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ESTIMATES FOR SECOND NON-TANGENTIAL
DERIVATIVES AT THE BOUNDARY

BURCU GOK AND BULENT NaFT ORNEK

ABSTRACT. In this paper, a boundary version of Schwarz lemma is inves-
tigated. We take into consideration a function f(z) holomorphic in the
unit disc and f(0) =0, f’(0) = 1 such that Rf’'(z) > PTQ, “l<a<l,
we estimate a modulus of the second non-tangential derivative of f(z)
function at the boundary point zg with Rf’(20) = PTQ, by taking into
account their first nonzero two Maclaurin coefficients. Also, we shall give
an estimate below |f”(z0)| according to the first nonzero Taylor coeffi-
cient of about two zeros, namely z = 0 and z; # 0. The sharpness of
these inequalities is also proved.

1. Introduction

The classical Schwarz lemma gives information about the behavior of a holo-
morphic function on the unit disc D = {z : |z| < 1} at the origin, subject only
to the relatively mild hypotheses that the function map the unit disc to the
disc and the origin to the origin. This lemma, named after Hermann Amandus
Schwarz, is a result in complex analysis about holomorphic functions defined
on the unit disc. In its most basic form, the familiar Schwarz lemma says this
([6], p- 329):

Let D be the unit disc in the complex plane C. Let f : D — D be a
holomorphic function with f(0) = 0. Under these circumstances |f(z)| <
|z| for all z € D, and |f’(0)] < 1. In addition, if the equality |f(z)| = |z| holds
for any z # 0, or |f/(0)| = 1, then f is a rotation, that is, f(z) = ze%, 0 real.
For historical background about the Schwarz lemma and its applications on the
boundary of the unit disc, we refer to (see [2], [20]).

Let f(z) = 2+ c222+- -+ be a holomorphic function in the unit disc D such
that Rf/(z) > 152, -1 <a < 1.

Consider the function .
oL@ -1
f'(z) +a
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690 B. GOK AND B. N. ORNEK

O(z) is a holomorphic function in the unit disc D, ©(0) = 0 and since Rf'(z) >
159 it also follows that |©(z)| < 1 for |z| < 1. Thus, from the Schwarz lemma,
we obtain for every z1, |z1] < 1,

1+ a|z|

1.1 ! <=1

( ) |f (Zl>|— 1—|21|

and

(1.2) SO <140
Equality is achieved in (1.1) (for some nonzero z; € D) if and only if f(z) is
the function of the form f(z) = —az — 1:73 In (1 — zew), where § = — arg z1,
but the equality in (1.2) holds if and only if

1 .
f(z)=—az— J'reoz In(1-— zew) ,
el

where 6 is a real number.
Robert Osserman [16] has given the inequalities which are called the bound-
ary Schwarz lemma. He has first showed that

2

(1.3) |f'(z0)] > T 0]
and
(1.4) If'(z0)] = 1

under the assumption f(0) = 0 where f is a holomorphic function mapping the
unit disc into itself and zg is a boundary point to which f extends continuously
and |f(z0)| = 1. In addition, the equality in (1.4) holds if and only if f(z) =
ze'?  real. Also, zg = 1 in the inequality (1.3) equality occurs for the function
flz)= zf_ja"z, 0<a<l.

Inequality (1.4) and its generalizations have important applications in geo-
metric theory of functions (see, e.g., [6], [19]). Therefore, the interest to such
type results is not vanished recently (see, e.g., [1], [2], [4], [5], [10], [11], [16],
[17], [18], [20] and references therein).

Furthermore, if f(2) = ¢p2P + cpr12P™ + -+, p e N={1,2,...}, then

/ 1- |C |
(15) Felzp+
and
(1.6) |f'(20)] = p.

