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CERTAIN GENERALIZED OSTROWSKI TYPE
INEQUALITIES FOR LOCAL FRACTIONAL INTEGRALS

JUNESANG CHOI, ERHAN SET, AND MUHARREM TOMAR

ABSTRACT. We give a function associated with generalized Ostrowski
type inequality and its integral representation for local fractional cal-
culus. Then, using this function and its integral representation, we es-
tablish several inequalities of generalized Ostrowski type for twice local
fractional differentiable functions. We also consider some special cases of
the main results which are further applied to a concrete function to yield
two interesting inequalities associated with two generalized means.

1. Introduction and preliminaries

Throughout this paper, let R, R, Q, Z and N be the sets of real and positive
real numbers, rational numbers, integers and positive integers, respectively, and

J:=R\Q and Njy:=NuU{0}.

In order to describe the definition of the local fractional derivative and local
fractional integral, recently, one has introduced to define the following sets (see,
e.g., [14, 15]): For 0 < o < 1,

(i) the a-type set of integers Z® is defined by
7% :={0“} U {£m® : m € N};
(ii) the a-type set of rational numbers Q is defined by
Q% :={q¢" : qe@}={(%)a : mEZ,nGN};
(iii) the a-type set of irrational numbers J¢ is defined by
Jo = {r* : TEJ}:{TO‘# (%)a : mGZ,nEN};

(iv) the a-type set of real line numbers R is defined by R* := Q> U J.
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Throughout this paper, whenever the a-type set R* of real line numbers is
involved, the « is assumed to be tacitly 0 < o < 1.

One has also defined two binary operations the addition + and the multi-
plication - (which is conventionally omitted) on the a-type set R* of real line
numbers as follows (see, e.g., [14, 15]): For a®, b® € R,

(1.1) a®+b" = (a+0)* and a” b =a"bd" := (ab)”.
Then one finds that
e (R%, +) is a commutative group: For a®, b, ¢* € R®,
(A1) a*+b* € R
(A2)  a® 4+ b =b* 4+ a®;
(Ag)  a®+ (b* + ¢¥) = (a® 4+ b%) + %
(Ag) 0% is the identity for (R%, +): For any a® € R*, a® + 0% =
0%+ a® =a%;
(As) For each a® € R* (—a)® is the inverse element of a® for
(R, +):
a® + (—a)® = (a+ (—a))* = 0%

4

o (R*\ {0%}, -) is a commutative group: For a®, b, ¢® € R,

(M1)  a®b® € RY;

(Msg)  a®b® = b*a®;

(Ms)  a® (b%®) = (a® b%) ¢

(My) 1% is the identity for (R?, -): For any a® € R, a*1* = 1%a® =
a®;

(Ms)  For each a® € R*\ {0%}, (1/a)® is the inverse element of a® for
(R, -):

a*(1/a) = (a(1/a))" = 1%
e Distributive law holds: a® (b® + ¢*) = a®b® + a®c®.
Furthermore we observe some additional properties for (R, +, -) which are
stated in the following proposition.

Proposition 1. Fach of the following statements holds true:
(i) Like the usual real number system (R, +, -), (R*, +, -) is a field,

(ii) The additive identity 0% and the multiplicative identity 1% are unique,
respectively;

(ili) The additive inverse element and the multiplicative inverse element are
unique, respectively;

(iv) For each a® € R?, its inverse element (—a)® may be written as —a®;
for each b™ € R™ \ {0%}, its inverse element (1/b)* may be written as
12/6* but not as 1/b%;

(v) If the order < is defined on (R, +, ) as follows: a® < b* in R if
and only if a < b in R, then (R, +, -, <) is an ordered field like
R, +, -, <).

Proof. We prove only (iv). For each a® € R® and each b* € R*\ {0},
a® + (—a®) = 0% and b* (1*/b%*) = 1®. Then, in view of uniqueness of inverse

[e3
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elements in (iii), we may identify (—a)® and (1/b)* with —a® and 1%/b%, re-
spectively. Yet, if 1¢/b% = 1/b for b* € R* \ {0%}, then, after multiplying b
on each side, we have 1¢ = 1. If 1% =1 is right, then we can write

2°=(1+1)"=1"41=14+1=2,
which is obviously impossible when 0 < a < 1. O

In order to introduce the local fractional calculus on R®, we begin with the
concept of the local fractional continuity as in Definition 1.

