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EXTENDED CESARO OPERATORS BETWEEN a-BLOCH
SPACES AND Qx SPACES

SHUNLAI WANG AND TAIZHONG ZHANG

ABSTRACT. Many scholars studied the boundedness of Cesaro operators
between Q i spaces and Bloch spaces of holomorphic functions in the unit
disc in the complex plane, however, they did not describe the compact-
ness. Let 0 < a < +o00, K (r) be right continuous nondecreasing functions
on (0, +00) and satisfy

1
B 1
/ K (log —)rdr < +oo.
0 T

Suppose g is a holomorphic function in the unit disk. In this paper, some
sufficient and necessary conditions for the extended Cesaro operators Ty
between a-Bloch spaces and Qg spaces in the unit disc to be bounded
and compact are obtained.

1. Introduction and motivation

Let D be the open unit disk in the complex plane and H (D) the class of all
analytic functions on D. The a-Bloch space B on D is the space of all analytic
functions f on D such that

[fllse = 1£(0)] +Slelg(1 = 2)1f (2)] < 0.

Under the above norm, B“ is a Banach space. Let Bff denote the subspace of
B> consisting of those f € B* for which (1 —|z|*)*|f'(z)| — 0 as |z| — 1. This
space is called the little Bloch space.

Let dA(z) be the Euclidean area element on D. Throughout this paper,
we assume that K : [0,00) — [0,00) is a nondecreasing and right-continuous
function. A function f € H(D) is said to belong to Qx space (see [2]) if

11 =sup / / F/(2)|K (o(z, a))dA(z) < oo,
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where g(z,a) is the Green function with logarithmic singularity at a, that is,
g(z,a) =log(1/|¢a(2)]) (¢a is a conformal automorphism defined by ¢, (z) =
(a — z)/(1 —a@z) for a € D). Qk is a Banach space under the norm

[fllewx = [FO) + [1F ]l -
From [2], we know that Qg C B if

(1.1) /e K(—logr)rdr < cc.
0

Suppose g € H(D). We define the extended Cesaro operator as

(T,f)(=) = / i (e,

where f € H(D) and z € D.

Recall that a linear operator T' : X — Y is said to be bounded if there
exists a constant M > 0 such that ||T(f)|ly < M| f||x for all maps f € X.
And X — Y is compact if it takes bounded sets in X to sets in Y which have
compact closure. For Banach spaces X and Y of H(D), T is compact from X to
Y if and only if for each bounded sequence {x,,} in X, the sequence {Tx,} € Y
contains a subsequence converging to some limit in Y.

Many scholars studied the boundedness of Cesaro operators between Qg
spaces and Bloch spaces of holomorphic functions in the unit disc in the com-
plex plane. In [8], Li and Wulan characterized the boundedness of Cesaro
operators on Q. Xiao [18] characterized the boundedness of Cesaro operators
on B®. In this paper, we are motivated by boundedness and compactness of
the composition operators between (), and B* established in Theorem 2.2.1 of
[19] to get some criteria for boundedness and compactness of T, acting between
Qx and B“. Throughout this paper, let C' denote a constant which can denote
different values at different places and Bx denote the unit ball of the given
Banach space (X,Bx).

2. The boundedness

Lemma 2.1 ([10]). Let o > 0, for f € B®, then
D) 1fille < 1 fllme (0 < £ < 1), where fu(2) = £(t2);
2) |f(2)] < 2=2||f||Be, where 0 < o < 1;
3) |f(2) < (@10%1ﬁ)||f||5a, where a = 1;
| =

)

)
4) |f(Z) < (]. + ﬁ)(l_‘z‘%H‘fHBa, where o > ].,
5) |f"(2)] < WHJCHB“, where C is a constant.

Lemma 2.2 ([7]). Let K : [0,00) — [0,00) be a nondecreasing and right-
continuous function. Then for every f € Qk,

1
1£(2)] = log 37— I/ llau-
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Lemma 2.3 ([7]). Let K : [0,00) — [0,00) be a nondecreasing and right-
continuous function. If

(2.1) /oe K(- 1ogr)#dr < 0.
holds, we have log (1 — 2) € Q.

Theorem 2.4. Let g € H(D) and 0 < o < 1, then the following statements
are equivalent.