Let f be a holomorphic function in D, f(0) = 0 and f(D) C D. If the
function f has an angular limit f(zo) at zo € 9D, |f(z0)] = 1, then by the
Julia-Wolff lemma the angular derivative f'(z¢) exists and 1 < |f'(29)] < o0.
Also, the holomorphic function f has a finite angular derivative f’(zo) if and
only if f’ has the finite angular limit f'(z¢) at zg € D (see [19]).
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Vladimir N. Dubinin has continued this line and has made a refinement
on the boundary Schwarz lemma under the assumption that f(z) = c¢p2P +
cp+12PTH 4 -+ with a zero set {21} (see [4]).

S. G. Krantz and D. M. Burns [9] and D. Chelst [3] studied the uniqueness
part of the Schwarz lemma. In M. Mateljevié’s papers, for more general results
and related estimates, see also ([12], [13], [14] and [15]).

Also, M. Jeong [7] showed some inequalities at a boundary point for different
form of holomorphic functions and found the condition for equality and in [8]
a holomorphic self map defined on the closed unit disc with fixed points only
on the boundary of the unit disc.

2. Main results

We consider holomorphic functions f of the unit disk D fixing the origin,
such that the derivative f’ maps D into a right half plane (Rf’(z) > 152 for
a real parameter a such that —1 < o < 1), with the normalization f’(0) = 1.
It is assumed at some boundary point zo € 9D, f’ has a non-tangential limit
f'(20) with Rf’(z0) = 15%. The conclusion is that f has a second derivative
in the non-tangential sense at zp, and that there is an explicit lower bound
for |f"”(z0)| as in (1.7) in the paper, with equality attained for certain specific
functions f. Further results are obtained under the assumption that f’ # 1
except at the origin.

Theorem 2.1. Let f(2) = z+c222+- -+ be a holomorphic function in the unit
disc D such that Rf'(z) > 5%, —1 < a < 1. Suppose that, for some z € 0D,
f" has a non-tangential limit f'(zo) at zo and Rf'(z) = lga. Then f has the
second non-tangential derivative at zo and

,, 1+«
(17) () > 22

Moreover, the equality in (1.7) occurs for the function

fG)=—az—(1+a)ln(l-2=2).

Proof. Let
f'(z) -1
HORE
©(z) is a holomorphic function in the unit disc D, [O(z)] < 1 for |z| < 1,
O(0) =0 and |O(z¢)| = 1 for zp € dD. It can be easily shown a non-tangential
derivative of © at zyp € 9D (see [19]). Therefore, the second non-tangential
derivative of f at zy is obtained.

From (1.4), we obtain

O(z) =

[f"(20)]

1 <0 (%) = (1 4+ a) —————.
< 10/l = (1 oy L
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Since
|F'(z0) +af > [R(f'(z0) + )" = (Rf (20) + )" = <1§a> ,
we take
/ (1+Oé) " 4 "
(18) 1< 10/ Gol < s ol = 1 1" Gl

So, we obtain the inequality (1.7).
Now, we shall show that the inequality (1.7) is sharp. Let

fG)=—az—(1+a)ln(l-2=2).

Hhen 1+a 1+
N a az
f(z)* a+1—2 1_27
1+«
1
z) =
6= 50
and |+ 1+
a o}
(=1 = 5= :
|(1=(=1))] 4 -
Theorem 2.2. Under the same assumptions as in Theorem 2.1, we have
1+a)
1.9 "(20)] > ( .

The inequality (1.9) is sharp with equality for the function

b b
f(z) = —az+ V1 - b*arctan <i) +§1n(1+2bz+zz)+67

V1-—b2
where ¢ = —v/1 — b2 arctan (ﬁ) is a constant and b = |f1+(g)| is an arbi-

trary number from [0, 1] (see, (1.2)).