Definition 1. A non-differentiable function f: R — R% x — f(z), is called
to be local fractional continuous at zq if for any ¢ € R, there exists 6 € R
such that

|f(x) = f(zo)| <&
holds for |z — z¢| < 6. If a function f is local continuous on the interval (a,b),
we denote f € Cq(a,b).

Among several attempts to have defined local fractional derivative and lo-
cal fractional integral (see [14, Section 2.1]), we choose to recall the following
definitions of local fractional calculus (see, e.g., [3, 14, 15]):

Definition 2. The local fractional derivative of f(x) of order « at @ = zq is
defined by
4o A _
f(a)(-TO) _ zngf(l') _ f(:L') — lim (f(:C) f(zO))

dz® |,_,, @0 (x — x0)”

where A (f(z) — f(x0)) =I'(a+1) (f(x) — f(xo)) and I is the familiar Gamma
function (see, e.g., [12, Section 1.1]).

)

k+1 times

——
Let f(®)(2) = D2f(x). If there exists f*+De(z) = D2 ... D% f(x) for any
r € I CR, then we denote f € Dy 1) (1) (k € No).

Definition 3. Let f € C,[a,b]. Also let P = {ty, ..., tn} (N € N) be a
partition of the interval [a, b] which satisfiesa = tg < t1 < -+ <ty_1 <ty =b.

Further, for this partition P, let At := [, Jmax At; where At; = tj41 — ¢,
<<
j=0,...,N —1. Then the local fractional integral of f on the interval [a, ]

of order a (denoted by al(a)f) is defined by

(04) —
(12) oy a+1 /f )(dt)” a+1 Alirfozf

provided the limit exists (in fact, this limit exists if f € C, [a, b]).

Here, it follows that ,I\*) f = 0 if a = b and ,I\*) f = —,I{*) f if a < b.

It aléa)g exists for any x € [a,b] and a function ¢ : [a, b] — R, then we
denote g € I [a, b].
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Remark 2. Let f and g be two bounded real-valued functions defined on the
interval [a, b]. Let, for simplicity, us use the notations in Definition 3. Then the
Riemann-Stieltjes integral of f on [a, b] with respect to the function g (denoted

by fab fdg) can be defined by

b N—-1
(1.3) / fdg = tim 3 £(t5) (9(tie1) — g(t,))
a =0

At—0 —

provided the limit exists.
Here, if we choose the function g(t) = t®, then, by noticing

(At;)* = (tjr1)" = ()" = g(tj+1) — g(t)),
where the first equality follows from the operation in R%, in a sense of the
formality, the local fractional integral in (1.2) may be considered as a special

case of the Riemann-Stieltjes integral in (1.3), except for the auxiliary constant
1/T(a+1).

For the present investigation, we recall some properties for the local frac-
tional calculus given in Lemma 3 (see, e.g., [3, 14, 15]).

Lemma 3. The following formulas hold true:

(1) (a-local fractional derivative)

da.’L'ka F(l + ka) (k—l)
- « (keR);
o T+ G-l (k€ R);

(2) (Local fractional integration is anti-differentiation)
Suppose that f = g\ € C, [a,b]. Then we have

oIy = g(b) = g(a);
(3) (Local fractional integration by parts)
Suppose that f, g € Dy [a,b] and (@), ¢(®) € C,[a,b]. Then we

have
I (19) = ol = ati® (1 g) s
(4) (Local fractional definite integrals of x*<)
b
1 / xko‘(dx)o‘ _ I'(1+ ka)
l+a«) /, N1+ (k+1)a)

For more and detailed properties about local fractional calculus, one may
refer to such works as (for example) [14, 15, 16, 17, 18, 19].