1) Ty : B* = Qk is bounded,

2) Ty : B = Qxk is bounded,

3) g € Qk.
Proof. 1) = 2) It is obvious.

2) = 3) Assume that T, : B} — Qk is bounded, where 0 < o < 1 and
g € H(D). Then for Vf € Bf, we have

1Tg(Nllx < Cliflisg-
Taking the function f(z) =1 € B§, then

00 > [Tyllsg i = 1Te(f)llw = Sup/ (T f) (=) K (g2, a))dA(z)
zeD JD

— sup / 10/ (=) 2K (8(2, 0))dA(2).

zeD

Hence g € Qk.
3) = 1) Suppose g € Q. By Lemma 2.1, for Vf € B* we have

sup [T, )P (6. )dA) < sup [ 11G)PI (IPK (520 0)dAC)

< Ol flgellgllon < oo.

It follows that T : B* = Qx is bounded. O
Theorem 2.5. Let ¢ € H(D) and o = 1, then the following statements are
equivalent.

1) Ty : B — Qx is bounded,

2) Ty : By — Qi is bounded,

3) M = supgep Jp(log 7=512)°19 (2) P K (8(2, a))dA(2) < oo
Proof. 1) = 2) It is obvious.

2) = 3) Assume that T}, : By — Qx is bounded, where « = 1 and g € H(D).
Then for Vf € By, we have

1Ty (Hllex < Cllflisg-

Taking the function f(z) = log =2, where 6 € [0,27), then f € By and

00 > [[TyllBo—saw 2 ITe(f)lli = Slelg/m (Tyf) (2)PK (g2, a))dA(z)
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— sup / 19/ (2) log ———— P K (g(z, a))dA(2).
2eD JD 1 — e_lez ’

Let 2z = re?(r = |z|,0 € [0,27)), then we get

2
sup [ 19'()log 1 P (gl )dA() < [T,y < oc.
zeD JD 1- |Z|

It follows

M = sup / (log %Wﬂg'(zn%(g(z, a))dA(2) < oo,

3) = 1) Suppose 3) holds. By Lemma 2.1, for Vf € B, we have

sup / (T Y (2)PK (g2 ) dA(2)
D

zeD

IN

sup / F)PIe ()P K (82, a))dA(z)

A

2
< Cllfllfssup/(log 5)%19' (2) P K (g2, a))dA(2) < oo.
a€D JD 1- |Z|
It follows that Ty, : B — Qi is bounded. (I

Theorem 2.6. Let g € H(D) and o > 1, then the following statements are
equivalent.

1) T, : B® — Qxk is bounded;

2) Ty : By = Qxk is bounded,

3) M = sup,ep [p(1 = [2[)*7**]g'(2) K (g(2, a))dA(2) < oo
Proof. 1) = 2) It is obvious.

2) = 3) Assume that Tj; : B — Qx is bounded, where o > 1 and g € H(D).
Then for Vf € B, we have

ITo(Nlex < Cliflisg-
Taking the function f(z) = (1 —e~%2)!=% where 6 € [0,27), then f € BS and
00> [Tyllsg»ai = 1To(HllQx = Slelg/]D) (Ty ) (2)PK (g2, a))dA(z)
—sup [ 1910 PR (g2, 0))dAL)
D

z€D

Let z = re?(r = |2|,0 € [0,27)), then we get

sup [ 1)1~ o) PR (g2, 0)dA(2) £ [T, o < o
zeD JD

It follows

M =sup [ (1= 2225 ()P (2. )AG) < oo,
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3) = 1) Suppose 3) holds. By Lemma 2.1, for Vf € B*, we have

sup / (T, £)(2) P K (g(2 a))dA(2)

z€D

IN

z€D

sup/ [F(2)IPlg' (=) K (g2, a))dA(z)
D

IN

Cll N sup [ (1= 22219/ ) K (e(. ))A:) < oc.
It follows that T : B* = Qx is bounded. O

Theorem 2.7. Let g € H(D) and « > 0. Suppose K satisfies (2.1), then
Ty : Qr — B* is bounded if and only if

2.2 sup(1 — |21*)% 1o
(2:2) sup(L —|2%)" log 7—

Proof. Suppose Ty : Qg — B is bounded. Then for all f € Qx and a > 0,
we have

lg'(2)] < oo

1Tg(H)llz> < CllfllQr-
Taking test function f(z) = log t—L 5, where 6 € [0,27). By Lemma 2.3 we
have f € Qk. Then

