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HILBERT FUNCTIONS OF STANDARD k-ALGEBRAS
DEFINED BY SKEW-SYMMETRIZABLE MATRICES

On-JiN KANG

ABSTRACT. Kang and Ko introduced a skew-symmetrizable matrix to de-
scribe a structure theorem for complete intersections of grade 4. Let R =
k|wo, w1, w2, ..., wn] be the polynomial ring over an algebraically closed
field k with indetermiantes w; and degw; = 1, and I; a homogeneous
perfect ideal of grade 3 with type ¢; defined by a skew-symmetrizable
matrix G;(1 < t; < 4). We show that for m = 2 the Hilbert func-
tion of the zero dimensional standard k-algebra R/I; is determined by
C'I-sequences and a Gorenstein sequence. As an application of this re-
sult we show that for ¢ = 1,2,3 and for m = 3 a Gorenstein sequence
h(R/H;) = (1,4,h2,...,hs) is unimodal, where H; is the sum of ho-
mogeneous perfect ideals I; and J; which are geometrically linked by a
homogeneous regular sequence z in I; N J;.

1. Introduction

Buchsbaum and Eisenbud [2] gave a structure theorem for Gorenstein ideals
of grade 3 which says that every Gorenstein ideal I of grade 3 in a noetherian
local ring is minimally generated by the maximal order pfaffians of an alternat-
ing matrix Gy. Brown [1] gave a structure theorem for a class of perfect ideals I
of grade 3 with type 2 and A(I1) > 0, where A is the numerical invariant intro-
duced by Kustin and Miller [14] to classify classes of Gorenstein ideals of grade
4 by distinguishing free resolutions of different forms. Kang and Ko [11] de-
scribed a structure theorem for some class of these ideals (This is a special case
of Theorem 4.4 [1]): Every perfect ideal I; having an odd number of minimal
generators for I; is generated by the quotients of the maximal order pfaffians
of the alternating matrix A(G1) induced by a skew-symmetrizable matrix G,
by an element v; (see Example 3.2 and Theorem 3.3). Cho, Kang and Ko [3]
and Choi, Kang and Ko [4, 5] constructed some classes of perfect ideals I; of
grade 3 with type t; defined by a skew-symmetrizable matrix G; for : = 1,2,3
(see Definition 3.1 and Examples 3.2 and 3.4). An ideal in these classes is
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generated by the quotients of the maximal order pfaffians of the alternating
matrix A(G;) induced by a skew-symmetrizable matrix G; by an element v;
(see Theorems 3.3 and 3.5). We define a sequence h = (hg, hy, ha,...,hs) of
nonnegative integers with hs # 0 to be a Pl-sequence of type t; defined by a
skew-symmetrizable matriz G; if h is the Hilbert function of the zero dimen-
sional standard k-algebra S = R/I;, where I; is a homogeneous perfect ideal
of grade 3 with type t; defined by G;, and typ = 1,{; = t4 = 2,t5 = 3 and
ts = 4. For ¢ = 0 Stanley [17] proved that PI-sequence h = (1,3, ha, ..., hy)
of type 1 defined by Gy is unmodal. He used the Buchsbaum and Eisenbud
structure theorem for Gorenstein ideals of grade 3 to prove this. For ¢ =1,2,3
we characterize these PI-sequences h = (1,3, ha, ..., h,) of type t; defined by
G, as follows: Let g; be the degree of the ¢-th generators for a Gorenstein ideal
of grade 3 corresponding to a Gorenstein sequence g stated below.

(i) h is a Pl-sequence of type 2 defined by G; if and only if there exist
a Gorenstein sequence g = (1,3, g2,...,9,) and a Cl-sequence ¢ =
(co,c1,C2,...,¢p, ) having the type (q1,q2,7) with 2 < ¢; < 3 and
o0 =mn+ 7 such that h, = 1, and h; = ¢; if 0 < i < 7—1, and
hi = gi—r + ¢; if 7 < i < o (Theorem 4.3). The Hilbert function in
Example 4.4 is in this class.