A function f: T CR — R, x — f(x), is said to be convex on the interval I
if the following inequality

(1.4) flz+ 1 —t)y) <tf(z)+ (1 —1)f(y)
holds for every z, y € I and t € [0, 1].

(b(kJrl)a _ a(k+1)a) (k € R).
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The following inequality gives an estimate of the (integral) mean value of
convex functions: Let f : I C R — R be a convex function and a, b € I with
a < b. Then

(1.5) f<a;rb>Sbia/abf(z)dzgM7

which is known as Hermite-Hadamard inequality.
Mo et al. [7] introduced to investigate the following generalized convex func-
tion:

Definition 4. Let f: I C R — R®. If the following inequality
(1.6) fQzr+ (1= Naz) <A f(z1) + (1= N f(x2)

holds for any x1, 2 € I and A € [0,1], then f is said to be a generalized
convex function on I. If the inequality in (1.6) is reversed, then f is called a
generalized concave function on I.

Example 1. Two generalized convex functions are recalled (see [7, p. 3]): The
one elementary function is

(L.7) flx) =2 (x>0; p>1).
The Mittag-Leffler function E,(x) is defined by

(1.8) Ey(z) := kZ:O T+ o) (z€R; a €RT)

(for various generalizations, see, e.g., [2]). It is easy to see that F1(z) = exp (),
since I'(n+1) = n! (n € Ny). Hence the Mittag-Leffler function in (1.8) is often
referred to as a generalized exponential.

Here the other one is given by

o
Z.ka

(1.9) 9(x) := Eq (z%) = m

k=0

(xeR; 0<a<l),

which may be considered as the exponential function in the a-type set R* (see,
e.g., [14, Section 1.14]).

Mo et al. [7, Theorem 14] proved the following generalized Hermite-Hada-

mard inequality for local fractional integral: Let f € I éa) [a, b] be a generalized
convex function on [a,b] with a < b. Then

(1.10) s <a;b) - Efl_tfa) O f < f(a);f(b)_

Remark 4. Some of the classical inequalities for integral means can be derived
from (1.10) by appropriately choosing the involved function f. Both inequali-
ties in (1.10) hold in the reverse direction if f is generalized concave. For some
new results which generalize, improve and extend the inequalities (1.10), one
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may refer to such works as (for example) [1, 3, 5, 6, 9, 10, 11, 13] and references
therein.

Recently an attention has been paid on an interesting Holder’s inequality for
the local fractional integral, which was established by Yang [15], as in following
lemma:

Lemma 5. Let f,g € Cy [a,b] and p, ¢ > 1 with 1—17 + % =1. Then

b
T @)
1 ’ p « % 1 ’ q @ %
< (m [ 1@ @) ) (m [ st @) )

Ostrowski [8] established an integral inequality which is now classical and
given in Theorem 6.

(1.11)

Theorem 6. Let f : [a,b] — R be a differentiable function whose derivative
f":[a,b] = R is bounded on (a,b), i.e., | f'llcc = SuPre(ap) |f'(t)] < co. Then
the following inequality holds true:

2

‘—/f t)dt b—a)?

for all x € [a,b]. The constant % 1s best possible.

(1.12) il W

] (b—a)[lf ]l

The inequality (1.12) has been paid considerable attention by mathemati-
cians and other researchers due mainly to its wide and various applications in
such areas as (for example) numerical analysis and the theory of certain spe-
cial means (see, e.g., [3]). Very recently, Sarikaya and Budak [9] obtained a
generalized Ostrowski inequality for local fractional integral, which is recalled
in Theorem 7.

Theorem 7. Let I CR be an interval, f:1° CR — R* (I° is the interior of
I) such that ) € Do (I°) and {3 € C,la,b] for a,b € I° with a < b. Also
assume that

1o = sup [F(t)] < oo.

tE[a
Then, for all x € [a,b],

2
JI+a) |1 r— otb o el
R ) 4—a+< — ) (b~ ) 15
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Here, in this paper, we give a function and its integral representation asso-
ciated with local fractional calculus. Then, using this function and its integral
representation, we establish several inequalities of generalized Ostrowski type
(see, e.g., [3, Theorem 9]) for twice local fractional differentiable functions. We
also consider some special cases of the main results which are further applied
to a concrete function to yield two interesting inequalities associated with the
generalized means in (3.1) and (3.2).