1 / 2\«
log mﬂ (2)] (1 —[=]%)

= sup |(Tyf)'(2)|(1 — |2[*)".
z€D

00 > || Tyl Qs —B~ = sup
z€D

Let z = re?(r = |z|,0 € [0,27)), then we get

1
sup |log ——¢'(2)| (1 — [2[*)* < | Tyf[5~ < co.

zeD 1- |Z|
It follows that (2.2) holds

On the other hand, assume that (2.2) holds. By Lemma 2.2, for f € Qx,
we have

sup(1 = [2*)* U Tef) (2)] < sup(1 = [2[)°1f ()19 ()]

1
< sup(1 — |2[*)* log 19" (N fll @k < e
zeD 1- |Z|
It follows that Tj; : Qx — B® is bounded. O

3. The compactness

Lemma 3.1. Let o > 0 and g € H(D), then Ty : B*(BS) = Qr(or Ty : Qrx —
B®) is compact if and only if T, : BY(Bg) — Qr(or Ty : Qx — B*) is bounded
and for every bounded sequence { fn}nen in BY(B§or Qk) which converges to 0
uniformly on compact subsets of D, |Ty(fru)llox (or |Ty(fr)llge) = 0(n — o).
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Proof. Using Montel theorem and the definition of compact operator can prove
this theorem. O

Theorem 3.2. Suppose K satisfies (1.1) and 0 < a < 400, then T, : B*(Bf)
— Qxk 1is compact if and only if T, : B(B§) — Qk is bounded and

(31)  lim  sup / F()Ple (2) K (g(z ) dA(z) = 0.
71 aeD, feBgo (f€Bag) J |2|>t

Proof. We only consider the case T, : B* — Qi is compact and the case of
B§ can be proved similar. Suppose (3.1) holds. Without loss of generality,
we choose a sequence {f,}5°; C Bga, which converges to 0 uniformly on the
compact subsets of D, then by the definition of Cesaro operator,

1T (fu)llEc =ilelg/mIfn(Z)g’(z)IQK(g(Z,a))dA(Z)-

By (3.1), for all € > 0, there exists ¢ € (0, 1) such that for all f,, € Bg~ and for
all ¢ € D,

(32) sup [ 120/ () PE sz, 0)dA() <
a€D J|z|>t

Let Dy = {z € D: |z| < t}. So Dy is a compact subsets of D and f,, converges

to 0 uniformly on D;. By 1 € B®, we see that ¢ € Q. Then for given € > 0,

there exists a IV such that

(3.3) ilelg/|<tIfn(Z)g’(Z)IQK(g(Z,a))dA(Z) < ellgllg,

where n > N. By (3.2), (3.3) and Lemma 3.1, we see that Ty : B, — Qx is
compact.

Suppose T, : B* — Qg is compact. To verify (3.1) consider Vf € Bga
and let fs(t) = f(st) for Vs € (0,1) and ¢ € D. Note that fs converges to f
uniformly on compact subsets of D as s — 1. By [6] we know {f;,0 < s < 1}
is bounded in B*. Since T} is compact,

1Tyt — Tyflax — 0(s = 1).
That is for given € > 0, there exists sg € (0, 1) such that
sup [ 17,) = FOPI (P K (e(z,0)dA) <
ac
where s > s9. For ¢t € (0,1) and the above sq, the triangle inequality gives
sup [ 1) P19’ ()P K (g2 ) dA(:)
(34) a€ |z|>t

< Iel12 sup / 19/(2) P (g(z ) dA(2) + <.
a€D J|z|>t
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Let h,(z) = 2z™. Then h,, € B“. Note that h, converges to 0 uniformly on
compact subsets of D. Since T} is compact,

nh_g;‘o [Ty (hn)ll @i = 0.
That is for given € > 0, there exists a IV such that for Va € D
tswp [ |l ()P K (gl )dA:) < e
a€D J|z|>t
where n > N. Further we imply

422N sup / 19/ (2) 2K (g2, a))dA(2) < e.
a€D J|z|>t

Given t = 4_ﬁ, then

(3.5) [1fsl13 Sup/ 9'(2) P K (g(2, a))dA(2) < e.
a€D J|z|>t

Hence by (3.4) and (3.5), we have already proved that for Ve > 0 and f € Bge,

there exists a 6 = d(e, f) € (0,1) such that

Sup/ [f(2)Plg' (=) K (g2, a))dA(2) <ce,
a€D J|z|>t

where 6 < t < 1. Next we finish our proof by showing that the above ¢ is
independent of f € Bga.