Proof. Let ©(z) be as in the proof of Theorem 2.1. Using the inequality (1.3)
for the function ©(z), we obtain

2 ! 4 2
m <10'(20)] < T1a |f"(20)] -
Since (2)
o'(z) = A 7
D= GG oy
and "(0)
o=
we take 5
|f"(20)]-

1" S
I = T



ESTIMATES FOR SECOND NON-TANGENTIAL DERIVATIVES 693
So, we obtain the inequality (1.9).
Now, we shall show that the inequality (1.9) is sharp. Choose arbitrary
b€ [0,1]. Let

b b
f(z) = —az + V1 - b*arctan (i) +oIn (142024 2%) +c

V1-—10? 2
Then
14+ bz — abz — az?
1) —
F'z) = 1+2bz+422
) (b—ab—2az) (14 2bz + 2%) — (2b+ 22) (1 + bz — abz — az?)
zZ) =
(14 2bz + 22)°
and )
+ o
(1)) = ———
O1= 5055
. O] . . . .
Since b = 57, (1.9) is satisfied with equality. O
If f(z) =2+ cpr12P™ 4+ -+, p > 1, is a holomorphic function in D such
that Rf'(z) > 1’70‘, —1 < a <1, then
1+ alz|?
/
< 7=
O
and
1+«
1.1 < .
(1.10) gl < T35

Theorem 2.3. Let f(2) = z4cp12P T+, cpr1 # 0, p > 1 be a holomorphic
function in the unit disc D such that Rf'(z) > 152, —1 < a < 1. Suppose that,
for some zg € 0D, f’ has a non-tangential limit f'(zo) at zo and Rf'(z0) =

1*70‘. Then f has the second non-tangential derivative at zo and
1+a l+a—-(1+p)lc
(111) |f//(zo)| > ( p)| P+1| )
i T+a+ (L+p) o]

The inequality (1.11) is sharp with equality for the function

21 4+ et — aet? — atPt!
f(Z):/ retzact —a dt,
o 1+et+etP+tpt!

14p

where e = o

|ept+1] s an arbitrary number on [0,1] (see, (1.10)).

Proof. Using the inequality (1.5) for the function ©(z), we obtain

1 _ 1
P+ |ap| < |®/(ZO)| _ (].+Oé) |f (Zo)l 5,
1+ |apl | (z0) + ¢
_eP©] _ 14p
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Therefore, we take

1+
N ]
T HiElonl - 1t

and

14+ a 1+a—(1+P)|C+1|
" > + - ’
|f"(20)| > 1 (p L+a+ (1+4p)|cpr1]

Now, we will prove that the inequality (1.11) is sharp. Choose arbitrary

e € [0,1]. Let )
1+ et — aet? — atP™
1) :/0 TS el e gt O
Then
£(2) = 1+ ez — aezP — azPt!
1+ ez +ezP + zpt1 7
F1(2) = (e — aepzP~™t — a(p + 1)2P) (1 + ez + e2P + 2PT1)
(14 ez + ezP + zp+1)?
(e+ep2P~t 4+ (p+1)2P) (1 + ez — aez? — azPT1)
- (14 ez + ezP + zp+1)?
and

(e—aep—a(p+1)(14+et+e+1)
(14+e+e+1)?
(etept (1) (1te—ac—a)

(I+e+e+1)°

1+« 1—e
T4 (p+1+e)'

=2 (o ).

Since e = % |ept1], (1.11) is satisfied with equality. O

1) =

Thus, we take

Theorem 2.4. Let f(2) = z4cpp12P T+, cpy1 #0,p > 1 be a holomorphic
function in the unit disc D such that Rf’(z) > 152, —1 < a < 1. Suppose that,
for some zg € 0D, [’ has a non-tangential limit f'(z0) at zo and Rf'(z0) =
I_TO‘. Let by, b, ..., b, be critical points of the function f(z) — z in D that are
different from zero. Then f has the second non-tangential derivative at zo and

we have the inequality
(1.12)

s

n 1+ a)

1 1— bl
ez e ey I
=1 |70 — b (1+a)

[bk| = (1 +p) |epta]

1

s

(o] + (1 +p) [epta]

k=1
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In addition, the equality in (1.12) occurs for the function

T t—b
L 1—at? ] k

1—byt
f(z)=/ S —"
0

t—b
L - 1—byt

k
where b1, ba, ..., b, are positive real numbers.
Proof. Let ©(z) be as in the proof of Theorem 2.1 and by, b, .. ., b, be critical
points of the function f(z) — z in D that are different from zero.