2. Main results

In order to establish further inequalities of generalized Ostrowski type for
twice local fractional differentiable functions, we begin by introducing a func-
tion and its integral representation for twice local fractional differentiable func-
tions asserted by the following lemma.

Lemma 8. Let I C R be an interval, f:1° CR — R* (I° is the interior of I)
such that f, f* € Do(I°) and % € Cyla,b] for a, b € I° with a < b. Then
the following equality holds true: For any x € [GTH’, b],

(b—a)*

(2.1) E(a;a,b;x):F(1+a)r(1+2a)/0 k(8 £ (ta + (1 — £)b) (db)°,

where
(2.2)
1 o
L(e;a,b;x) = G=ar AV f
1
T(I+ o)1+ 2a) [f(z)+ fla+b—2)
1 a3\ [y ) B
+ AT e (:c - > [f (@) = @ (a+b x)}
and
2o if 0<t< =2
(2.3) k(t) := S (t—3)%>  if =2 <t<i=e
(t—1)2> 4f #=2<t<1

Proof. Let Z be the following integral:
1 1
7.— m/o R(E)F2) (ta + (1 — £)b) (db)°.
Then, in view of k(t), we have
(2.4) I="1T+1y + I3,

where
b—zx

1

L b-a a r(2a) a - «
T, = —F(Ha)/o 2 20 (ta + (1 = t)b) (1),
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z—a

Ty = ﬁ ﬁ* (t — %)m F2 (ta + (1 — t)b) (dt)™

—a

and
1 ! 2
T3i= ——— t—1)°* £ (ta 4 (1 — t)b) (dt).
V= T o 0 o (- on)
Applying the local fractional integration by parts, we have
2 =

I, =

f1 (ba+ (1= 1)b) |/

(a—b)*

1+ 2a)

_ Z:iz a p(a) a - o
r(1+a)(a_b)a/0 t*f1 (ta + (1 —t)b) (dt)*.

Again, applying the local fractional integration by parts, we obtain

1 b*:l,' 2a
S e — ()
5= (1) 17

___I(+20) l t =

F(l‘i’O&)(d*b)a (a—b)af(tCH' (1 —t)b) 0

) %Hb;la) v, Jtara-on <dt>a] .

Then, after a little simplification, we get

_ =2 T(1 + 2a)(b — 2)°
L= -G @ - Frran e @
(2.5) (b—a)’ F(jj )(b—a)®

(14 2«) 1 b—a - .
W AR ACRRLIOR

Similarly we have
(a +b— 2$)2a (@) () B
B o @ = a0
I'(1+2a)(a+b—2x)*

(2.6) 2001 + o) (b — a)3 [f(z) + fla+b—z)]

I(l1+2a) 1 =
(b—a)* I'(l+a) /

I =

F(ta+ (1 —t)b) (dt)®

o=z

and
(b—z)
(b—a)3™

Ty = (l+ QQ)éb — )

F(l + Oz)( — a)3a

I'(1+ 2«) 1 1 - .
T (b—a)2 IT(1+a) /mia f(ta+ (1 —1t)b) (dt)~.

f(a)(a-l—b—x)— f(a—l—b—x)

(2.7)
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We find from (2.5), (2.6) and (2.7) that
1 a+3b\" /. o
I:(bfa)m (w— 1 ) (f( (@) - £ )(a—l—b—x))
. T(1+29)
2T (14 «)(b — a)?®
I(1+2a) 1 !
t 1—1)b)(dt)™.
e |, fta+ =
Finally, changing the variable v = ta + (1 — )b (¢t € [0,1]) in (2.8) and
multiplying each side of the resulting identity by (b — a)?*/T'(1 + 2a), we can
get the desired equality (2.1). O