Since T, is compact, T,(Bg«) is a relative compact subset of Q. It means
that for all ¢ > 0 and f € Bpga, there exists a finite collection of functions
f1, f2,- .., fn in Bga such that for all e > 0 and f € Bgo, thereisa k,1 <k <n
satisfying

(36) sup [ 17(:) = fu(2)Ply' ()P ez, )dAG) <.
ac
Let 0o = maxi<p<n d(€, f) < t < 1, we have proved for all k = 1,2,...,n,
(3.7 sup [ )Pl () PR (o )dAR) <
ac z|>t

The triangle inequality, together with (3.6) and (3.7), gives

sup / F()Ple (2) P (g(7, a))dA(z) < 2
a€D J|z|>t

where §p < t < 1. The proof is complete. O

Theorem 3.3. Suppose g € H(D) and 0 < o < 1, then the following state-
ments are equivalent.

1) Ty : B® = Qi is compact,

2) T, : B = Qi 1is compact;
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3)

(3.8) lim sup/ |9’ (2)PK (g(2,a))dA(z) = 0.
=1 aeD J)z|>t
Proof. (1) = (2): It is obvious by By C B~.
(2) = (3): Assume T, : By — Qk is compact. Given f(z) =1 € By, by
theorem 3.2, for all a € D,

lim sup /|Z|>t 19’ (2) 2K (g(2,a))dA(z) = 0.

t—=1 4D

(3) = (1): Suppose (3.8) holds. Without loss of generality, given a sequence
{fn}22 in Bga and f,, converges to 0 on compact subsets of D as n — oo. By
Lemma 2.1,

1Ty fall% = sup / Fa(2)g (2) 2K (8(2, 0))dA(2)
a€D JD

~ sup / Fn(2)g' (2) PK (8(z, 0))dA(2)

acD

+ sup / |Fa(2)g (2) 2K (8(2, 0))dA(2)
a€D J|z|>t

IN

sup{|fn(2)[* : 2] < t}llgl%

L C B sup / 19/ (2) 2K (g(z, a))dA(2)
aeb J)z|>¢

=1 + L.

For I, since f, converges to 0 uniformly on compact subsets of D as n — oo
and g € Qk, [ = 0(n — o0). For Iy, (3.8) gives I — 0(t — 1). Hence by
Lemma 3.1 we follow that T, : B = Qg is compact. O

Theorem 3.4. Suppose g € H(D) and o = 1, then the following statements
are equivalent.

1) T, : B* = Qk 1is compact;

2) T, : B = Qi 1is compact;

3)

(3.9) lim sup / (log
|z|>t

t—1 ach

T |Z|2)2|9'(Z)|2K(g(z, a))dA(z) = 0.
Proof. (1) = (2): It is obvious by By C B~.
(2) = (3): Assume T, : Bf — Q is compact. Given f(z) = log .—277 €
B& (V6 € [0,27)), by Theorem 3.2, for all a € D,
. 2 20 ./ 2 —
finysup /|| [log 7?10/ (2) P (s(2, @))dA(2) = 0.

We obtain (3.9) by integrating with respect to 6, the Fubini theorem and the
Poisson formula.
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(3) = (1): Suppose (3.9) holds. Without loss of generality, given a sequence
{fn}S2, C Bge and f, converges to 0 uniformly on compact subsets of D as
n — co. By Lemma 2.1,

sup / Fal2)g ()IPK (g2, a)))dA(2)

a€D

1Ty full%

acD

~ sup /|Z|<t|fn(2’)9’(2)| K (g(z a))dA(2)

+ sup / Fn(2)d (2)PK (g2 ) dA(2)
a€D J|z|>t

IN

sup{|fn()[* : 2] < t}lgll%

2 !/
+C | fallBe sup /Z>t(10g 1_7|Z|2)2|9 (2)]*K (g(2, a))dA(z)

=1+ I5.