(ii) If h is a Pl-sequence of type 3 defined by Ga, then there exist a
Gorenstein sequence g = (1,3, ¢2,...,9,) and two Cl-sequences ¢ =
(co,c1,C2,...,¢p, ) having the type (7,¢2 + K, g3) and € = (¢, é1, C2, . . .,
¢5,) having the type (k,q1,¢3) with 2 < ¢,é1 <3 ando=n+7+k
such that ha’ = 1, and hz = ¢ if 0 S ) S 7'71, hz = Ci+éi77 if
T<i<7t4+rand h; = gi—r—w + ¢ + éi—r if T+ Kk < i < o (Theorem
4.6). The Hilbert function in Example 4.7 is in this class.

(iii) If h is a PI-sequence of type 4 defined by Gs, then there exist a
Gorenstein sequence g = (1,3,92,...,9,) and two Cl-sequences ¢ =
(co,c1,¢€2,...,¢p, ) having the type (7 + g1,k + ¢2,v + ¢3) and ¢ =
(€o,¢1,¢€2,...,¢5 ) having the type (¢1,¢2,¢3) with 2 < ¢1,é; < 3 and
oc=n+7+k+vsuchthat h, =1, and h; = ¢ if 0<i<74+r+v—1
and h; = gi—r—n—v+C — Ci—r—p—p if T+ K +v < i <o (Theorem 4.8).
The Hilbert function in Example 4.9 is in this class.

We use Theorems 4.4 [1] or 3.3 to prove (i) and Theorems 3.6 [4] and 3.11 [5] to
show (ii) and (iii). We use these results (Theorems 4.3, 4.6 and 4.8), Proposition
5.1 and Lemmas 5.2, 5.3, 5.4 to prove that every Gorenstein sequence h(R/H;)
mentioned in the abstract is unimodal for ¢ = 1, 2,3 (Theorem 5.5). Let G,(4)
be the set of Gorenstein sequences h(R/H) = (1,4, ha, ..., hs), where H is the
sum of homogeneous perfect ideals I and J of grade 3 geometrically linked by
a homogeneous regular sequence z. There exist many examples of unimodal
Gorenstein sequences h(R/H) = (1,4,...,hs) in G,(4) [7, 8, 13, 15, 16]. We
use Proposition 5.10 to show that if a Gorenstein sequence h(R/H) in G,(4)
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falls into one of the following three cases, then h(R/H) is unimodal (Corollary
5.12): Let 0 = 0(R/(z)),0* = o(R/I) and 0 — 0* = a*.
(p) o* < [(6 —1)/2]. A Gorenstein sequence h(R/H) in Example 5.13
belongs to this case.
(@) [(0—1)/2] < o* and [(6 —1)/2] < a*. A Gorenstein sequence h(R/H)
in Example 5.14 belongs to this case.
(r) a* <[(6—1)/2] < 0* and AH(R/I,i) — AH(R/I,oc —i) >0 for i =
a*;a*+1,...,[(c —1)/2]. A Gorenstein sequence h(R/H) in Example
5.15 belongs to this case.

In Section 2 we review the Hilbert functions of the standard k-algebras.
In Section 3 for ¢ = 1,2,3 we review various properties of perfect ideals I;
of grade 3 defined by a skew-symmetrizable matrix G; in a noetherian local
ring. In Section 4 as we have mentioned above we show that the Hilbert
function of a zero dimensional standard k-algebra R/I; expressed as in terms
of a Gorenstein sequence and Cl-sequences for ¢ = 1,2,3. We will see that
the numerical invariant A plays a role of distinguishing between PI-sequences
h = (1,3,hs,...,hs) of type 2 defined by G; and by G4 (see Theorem 4.3
and Example 4.5). In Section 5 we give some lemmas and a proposition for
the proof of Theorem 5.5 and Corollary 5.12, and some unimodal Gorenstein
sequences in G,(4).

2. Preliminaries

Let S = Sy + 51+ 52 + -+ be a standard k-algebra over a field k. Thus
So = k, S is generated by the elements of S; and S; is a finite dimensional
k-vector space. The Hilbert function of S is defined by H(S,t) = dimy, S; for
t=0,1,2,.... Thus H(S,0) = 1. Define the Hilbert series Hs(\) of S to be
the formal power series

Hs(\) = iH(S, A € Z[[N]].