(2.8) (f(z) + fla+b—x))

Theorem 9. Let I C R be an interval, f : I° C R — R* (I° is the interior
of I) such that f, f(®) € Dy (I°) and f3*) € Cyla,b] for a, b € I° with a < b.
Also assume that

1F2¥ e = sup [FE(1)] < occ.

t€la,b]
Then the following inequality holds true: For any x € [2£2, ],
7] (22 —a—b)*
2. Lo b: < oo} 2% (h — 3a
29) 1L(asab0)| < g e 20— o + B
where L(c; a,b;x) is given as in (2.2).
Proof. Let L := L(«;a,b;x) in (2.2). Then we have

(1 +(ba)1?1 +20) / IRl ‘f@a) (ta+(1 *t)b)‘ (dt)”

_ 2a (2cx)
BTy

“TAl+a)T(1+2a)

L]

Using (2.3), we get
(2.10)

(bi a e ||f(2a)||oo 1 Z:_z 2 «
s =507 20) r(1+a)/0 £ ()

+ ﬁ /Zb <t - %)M (dt)™ + ﬁ /bl (t— 1)20‘(dt)“}.

Using Lemma 3, we have

1 = o/ ma L1 42a) (b —x\3
(2.11) F(1+a)/0 £ (dt) _F(1+304)(b—a) ’

(2.12) ﬁ/ﬁ: <t%)2a e i&jﬁgl)(mb_aab)h




610 J. CHOI, E. SET, AND M. TOMAR

and
1 1 1 =
R t—1)%(dt)* = ——— / u? (du)®
e [ﬂ( e
(2-13) ( +a) —a ( +a) 0
(1 +2a) (b — z)?’a
S I(1+3a)\b—a/
Finally, substituting (2.11), (2.12) and (2.13) into (2.10) is immediately seen
to yield the desired inequality (2.9). O

Setting © = (a+b)/2 in Theorem 9 gives an interesting inequality associated
with the local fractional integral asserted by the following corollary.

Corollary 1. Under the assumptions of Theorem 9, the following inequality
holds true:
(2.14)

L, 2 a+b\| _ [/ b —a)*
b —apel /- r(1+a)r(1+2a)f( > )‘ ST T(1 1 30)

Theorem 10. Let I C R be an interval, f: I° CR — R* (I° is the interior of
I) such that f, f® € D,(I°) and f?*) € C4la,b] for a, b€ I° with a < b. If
|f(20‘)‘ is generalized convex, then the following inequality holds true: For any

z € [“5, ),

|L(a; a, by 7))
2.15 —a)?@
(2.15) < % [Ka(z5a,b) + Lo(z;a,b) + My (z5a,b)],
where L(c; a,b;x) is given as in (2.2), and
(2.16) )
_ T +3a) (b—2\™| (20
Kalw;a,b) := I'(1+4a) <b—a) ’f( )(a)’
F(1+2a) (b—2\** T(1+43a) (b—2\""| | .00
I'(1+ 3a) <b — a) ©T(1+4a) (b— a) ] ‘f( )(b)‘ ’
(2.17) Lao(2;0,b) = Ca(z;a,b) ‘f(%‘)(a)‘ ~ Du(z;a,b) ‘f@a) (b)‘ ,
_ _ P(1+3a) ((x—a)** —(b—x)™
Caleiest) = R e ()
- I(1+2q) ((ac —a)3® —(b— x)go‘)
I'(1+ 3a) (b — a)3
I'l+a) (x —a)?* — (b—x)%
T T 20) ( (b—a)e )
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and
) (1 +3a) ((z— a)ie — (b — z)ie
Dalw:0:0) = (1 a) < (b—a)te )
ozF(l + 2(1) (.Z‘ — a)3oz — (b _ ,CC)SO‘
—2 I'(1+ 3a) < (b—a)3 )
5\"T(1+a) ((z—a)* —(b—x)>
+ (4) I'(l+2a) < (b—a)? )
. 1 (2x —b—a)”
40¢F(1+Oé) ( (b*a)a )7
and
: | T@+3a) ((b—a)'*> — (z—a)*™
M (z;a,b) = I'(1+4a) ( (b — a)ie )
QO‘F(I + 2a) ((b a)3 — (z — a)3a>
(2.18) I'(1+ 3a) (b—a)3e