. Z*bk
B(z):]'_‘[l—az

k=1

is a holomorphic function in D and |B(z)| < 1 for |z| < 1. By the maximum
principle for each z € D, we have

1©(2)] < |B(2)].
The auxiliary function
_68(k) _ k-1 1
T(Z)* B(Z) - fI(Z)+Oé n b,
kl;[1 1—biz

is holomorphic in D, and |T(z)| < 1 for |z| < 1, T(0) = 0 and |Y(z)| =1 for

zop € 0D. It can be easily shown a non-tangential derivative of T at zg € 9D

(see [19]). So, the second non-tangential derivative of f at zg is obtained.
Moreover, it can be seen that

20@/(2’0) Z()B/(Zo)
©(20) B(z0)
Besides, by applying some simple calculations, we take
ZoB/(Zo) _ . 1-— |b1€|2
B(zo)  |z0 — by

= |0/ (20)| = |B'(20)| =

|B'(20)] =

Using the inequality (1.5) for the function Y(z), we obtain

1- |Sp| 4 ZOG/('ZO) ZOBI('ZO) / /
< T Zi = _ — @ P _ B p :
s < = 17500~ TBag) | = OG0l — 1B ()1}
(p)
where |sp| = w'
(p) )
Since |sp| = [r® o — (Lp)icps] , We may write

p! &
(14a) IT |bx]
k=1

1 — (+P)lcpya]
(1+a) kljl\bkl

p+

" "1 — by
(1+p)|g - < (1 +Oé) |f (ZO)| 5 — Z | k| 5,
14 il |f'(20) +al” ;=120 — bil

(1+a) T Ibxl
k=1
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(1+a) kl_[ [bk] = (1 +p) lepta

" n 2
<(+a) |f" (20)] 2_z:lf|bk|2

D+ n
(1+a) TT [bul + (14 p) ey F(z0) al™ =leo = bl
k=1
and
n o (I4a) I |o&] = (1 +p) leptal
1- |bk| k=1 "
prY - < —— 11" (o).
k=120 70k (1 + @) kl_ll |br| + (1 + p) lepta
Therefore, we take the inequality (1.12).
Now, we shall show that the inequality (1.12) is sharp. Let
T t—b
1—at? k]_[1 = b:t
f(z) :/ = dt.
0 t—by
14tp kH1 "
Then
1—azP [] z—bi
= 1-bez 1+«
f(z) = ’ifl =—at ——,
1+zPH Zbk 1—|—zPH Z=be
b 1 1— bkz
p—1 z—bg 2 1*|bk‘ o i
b= H 1-biz kzl (1-biz)” sl;[ —bsz
k#s
') =-(0+a) 5
o)
k= k
and
T 1=be N~ 1-[bel® 17 1=be
pklll_i" +k§1 1-bx)° 51;[ 1-bs
F'() =~ (1+a) =
(1 f)
Since by, b, ..., b, are positive real numbers, we take
1+« 1+ by
1 1 — .
= <p+zl_bk)
Moreover, since |cpi1| = ;FT? IT |bk], (1.12) is satisfied with equality. O
k=1

In the following theorems, if we know the second and the third coefficient in
the expansion of the function f(2) = z + ¢p+12PT! + cpi22Pt2 + - -+ then we
obtain more general results on the second non-tangential derivatives of certain
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classes of a holomorphic function in the unit disc at the boundary by taking
into account ¢,11, cpr2 and critical points of f(z) — z function. The sharpness
of these inequalities is also proved.

