator outer diameter 86 mm

Stator inner diameter 49 mm

Air gap length 0.5 mm

Fig. 1. Motor models (a) symmetric structure rotor (b) asym-

metric structure rotor.

Fig. 2. (Color online) Comparison of torque waves and char-

acteristics (a) symmetric structure rotor (b) asymmetric struc-

ture rotor.



− 268 − Torque Ripple Reduction Using Torque Compensation Effect of an Asymmetric Rotor Design
…

− Yong-Suk Hwang et al.

T : Electromagnetic torque [Nm]

ωm : Rotor speed [rad/s]

ea, eb, ec : Back EMF by magnet in each phase [V]

ia, ib, ic : Current in each phase [A]

θ : Rotor position [rad]

La, Lb, Lc : Self inductance in each phase [H]

Lab, Lbc, Lca : Mutual inductance between phases [H]

The first term expresses the magnetic torque and the

sum of remain expresses reluctance torque [7]. In order to

obtain each term of (1) considering the saturation in the

rotor and stator on the FEA condition, frozen perme-

ability technique was applied. The frozen permeability

technique transforms the non-linear problem in a linear,

so that the electromagnetic torque can be calculated with

(1) and the electromagnetic torque can be separated into

magnetic torque and reluctance torque [7]. The operating

point resulting in Fig. 2 was simulated. And then the flux-

linkage by permanent magnet was obtained by the simu-

lation which was done on a no load condition and the

same relative permeability with the operating point by

frozen permeability technique. And finally the inductances

due to the phase currents was obtained by the simulation

which was done on the condition of no magnet and the

same relative permeability [8]. All terms of (1) were

Fig. 3. (Color online) Comparison of torque waves from (1)

and FEA (a) symmetric structure rotor (b) asymmetric struc-

ture rotor.

Fig. 4. (Color online) Comparison of the averages of the

torque waves.

Fig. 5. (Color online) Torque components separation (a) sym-

metric structure rotor (b) asymmetric structure rotor.
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obtained through the above procedure. The torque waves

from (1) and FEA are compared in Fig. 3. And the aver-

age torques of the torque waves are compared in Fig. 4.

From Fig. 3 and Fig. 4, we can find out that it is reason-

able to use (1) for looking for the effect of the asymmetric

structure rotor. The electromagnetic torques of the two

motor models separated into two components are shown

in Fig. 5.

The averages of the magnetic and reluctance torque

wave of Fig. 5. are shown in Fig. 6. The motor model

with the asymmetric structure rotor decreases in the

average of the magnetic torque and increases in the

average of the reluctance torque so that the total torque of

the asymmetric structure motor is similar to the total

torque of the symmetric structure motor as in Fig. 6(a).

And there is no significant difference in torque ripple of

each component as in Fig. 6(b). So we can notice that it’s

hard to explain the torque ripple reduction as like Fig. 2

only with the magnitude of torque component.

Figure 7(a) compares the magnetic torque waves bet-

ween the symmetric and the asymmetric motor models.

The average of the magnetic torque decreased and a

phase shift occurred in the asymmetric model. Figure 7(b)

compares the reluctance torque waves. The average of the

reluctance torque increased in the asymmetric model and

the phases of the reluctance torque waves are almost the

same. Considering the phase shift in the magnetic torque

of the asymmetric model and reviewing Fig. 5, the mag-

netic torque and the reluctance torque of the asymmetric

model compensate each other, on the other hand those of

the symmetric model don’t compensate each other. In

summary of the analysis of Fig. 5, Fig. 6, Fig. 7, the

average torque was maintained in the asymmetric model

because the reluctance torque increased as the magnetic

torque decreased and the torque ripple decreased dra-

stically because the magnetic torque and the reluctance

torque compensated each other due to the phase shift of

Fig. 6. (Color online) Analysis of torque component waves

(a) Average (b) Ripple.

Fig. 7. (Color online) Comparison of magnetic and reluctance

torque waves between the symmetric and the asymmetric (a)

Magnetic torque wave (b) Reluctance torque wave.
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the magnetic torque in the asymmetric model.