'l+a) (b4+a— o
(2a) ’
I'(1+2a) b—a > ]’f (@)

i
I'(1+ 3a) <bz) o f(2°‘)(b)’.
L=

I'l44a) \b—a

Proof. As in the proof of Theorem 10, let L(c;a,b;x) in (2.2). Then, in
view of k(t), we have

] < r(?l_f;j)r sy / Ik(t |‘f<2a> (ta+ (1 —t)b)‘ ()™
(2.19) b —ae
< T30 (H1+Ho + Hs ).
where
Hy = ﬁ /Om 2| 2 (ta 4 (1 — t)b)’ (dt)*,
Hy = ﬁ/_ (t— %)M 72 (ta 4 (1 — D) (d)°
and

My = ﬁ / (6= a1 - 00)| ()",

By using the generalized convexity of ‘ f (QCY)’ (see Definition 4) and applying
Lemma 3 to compute local fractional integrals of the involved powers, we have

72 @)]) (@t

b—=x

1 b—a
< 3a
(2200 S T(i1a) / (¢
= Kal(z;a,b),

f(2a) (a)‘ + t2a(1 _ t)a
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(2.21) '

and

Hy < F(l 1+ a) /% lta (t _ 1)204 f(2oz) (a)}

(2.22)
ﬂ%meamawm@mﬁ)

+ (1=t (t—1)

Finally, by substituting (2.20), (2.21) and (2.22) in (2.19), we can get the
desired inequality. (|

Theorem 11. Let I C R be an interval, f : I° C R — R* (I° is the interior
of I) such that f, f(®) € Dy (I°) and f3* € Cyla,b] for a, b € I° with a < b.
Also let p, ¢ € R with p, ¢ > 1 and

11
S+o=1
poq

If ’f@o‘)’q is generalized convex, then the following inequality holds true: For
atb b]
2 )

|L(a;a,b;2)]

anyxe[

(228) _ (b—ay 1 { (1 + 2pa)

T T(1+20) {207(1 4 o)} Fa4-@p+1yo} (20,5, 9),

3
where L(a; a, b; ) is given as in (2.2), and Jo(x;a,b;p, q) = > Ta,j(z;a,b;p, q)
j=1

with
(2+1/p)a 1
b—=x q q\ ¢
J@dxwu@pﬂ):<b_a> (V@M(W 4%f@”(@ ) :
1
(@2pt+1)a @2p+D)a) »
2r—b—a a+b—2z
Ta2(z;0,b5p,q) 1= { (m) - (m) }
< (|£e2 @) + [ @+ b—a)| ")
and

1
q

bz>mﬂmm

J@dxwu@pﬂ):<b_a

OﬂMM®V+WﬂMNa+b—mr)
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Proof. Let L := L(«;a,b;x) in (2.2). Then we find from (2.19) that

(b—a)® 1
s T2 T 7
(b — a)*
~I'(l1+2a)

1 k()] | £C) (ta+ (1 —t)b)| (dt)*
(2.24) ) /0 }

(7‘[1 + Ho + Hg),
where H; (i = 1, 2, 3) are given as in (2.19).

By applying the Holder’s inequality for the local fractional integral in Lemma
5to H; (1 =1, 2, 3), we have

My < #/Z_zt%a(dt)“ '
'SAra+a) J,

(2.25) i l
’ (ﬁ [ Gak - o <dt>°‘> ,
1 gl::: 2pa . P
Hs < (F(lJroz) /,,,_gr ( _5) (dt) )
(2.26) = l
) (ﬁ /_ 72 (ta+ (1 - 1)p)[° (dt>a>
and
o< (g [ - v
(2.27) =