As a consequence of the Hilbert syzygy theorem, we can write Hg(\) in the
form

O S R PO

B (L+ )4 ’

where d is the Krull dimension of S. We call h(S) = (1,h1,h2,...,hs) h-
sequence. We put o(S) = s. We say that an ideal I is homogeneous if I is
generated by homogeneous elements. We observe that if I is homogeneous,
then I inherits a grading I = Iy + I; + -+ from S given by I; = I N.S;. We
define

Hs(N)

H(I,t) = dimg I; and Hp(\) =Y H(I,t)\"
t=0



1382 0.-J. KANG

Similarly, the quotient ring S/I inherits a grading from S, and H(S/I,t) is
always defined with respect to this quotient grading. We note that for any
homogeneous ideal I of S,

(2.1) Hs(N) = Hi(N) + Hs/r(A).

The following proposition gives us a characterization of the Hilbert functions
of d-dimensional standard complete intersection k-algebras.

Proposition 2.1 ([17]). Let R be the polynomial ring mentioned in the ab-
stract. Let z1,z9,...,2, be a homogeneous reqular sequence with deg z; = f;.
Let S be the complete intersection S = R/(z1,2a,...,2,) with the quotient

grading. Then
[T, (1= \9)
(1= X)m+L

The following proposition gives us an information on the Hilbert functions
of standard Cohen-Macaulay k-algebras.

Hs(\) =

Proposition 2.2 ([17]). Let h = (hg, h1,he,...) be an infinite sequence of
nonnegative integers. The following two conditions are equivalent.

(1) There exists a d-dimensional standard Cohen-Macaulay k-algebra S
with the Hilbert function h, where d is a positive integer and Sy = k.

(2) The power series (L1—X)? 3" hi A" is a polynomial in X, say po+pi A+
-+ ps A, Moreover, (po,p1,---,Ps) 18 an O-sequence.

3. Perfect ideals of grade three defined by skew-symmetrizable
matrices

Kang and Ko [10] introduced a skew-symmetrizable matrix to describe a
structure theorem for complete intersections of grade 4. We review perfect
ideals of grade 3 defined by some skew-symmetrizable matrices. We begin this
section with the definition of a skew-symmetrizable matrix.

Definition 3.1. Let R be a commutative ring with identity. An n x n matrix
G over R is said to be skew-symmetrizable if there exist nonzero diagonal
matrices D' = diag{u1, ua,... ,u,} and D = diag{vy,va,...,v,} with entries
in R such that D’GD is an alternating matrix.

Let G be an n x n skew-symmetrizable matrix with entries in R. Then D'GD
is an alternating matrix for some diagonal matrices D’ and D. We set A(G)
to be an alternating matrix given by

AG) = G if G is alternating,
- | D'GD if G is not alternating.

We denote A(G); by the pfaffian of the (n —1) x (n — 1) alternating submatrix
of A(G) obtained by deleting the i-th row and column from A(G). Now we
give various homogeneous perfect ideals of grade 3 with type ¢ (1 < t < 4)
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associated with some skew-symmetrizable matrices over a commutative ring R
with identity. Let Gobeannxn alternating matrix for an odd integer n > 1.
Clearly Gy is skew-symmetrizable. So we have A(éo) = Go. Let vgp = 1 and
let z; be an element by

#; = A(Go)i/vo for i=1,2,3,...,n.

We define Iy = I, = an,l(éo) to be the ideal generated by n elements

#1,@9,...,&,. Then it follows from Theorem 2.1 [2] that if Iy = Pf,_1(Go) =
Pf,_1(Go) has grade 3, then I is a Gorenstein ideal of grade 3. The following
example gives us skew-symmetrizable matrices which define classes of perfect
ideals I of grade 3 with type 2 and A(I) > 0 [11].

Example 3.2. Let R be a commutative ring with identity and w; an element
of R. Let n be an odd integer with n > 3. Let Y = (y;;) be an n X n alternating
matrix with y12 = 0 and entries in R. Let A be the submatrix of Y obtained
by deleting the first two columns and the last (n — 2) rows of Y. We define the
n x n skew-symmetrizable matrix GG; by

[0 | wal
(3.1) G = LfAt ‘ Y(1,2)J,

and Y (1,2) is the (n — 2) x (n — 2) alternating submatrix of Y obtained by
deleting the first, second rows and columns from Y. The alternating matrix
A(G1) is obtained by multiplying the first two columns of G; by u;. We note
that A(G1); is divisible by wu; for every i. Let v; = uy and let x; be an element
defined by

(32) SCZ':A(Gl)i/’Ul for i:1,2,3,...,n.