Harmonic analysis for the torque waves in Fig. 2(a) was

done and is compared in Fig. 8. in order to research how

the compensation occurs in the asymmetric model. The

harmonic analysis was done by Fourier transform [9].

Figure 8 shows the amplitude of each harmonic for the

torque wave in Fig. 2(a).

From Fig. 8, we can notice that the 6th and the 12th

harmonic components are dominant during an electrical

cycle. The 12th harmonic is the main cause of torque

ripple particularly in the symmetric model. And the most

obvious difference between the symmetric and the

asymmetric appears on the amplitude of 12th harmonic. It

can be noticed intuitively too through looking into Fig.

2(a). In order to look into the reason for the difference in

total torque, harmonic analysis was done for the magnetic

and reluctance torque of Fig. 5. And the 6th, 12th harmonics

and the sum of them are shown in Fig. 9 without the

constant components because we are interested in ripple.

In case of the 6th harmonic, there is no significant

difference between the symmetric and the asymmetric

models as in Fig. 9(a). In case of the 12th harmonic, the

magnetic and reluctance torque of the asymmetric design

have the phase difference around half cycle of the 12th

harmonic so that the ripples of the magnetic and re-

luctance torque compensate each other as in Fig. 9(b). On

the other hand, the sum of the magnetic and reluctance

torque in the symmetric design is larger than each com-

ponent because the magnetic and reluctance torques have

the phase difference around 1/4-cycle of the 12th harmonic

as in Fig. 9(b). These results correspond with Fig. 8 very

well. And the sum of the 6th and the 12th harmonics in

each model are shown in Fig. 9(c), the wave shape of

Fig. 8. (Color online) Comparison of harmonic distribution for

the torques of the two motor models.

Fig. 9. (Color online) Comparison of harmonic components

for magnetic torque, reluctance torque and the sum of com-

ponents in each model (a) 6th (b) 12th (c) 6th+12th.
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each model corresponds approximately with the wave

shape of Fig. 2(a).

It has been found out that the phase shift of the 12th

harmonic in the magnetic torque make the torque reduced

in the asymmetric model through the above harmonic

analysis. In the next section, the reason of the phase shift

of the 12th harmonic in the magnetic torque will be

investigated.

4. Back EMF and Relative Permeability 
in Rotor Core

The magnetic torque term in (1) consists of back emf,

input current in each phase and rotor speed. Because

sinusoidal current and constant speed were assumed, the

shape of the magnetic torque wave can be investigated

from the back emf of each phase. It has been presented

that the phase shift of the 12th harmonic in the magnetic

torque is a main factor to the torque ripple reduction in 4-

pole/24-slot motor with the asymmetric rotor structure.

Because the magnetic torque is proportional to the

product of back emf and current with the assumption of

sinusoidal current, it can be derived that the 12th

harmonic of magnetic torque due to the 11th and the 13th

harmonics from the Trigonometric Identities 

. Figure 10 shows the back

emf wave of a phase for the two motor model and the

harmonic analysis result for the waves. In Fig. 10(a), the

phase difference of harmonic components appear between

the two motor models. And it is shown that the 11th and

the 13th harmonics are dominant components in ripple

from Fig. 10(b). 

In order to look into the 11th and 13th harmonics of the

back emf, those components reflecting the phase of them-

selves are shown in Fig. 11. Figure 11(a) is comparing the

sinαsinβ =

1

2
--- cos α β–( ) − cos α β+( )( )

Fig. 10. (Color online) Back emf of a phase and harmonic

distribution (a) Wave of back emf (b) Harmonic distribution.

Fig. 11. (Color online) Comparison of main harmonics of

back emf in the two motor models (a) the 11th harmonic (b)

the 13th harmonic.
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11th harmonic of the back emf in a phase of each motor

model and Fig. 11(b) is for the 13th harmonic. It can be

intuitively noticed that phase shifts are occurred in both

harmonics by the asymmetric structure rotor. 