Q[

b—a

) (ﬁ /, e (fa+(1—t)b)‘q(dt)a>

Here, using Lemma 3, we obtain

E pagge - 0k 2p0) (b)Y
(2.28) F(1+a)/0 £ (dt) _F(1+(2p+1)a)(ba) ’

x—

1 = NN# o D14 2pa)
(1 +a) /g_ (t_ 5) (dt)* = L(1+ (2p+ 1)a)

(2.29) -

20 —b—a (Zp+i)a a+b-—2x Sl
X e — e —
2(b—a) 2(b—a)
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and
1 ' 2pa a _ 1 ! 2pa o
v e / (= 0" @) = f s / (1 — )% (dt)
2.30 _ # Z:i u2pa nk
(2:30) T+ /O (du)

Il +2pa) b— ) PHDe
S I(1+(2p+1)a) \b—a '

Also, since ‘ f2e) ’q is generalized convex on [a, b], by the generalized Hermite-
Hadamard inequality in (1.10), we have

b—x

(2.31) /Om

q b q
7o (ta+ (=) (@0 = =z [ ]79 f (@we

_ 1 @) 4+ 156 @)
— 20( )

/” 112 0+ (1~ o)) ()"
(2.32) =
e @ 4 e @b - o)
< >

and

1
/";77(1

(2.33) b
e @) 1 [ @)
— 2& .
Finally, setting the equalities (2.28)-(2.30) and the inequalities (2.31)-(2.33)

in the inequalities (2.25)-(2.27), and substituting the resulting inequalities into
(2.24), we can obtain the desired inequality (2.23). O

72 (ta+ (1= 1)) (d)”

Setting = b in Theorem 11 yields an inequality involving a local fractional
integral asserted by Corollary 2. Here we need to recall the following inequality
(see, e.g., [4, p. 54]):

(2.34) ; o ; ) +Z o

mMeN; 0<s<1; ug, vy >0 (1 <k<n)).
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Corollary 2. Under the assumptions of Theorem 11, the following inequality
holds true:
(2.35)

1 fla)+ /() (ba>af(“)(b)f(‘“)(a)

' (b— a)a"]l?f ST+ )1+ 20) 8 I(1+a)

B-a [ T+ |10+ 1C00)
= 49T(1+2a) | T(1+ (2p+ 1)) (20T(1 + a)) '

Proof. Let L1 be the left-hand side of the inequality in (2.35). Then, setting
x = b in Theorem 11, we obtain

(b—a)*> (1 + 2pa) »
Lrs T(1+ 2a) {F(l +(2p+ 1)a) }

ey { [F2 (@) + |22 () }
2(2+5)e (20T(1 +a))s

(2.36)

Now, applying the inequality (2.34) to each of the last two terms in (2.36) is
easily seen to give the desired inequality (2.35). O

3. Application to some special means

In order to apply some results in Section 2, we first recall the following
generalized means (see, e.g., [3]):
a® + b*

(3.1) A(a,b) = 5a

and

(3.2) L,(a,b) =

F<1Fi1<z ﬁ))a) (b(m(): - ;;(Zma )} %

(n€Z\{-1,0}; a, b€ R with a #b).
Now consider a function f: I C RT — R defined by
f@) =" (neZ\{-1,0}).

Then it is easy to see the following relations: For a, b € I with a < b,

(33 7(*57) = oy
and
(3.4) L I8 (t) = [Lu(a,b)"
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Here applying (3.3) and (3.4) to the inequalities (2.14) and (2.35), we obtain
the following inequalities associated with A(a,b) in (3.1) and L, (a,b) in (3.2),
respectively:

2 [Aa,b)" | _ [£EV]] (b~ )

(35) ‘[L”(“’ o - T(I+a)l(1+2a)| = 4°T(1+3a)
and
(3.6)
. 2% A(a™, b™) b—a\" f(b) — f(a)
’[L”(“’ - AT ara T 2a) ( 8 ) T(1+a)
(b—a)? I'(1+ ne) (1 + 2pa) " A (a(m=2),p(n=2)

2014 2a) T(14+ (n—2)a) | T(1+ (2p+ 1)) (20T(1 + a))*
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