Theorem 2.5. Let f(z) = 2+ cpr12P T +cprozP ™24+ cpp1 #0,p>2 be a
holomorphic function in the unit disc D such that Rf'(z) > I_TO‘, —-l<a<l.
Suppose that, for some zo € 0D, f’ has a non-tangential limit f'(z) at zo and
Rf'(20) = 152. Then f has the second non-tangential derivative at zo and

(13

(o) 2 2 [p—i—

2
20+a—(p+1)leptal)
(L+ )2 = (p+ 12 epa[* + (14 a)(p +2) [epl
Moreover, the equality in (1.13) occurs for the function

21— at?
= dt.
1) /0 1+t

Proof. Let ©(z) be as in the proof of Theorem 2.1. ¥(z) = 2? is a holomorphic
function in the unit disc D, |9(z)] < 1 for |z| < 1. By the maximum principle
for each z € D, we have |9(z)| < |9(z2)].

Therefore,
O(z)
is a holomorphic function in D and |p(2)| < 1 for |z] < 1.

In particular, we have

(1.14) P0)] = 1L lepsa] < 1
and
POl =2
In addition, it can be seen that
209 (z0) Z00'(20)

= |0/ (20)| = [¥'(20)| =

@(Zo) 19(20)

The function
z) — (0
W(z) = p(z) — ¢(0)
1 —¢(0)p(2)
is holomorphic in the unit disc D, |[¢(z)] < 1 for |z| < 1, ¥(0) = 0 and
[t(20)] = 1 for zo € OD. It can be easily shown that the function ¢ has a
non-tangential derivative at zo € 9D (see [19]). Therefore, the second non-
tangential derivative of f at 2o is obtained.
From (1.3), we obtain
2 1— |o(0))? 1
e < o)l = — X ) <

L+ 1) L o ela) = 1=l
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1 ]p(0)] [ ,
= W {|9 (20)| - |19 (20)|}-
Since 9
() = O iy,
(1-0e(=)
, L—Jp(f (L+ )P +2) lepeol
V(O) = ————= ¥ (0) = ,
o (1—Iso(0)|2)2 v (1+0a)? = (1+p)?[cpsa]”
we get
o Lt o] {(1 + )| (o) _p}
e i e ren R oSl WV CORY
_ Lrat(4p) gl [(+a) "Gl |
T+a—1+p)lepl | [f(z0) + af
Since 9
P+l 2 R0 o)+ = (152
we take
pe & e Enlen] o 2 g,

(A+a)(p+2)lept2l 14+ a4+ (14 9)le “ 1+«
L+ e gt (L +p)[cpt]

So, we obtain the inequality (1.13).
To show that the inequality (1.13) is sharp, take the holomorphic function

#1—at?
= dt.
JG) /0 1+

Then J ) »
()= L -
Fle) = () = 2
£1(2) = —apzP7H (1 4 2P) — pzP~1 (1 — azP)
(1+27)° ’
fll(l) _ 7205]7 — P (1 — O[)
4
and )
+ «
W = p——
Since |cp+1| = %, (1.13) is satisfied with equality. O

If f(2) — z has no critical points different from z = 0 in Theorem 2.5, the
inequality (1.15) can be further strengthened. This is given by the following
theorem.
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Theorem 2.6. Let f(z) = z2+cpi12P T +cprozP ™24+ cpp1 >0, p>2 be a
holomorphic function in the unit disc D such that Rf'(z) > I_TO‘, -l<ax<l
and let f(z)—z has no critical points in D except z = 0. Suppose that, for some
20 € 0D, [’ has a non-tangential limit f'(z0) at zo, Rf'(20) = 5. Then f
has the second non-tangential derivative at zo and we have the inequality

Lt a 2p+ 1) lepn| (1n (25Dl )’
(L15) |f"(z0)] = —= |p— e
20+ 1) lepia|In (EELesl) — (p+ 2) |yl
and
2 (0 + 1) ey
(1.16) lept2] < b12 (p+ Depsrln <Tap :

In addition, the equality in (1.15) occurs for the function f(z) = OZ 11;”;’;,? dt
and the equality in (1.16) occurs for the function