From Faraday’s law, the back emf is expressed as (2)

[7]

 (2)

e : Back EMF [V]

ψ : Flux-linkage [Wb]

θ : Rotor position

ω : Angular velocity

From (2), it can be noticed that the back emf is the rate

of change of the flux linkage. And flux linkage can be

expressed practically as (3) [7]

 (3)

N : Number of turns

Ф : Magnetic flux [Wb]

In (4), the magnetic flux Ф can be expressed with the

surface integral of the normal component of flux density

B when the magnetic flux crosses Ф surface S [10]

(4)

B : Flux density [T]

S : Surface

Therefore, the magnetic flux density distribution in the

air gap influences on the back emf. The core saturation

influences on the magnetic flux density distribution in air

gap and the relative permeability in core is a function of

the magnetic flux density [11]. Consequentially, the phase

shifts in back emf and magnetic torque are due to the

difference of relative permeability between two motor

models. The relative permeability distribution of each

model is shown in Fig. 12 and the low relative perme-

ability areas are marked. The area with low relative

permeability in the asymmetric model is larger than the

area in the symmetric model. The difference in the relative

permeability makes a difference in magnetic flux density

distribution in air gap. And the difference in the flux

density distribution in air gap causes the phase shift of the

11th and the 13th harmonic in back emf.

Summarizing, the change of relative permeability due

to the asymmetric structure rotor causes the phase shift of

the 12th harmonic in magnetic torque in said prior section.

And the compensation between the 12th harmonic of

magnetic and reluctance torques reduces the torque ripple.

The effects of the asymmetric structure rotor are shown in

e = 
∂ψ
∂t
------- = 

∂ψ
∂θ
-------

dθ

dt
------ = ω

∂ψ
∂θ
-------

ψ = NΦ

Φ =  
S

 

∫ B da⋅

Fig. 12. (Color online) Comparison of the relative permeabil-

ity distribution in cores (a) symmetric structure rotor (b)

asymmetric structure rotor.
Fig. 13. The effect of the asymmetric structure rotor in the 4-

pole/24-slot motor.
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Fig. 13 in order.

Additionally, the torque ripple reduction by the effect of

the compensation due to the asymmetric rotor appears on

the other operating conditions too. It is shown in Fig. 14.

Besides the previously analyzed condition, at lower

current input and higher current input, the torque ripple is

reduced in the asymmetric rotor structured model. And

the comparison of relative permeability distribution was

shown in Fig. 15 at the lower current and in Fig. 16 at the

higher current. The distribution type in Fig. 15 and Fig.

16 is the same as Fig. 12. That means the method using

the effect of compensation between magnetic torque and

reluctance torque by applying the asymmetric rotor struc-

ture is useful on the other operating condition not only the

analyzed condition.

6. Conclusion

The two motor models with the symmetric and asym-

metric structured rotor are compared, in order to find out

how the asymmetric structured rotor makes the torque

ripple reduction effect. From the result of the torque

separation into the magnetic and reluctance torques, the

average torque is maintained by the increase of the

reluctance torque and the decrease of the magnetic torque

in the asymmetric model. The compensation effect bet-

ween the magnetic and reluctance torque is causing the

torque ripple reduction. And it is shown that this kind of

compensation is due to the phase shift of a specific

harmonic in the magnetic torque. The phase shift of a

harmonic in the magnetic torque is caused by the related

phase shifts of harmonics in the back emf. The phase shift

of some harmonics in back emf are due to the relative

permeability distribution with the asymmetric rotor struc-

ture. Therefore, the effect of torque ripple reduction can

be expected by using a simple asymmetric rotor structure.

Fig. 14. (Color online) Comparison of torque waves on other

operation points.

Fig. 15. (Color online) Comparison of the relative permeabil-

ity distribution in cores on lower current condition (a) sym-

metric structure rotor (b) asymmetric structure rotor.

Fig. 16. (Color online) Comparison of the relative permeabil-

ity distribution in cores on higher current condition (a) sym-

metric structure rotor (b) asymmetric structure rotor.
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