For I, since f, converges to 0 uniformly on compact subsets of D as n — oo
and g € Qk, [ = 0(n — o0). For Iy, (3.9) gives I — 0(t — 1). Hence by
Lemma 3.1 we follow that T, : B — Qg is compact. O

Theorem 3.5. Suppose g € H(D) and « > 1, then the following statements
are equivalent.

1) T, : B* = Qk is compact;

2) Ty : B§ — Qx is compact;

3)

(3.10) fisup [ (1 o) (2) PR (2, 0))dA() = 0.
t=1aeDd J)z|>t
Proof. (1) = (2): It is obvious by B§ C B*.
(2) = (3): Assume T, : Bf — Qg is compact. Given f(z) = (1 —
e~ W2)l=> € B§(V0 € [0,27)) by Theorem 3.2, for all a € D,

lim sup/ (1 —e2)272% ¢ (2)|2K (g(2, a))dA(z) = 0.
=1 aeD J)z|>t
We obtain (3.10) by integrating with respect to 6, the Fubini theorem and the
Poisson formula.
(3) = (1): Suppose (3.10) holds. Without loss of generality, given a sequence
{fn}52, C Bge and f,, converges to 0 on compact subsets of D as n — co. By
Lemma 2.1,

1Ty fall% = sup / |Fa(2)g' (2) 2K (8(2, 0))dA(2)

a€D

acD

~ sup /zgtlfn(Z)g’(Z)l K (g(z a))dA(2)
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o [ 17,0 K (el )dA)
|z|>t

acD

< sup{|fu(2)? « [2] < t}lgll%
+C - | full SHP/ (1= [2)*72*1g'(2) P K (g(2, a) )dA(2)
a€D J|z|>t
=1 + I>.

For Iisince f, converges to 0 uniformly on compact subsets of D as n — oo
and g € Qk, I1 — 0(n — o0). For I, (3.10) gives Iy — 0(t — 1). Hence by
Lemma 3.1 we follow that T, : B — Qg is compact. O

Theorem 3.6. Suppose g € H(D) and o > 0. Let K satisfy (2.1), then
T, : Qr — B* is compact if and only if

1
(3.11) lim (1 - [z]*)*log

/
=0.
|z]—1- 1—|z| 19'(2)]

Proof. Let Ty : Qx — B* be compact. Now suppose that the condition (3.11)
fails. Then there exists a number €y > 0 and a sequence {z,}7%; C D, such
that

(3.12) (1 —|2,]?)*log

1 /
> €0,
1—|Zn||g (Z>| €0

whenever n > Ny, where Ny is a fixed positive integer.
Taking test function

2 ! 2\’
mer=(oeig) ()

from easy calculation, we have f,(z) € Qk. It is obvious f,, converges to 0
uniformly on compact subsets of D. From Lemma 3.1, we obtain || T4(fn)|| 5~ =
0 as n — co. However

I1To(fu)llze = (1= |2nl*)|(Tyfn) (2n)

o 2
(1= [2n]*)* log mml(zﬂ

> (1= |2n]*)* log

=17 19 (z)| > €0 > 0.
There is a contradiction. So T, : Qx — B is compact.

Conversely, suppose (3.11) holds. By Theorem 2.7, It is obvious T, : Qg —
B> is bounded. Without loss of generality, we choose a sequence {f,}2, C
Bg, , which converges to 0 uniformly on subsets of D, then by the definition of
extend Cesaro operator,

1Ty (fu)lle = ilelg(l =21 fn(2)g' (2)]-
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By (3.11), for all € > 0, there exists a ¢(0 < ¢ < 1) such that
1
1—1z|
whenever t < |z| < 1. Let D; = {z € D : |z] < t}. So Dy is a compact subset

of D and f, converges to 0 uniformly on D;. By 1 € Qg, we can see g € B*.
Then for given € > 0, there exists a N such that

(3.13) (1 —|2]*)*log lg'(2)] < e,

(3.14) sup (1 — |21)*|fn(2)g' ()] < ellgllse,
zeDy
whenever n > N. By Lemma 3.1, combining (3.13) and (3.14), we obtain
Ty : Qx — B* is compact. (Il
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