214 atPe®?
= ——dt
1) /0 1—tre@

where 0 < piy < 1, In () < 0 and Q =+ (e ),

Proof. Let cp41 > 0 be in the expression of the function f(z). Let ©(z), ¢(z)
and 9(z) be as in the proof of Theorem 2.5. Having in mind the inequality
(1.14) and the function f(z) — z has no critical points in D except D — {0},
we denote by In (z) the holomorphic branch of the logarithm normed by the
condition

In(0) = In (%%1) <o.
The composite function
_ Inp(z) —Inp(0)
(2) = In¢(z) 4+ In¢(0)
is a holomorphic in the unit disc D, |v(2)| < 1, v(0) = 0 and |y(z0)| = 1 for
20 € 0D. Tt can be easily shown a non-tangential derivative of v at zg € 9D (see

[19]). Therefore, the second non-tangential derivative of f at zg is obtained.
From (1.3), we obtain

2 o) — 121n ¢(0)| ¢’ (20)
1+ |v'(0)] < () IIn ¢ (z0) + In(0)|? | ¥(20)
—21np(0)

{16(z0)| = 1¥"(20)1} -

I p(0) + arg? ¢(20)
Replacing arg? ¢(zg) by zero, then

1 .l {(1 + ) |f"(z0)| p}

(P+2)cp+2] ~ Ing(0) |f"(20) + O‘|2

- 1
2(p+1)|eptr| In( 122 [epia])
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-1 { 4
< o)l —p} .
NETSAE

Thus, we obtain the inequality (1.15) with an obvious equality case.
Likewise, v(z) function satisfies the assumptions of the Schwarz lemma, we
obtain

1> |y/(0)] = 210 ¢(0)| i 50’(0)}
In (0) + In (0)|* | ©(0)
. -1 };TJrf |ap2|
9 (% |cp+1|) % |Cpt1l
and
R S (R ]

~ 2In (% |cp+1|) (p+1) |epy]
Therefore, we have

(p+1) |Cp+1|)‘_

2
|C;D+2| <— ‘(p—i— L)eps1 hl( 1ta

p+2
We shall show that the inequality (1.16) is sharp. Let

z Pe®
f(z):/ Mdt
0

1—tPe@
Thus, we get
1+ azPe®
f(z) = 1 pe@
and
f(z) =1+42"g(2),
where
ez (R epin)
9(z) = 1+ ) (e
Then

9'(0) = (p+2) cpra.

Under the simple calculations, we obtain

p+1
(p+2) Cp+2 =21In (1 n acp-i-l) (p+1) Cp+1
and

p+1
= — 1 1 —_— .
lept2] s ‘(p+ ) Cp+1 H<1+a |Cp+1|>‘ O
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Relation (1.16) shows that inequality (1.15) is stronger than inequality (1.13).
We can note that the inequality (1.3) has been used in the proofs of Theorem
2.5 and Theorem 2.6. Thus, there are both c,41 and c,42 in the right side of
the inequalities. But, if we use (1.4) instead of (1.3), we obtain weaker but
more simpler inequality (without cpi2).

Theorem 2.7. Let f(z) = 2+ cpr12P T +cprozP™2 4+ cpp1 >0, p>2 be a
holomorphic function in the unit disc D such that Rf'(z) > 152, -1 <a <1
and let f(z)—z has no critical points in D except z = 0. Suppose that, for some
z0 € OD, [’ has a non-tangential limit f'(z0) at zo, Rf'(z0) = I_TO‘ Then f
has the second non-tangential derivative at zg and

(1.17) " (z0)] > 112& (p -3 (w)) '

2 1+«
The inequality (1.17) is sharp and the equality is achieved if and only if f(2)

is the function of the form
714 atPe?
= —dt
1) /0 1—tre@ 77

0
where 0 < ¢py1 < 1, In (%) <0,Q= }fi‘;e In ((pﬁﬁzp“) and 6 is a

real number.