We define I; =Pf,,_1(G1) to be the ideal generated by n elements x1, xa, . .., Zy.
Let G; =Y be an n x n alternating matrix obtained from G;. Let I; be the

ideal generated by the maximal order pfaffians Z1, Toy.. oy Tn of él. It follows
from Theorem 2.1 [2] that if I; has grade 3, then I; is a Gorenstein ideal of
grade 3. We can easily see from (3.2) that I} = (Z1, o, u1Z5 . .., u1Zy).

The following theorem is a special case of Theorem 4.4 [1]. It states that
I; = Pf,,_1(G1) is a perfect ideal of grade 3 satisfying the following properties:
(a) I has type 2, (b) the number of generators for I; is odd, and (c) A(I;) > 0.

Theorem 3.3 ([11]). Let R be a noetherian local ring with maximal ideal m.
Let n be an odd integer with n > 3 and uy an element of m. Let Gy be the n xn
skew-symmetrizable matriz in (3.1) with entries in m. Let x; be an element in
(3.2) fori=1,2,...,n.
(1) If I is an ideal of grade 3 generated by x1, 3, ..., x, and has A(I1) > 0,
then I is a perfect ideal of type 2.
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(2) FEvery perfect ideal I of grade 3 with type 2 and A(I) > 0 minimally
generated by n elements arises as in the way of (1).

Next we give two skew-symmetrizable matrices Go and G5 [4, 5] which define
perfect ideals of grade 3 with type 3 and with type 4, respectively, linked to an
almost complete intersection of grade 3 with even type by a regular sequence.

Example 3.4. Let R be a commutative ring with identity. Let n be an even
integer with n > 4. Let A = (a;5) and Y = (y;5) be an n x 3 matrix and an
n X n alternating matrix with entries in R, respectively. Let u;,us and ug be
three elements of R. Let F' be an 3 X n matrix defined by

ail a1 Gn1
F=|-a12 —a2 —Qp2
ais az3 an3

(1) Let G2 be an (n 4+ 3) x (n + 3) skew-symmetrizable matrix by
(3.3)

0 F . U20a11 U20a21 T U20n1
G2 = y where F = —UuU1a12 —UuU1a922 —U1an2
t
—F Y U1U2013  UrU20a23 -+ UITUGR3

The alternating matrix A(Gz) is obtained by multiplying the first column of
G2 by us, the second column by wu;, and the third column by u;us. We note
that A(G2); is divisible by ujus for every i. Let va = ujus and let z; be an
element defined by

(34) xi:A(Gg)i/’Ug for i =1,2,3,...,n+3.

We define I = Pf,;2(G2) to be the ideal generated by (n + 3) elements,
T1,T2,23,.--,Tn+3-

(2) Let G3 be an (n + 3) x (n + 3) skew-symmetrizable matrix by
(3.5)

0 F B U2u3a11 U2u3a21 co U2U30n1
Gg = , where F = —UuUj1U3a12 —UuUj1u3za22 —U1U3An2
t
—F Y U1u2a13 U1uU2G23 ce U1U20n3

The alternating matrix A(G3) induced by G is obtained by multiplying the
first column of G3 by wous, the second column of it by ujug, and the third
column of it by ujus. We note that A(G3); is divisible by ujugus for every i.
Let v3 = ujusus and let z; be an element defined by

(36) .Ti:A(G3)i/’l}3 for i =1,2,3,...,n+3.

We define I3 = Pf,;2(G3) to be the ideal generated by (n + 3) elements,
X1,T2,X3,...,Tnts. Let Ga = G3 be an (n+ 3) x (n + 3) alternating matrix T
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given by

(3.7) T =

and let Tj be the pfaffian of the (n + 2) x (n 4 2) alternating submatrix of
T obtained by deleting the k-th row and column from T. Let z; = T; for
i=1,2,3,...,n+3. Let I and I3 be ideals generated by the n + 3 elements
T1,Z9,...,Tnys. It is easy to show that if Iy or I3 has grade 3, then I» and I are
Gorenstein ideals of grade 3. We can also see from (3.4) and (3.6) that I, =
(ulzil, ’U,Qii'g, i‘g, U1U2j4, ey ’U,l’LLQi'nJrg) and Ig = (Uljly ’LLQZZ'Q, ’(,L3£i'3, U1U2’LL3ZZ'4,
N ,u1u2u3{in+3).