Proof. Let cp+1 > 0. Using the inequality (1.4) for the function +(z), we obtain

o) = 2RO [/ (z0)
L< (=)l = [In ¢(20) + In <P(0)|2 #(z0)
—21n¢(0)

o0 T et s 18 G =10 G}

Replacing arg? ¢(zg) by zero, then

(1.18) 1< | (20 —2 {(1 +a) | f"(20)] _p}

< ne0) | |f/(z0) + al?

-2 { 4
< Gl =}
In (% |Cp+1|) 1+a
Therefore, we obtain the inequality (1.17).

I (20)] = 42 (p = S (25220)) from (1.18) and |/(z0)] = 1, we

obtain
1+tet® 1n< (P+1)Cp+1)
14 atPer—e™ T

flz)= — - dt.

14tel ln((p+ )cp+1)

0 1 tPe1—tei® T+a

In the following theorem, we shall give an estimate below |f”(z9)| according
to the first nonzero Taylor coefficient of about two zeros, namely z = 0 and

21750.

O
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Theorem 2.8. Let f(z) = z+co22+- -+ be a holomorphic function in the unit
disc D such that Rf'(z) > 152, =1 < a <1 and f'(z1) =0, for 0 < |z| < 1.
Assume that, for some zg € 0D, f' has a non-tangential limit f'(zo) at zo and
Rf'(20) = 152. Then f has the second non-tangential derivative at zo and

4 1+ a) [z1] + |£7(0)]

(
+<1+~) 1+ 17O (1= |2) 177Gl = (L) (L= 1) 1F7G) = A+ ) 170 1 |5,
(L) arf? + 1£70)] (1= [5?) )l + (1 + @) (1= Jaal )\f"<zl>|+<1+u>|f~<oHlf 1\

|f/I(ZO)| > 1+a <1+ 1—|z| o+ (14 @) |z1| — | £(0)]

|1 —71‘

(1.19)  x

The inequality (1.19) is sharp, with equality for each possible values |f"(0)| =
(I+a)cand |f"(z1)| =1+ a)d.

Proof. Let
z— zZ1

s(z) = p—

and [ : D — D be a holomorphic function and a point z; € D in order to
satisfy

(1.20) &< @

If k: D — D is a holomorphic function and 0 < |z1| < 1, letting
k(z) — k(0)

I(z) = —
z (1 — k(())k(z))
n (1.20), we obtain
_k(z)—k(O)
) ZRO) | 21(1 KOk <m>> ‘ e
1—k(0)k(2)| —
1+ z1 1 k(O)k(21) |
and
KO)] + |2l {7
(1.21) k(z)] < |1|{|+”\s(<z)>‘| :
1+ |kO)] |2 1577 m 0]
where
o k) —K(O)

21 (1= FOk())

Without loss of generality, we will assume that zg = 1. If we take

k(z) = 2(2(,2 ,
then 1
/ O'(21) (1 —|z1]
k() = 2O ki) = ( )
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and

e’ z1 —212 e/
( )(Zl | |)+Oz(0)
H: 1 1

2 <1 IRCUO! @’<21>(1IZI|2)> ’

Z1 Z1

where |H| < 1. Let |k(0)| = x and
9/(21)(1—|21\2)

al (1+\
+| | M+|s(2)]

K 2l ———57
O()] < [21Is(2)] - LML)

-

21)(1—|211?)

zZ1

;

From (1.21), we take

| | M+[s(z)|

1+M\s(z)|
and
(1.22)

M+|s(z 2 M+|s(z
1-10()| 1+l Ty — #lel s = Is@)l = e -
_ - M+|s(z
1— || (1—|2|) (1+m|z|1+})7‘§(3)‘|)
Let q(2) =1+ k7| ﬁ%ls(z))“ and v(z) =1+ M |s(z)|. Then
1—|z? 1—|s(z)

£() = AZELBOL |y

= 12D a(2)v() MR

|
(1= lz)) a(z)v(2) (1 =1z g(z)v(2)’

Since
limg(z) =14k, limv(z) =14+ M
z—1 z—1
and
2 2
2 Z— 2 (1_|21|)(1_|Z|)
1—1s(z)|"=1- e —_2 ’
Z1% |1 — 77|

passing to the non-tangential limit in (1.22) gives

2 2
|@’(1)|Z; 1+1_7|Z/1|2+M+,€M1_7|21|2
(1+£) (14 M) |1 — 2| |1 — 2|

1—|z) 1-k 1—M1— |z
=1+ + 1+ — .
1—zn 1+r L+ M1 — 2

In addition, since

1—x  1—|k0) 1~
1+H 1+|k/’(0| 1+

+a) |z + (0

+a) 2] = (0]
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o'G(1-1:112) | e
1 Z1 Z1
a o o/ (=) (1-1=112
1—M IZ1|<1+ —z§0)| — (zl 2 )
1+M o'z)(-1=112) || | e/ (0)
Z1 Z1
1+
o/ || 9 (z1)(1—12112)
ol (1| 2422 || 00

and

L=M _ (te)’ a1+ 7O (1-1z ) | (z0) |- +) (1= ) [ (21) |- (1+0) [ £7(0)|
14+ M~ +a)z P+ O (=2 ) £ () [+ Q+0) (1=]21 ) [ £ (20) [+ (1 +) | £7(0)] 7

we obtain
(14a)|z1]—| £ (0)]
(+a)[z1[+]f7(0)]

(1+a)? |21 P+] £ ()| (1=[21 ) [ £ (1) | = At e) (1= |21 *) | £ (z1) |- (0 +0) | £ (0)] 1- 2,2
(1) ?[z1 P+ (O (1=|21 ) [F7 )+ (1) (1= |21 ) |7 (1) [+ A4a) [ £/ (0)] [1=21 |*

©/(1)] > 1+ =2l

[1—z1]?

X |1+

From definition of ©(z), we have

o/ = el /")
(7'() + )

and

Q+a)lf' @) _ 4
P +af 1ta

Therefore, we obtain the inequality (1.19).

Now, we shall show that the inequality (1.19) is sharp.
Since

e = (D]

is a holomorphic function in the unit disc and |k(z)| < 1 for |z| < 1, we obtain

©(0)] < ||
and
/()] < 2L
1 —|z1]

We take z; € (—1,0) and arbitrary two numbers ¢ and d, such that 0 < ¢ <
(1+a)|z], 0<d < (1+a) 2.
Let

ijL 1d(1—|z1|2)+c
W=t e =
21 (1+cd1’zl‘ ) A 14 edal

Z1
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The auxiliary function

iz
W+1—Tllz
r—z o Taw
T(z) =2z ! i
=21z, . W+t

z1 Z 1+W 22—z

T—%1%

is holomorphic in D and |7(z)| < 1 for |z| < 1. Let

z—2z1
—=c + 2z W+1*ﬁz

"(z) =1 z—z 1+W Z=ZL
1 T—212

z—z
1o e WHiss

z —
AL1+w 12—;112

and

(1.23) f'(2)

Thus, we take |f”(0)] = (1 + &) e,

d(17|21|2)+c

" = 4w ER e
")l s 3 21 1 14ed =2

21

l+a  1-281—2aW  1-2f; ., 1d0-lal)+e
z 27 yeqi=lnl®
Z1

and

[f"(z1)l = (1 + ) d.

From (1.23), with the simple calculations, we obtain

= e (i e, (et (5) s (i) 0-2)

a=ozaw)? ) Uy
<N\2
(-%)

]. + o 172% 1+£ 172% 1—-W?2
4 {1 M <1 * )

=~
i~
|
n

e

=212 1+ W)?

1721)2 zf-l—cd(l—z%)-l—d(l—zZ)-i-c

1

1+« 1fzf c+z1 17,5? Z?+Cd(1fzf)fd(1fzf)fc
T{1+(1 2+ =t (14 .

Since z; € (—1,0), the last equality show that (1.19) is sharp. O
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