The following theorem says that I and I3 are perfect ideals of grade 3 with
type 3 and with type 4, respectively, linked to an almost complete intersection
of grade 3 with even type by a regular sequence.

Theorem 3.5 ([4, 5]). Let R be a noetherian local ring with maximal ideal m.
Let n be an even integer with n > 4. Let G2 and G3 be skew-symmetrizable
matrices in Example 3.4 with entries in m.

(1) Let z; be an element in (3.4) and Iz an ideal generated by (n + 3)

elements x1,xs3,...,Tpy3. If T = 21,22, 23 s a regular sequence in I3,

then

(a) (x): I is an almost complete intersection of grade 3 with type n,
and

(b) I is a perfect ideal of grade 3 with type 3.
(2) Let z; be an element in (3.6) and Is an ideal generated by (n + 3)

elements x1, T, ..., Tnts. If T = x1, 29,23 is a reqular sequence in I3,

then

(a) (x): I5 is an almost complete intersection of grade 3 with type n,
and

(b) I5 is a perfect ideal of grade 3 with type 4.

Proof. See the proof of (1) of Theorem 3.6 [4] for the proof of (1) of Theorem
3.5. The proof of (2) is similar to that of (1) [5]. O

The following example gives us a skew-symmetrizable matrix G4 which de-
fines a class of perfect ideals I of grade 3 with type 2 [3].

Example 3.6. Let R be a commutative ring with identity. Let n be an odd
integer with n > 1 and u4 a regular element of R. Let A = (ai;),C = (ci5)
and Y = (y;;) be an n x 4 matrix, a 4 x 4 alternating matrix, and an n x n
alternating matrix, respectively. We define G4 to be an (n +4) x (n + 4)
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skew-symmetrizable matrix as follows:

C ’U,4At
(3.8) Gy =
—A Y

Let vy = u? and let z; be an element defined by
(39) SCZ':A(G4)1'/’U4 for 1:1,2,3,,n+4

We define Iy = Pf,,15(G4) to be the ideal generated by n+4 elements 1, 2o, . . .,
Tn+4-

Theorem 3.17 [3] says that if I, has grade 3, then I is a perfect ideal of
grade 3 with type 2. The minimal free resolution of R/I; described in [3]. I4
contains a class of perfect ideals I of grade 3 with type 2 and A(I) = 0 (see
Example 3.18 [3]).

We close this section with the following remark.

Remark 3.7. (1) Theorems 3.3 and 3.5 are true for the polynomial ring R
mentioned in the abstract and the homogeneous perfect ideal I; of grade 3 for
i1=1,2,3.

(2) A perfect ideal I; of grade 3 mentioned in this section is algebraically
linked to an almost complete intersection of grade 3 by a regular sequence for
i =1,2,3. A structure theorem for such a perfect ideal I; appears in [9)].

4. Hilbert functions of the standard k-algebras defined by
skew-symmetrizable matrices

In this section we characterize the Hilbert function of the standard k-algebra
S = R/I;, where R is the polynomial ring mentioned in the abstract and I; is
a homogeneous perfect ideal of grade 3 in R generated by the quotients of the
maximal order pfaffians of the alternating matrix A(G;) by an element v;. We
say that a sequence h = (hg, hy, ha, ..., hs) of nonnegative integers with hy # 0
is a Gorenstein sequence if there exists a zero dimensional standard Gorenstein
k-algebra S with the Hilbert function h. Stanley characterized a Gorenstein
sequence h = (hg, h1, ha, ..., hs) with hy < 3.

Theorem 4.1 ([17]). Let h = (ho, h1, ha, ..., hs) be a sequence of nonnegative
integers with hy < 3 and hs # 0. Then h is a Gorenstein sequence if and only
if

(1) hi = hs—y for each i(0 <i<s), and

(2) (ho,h1 —ho,hy —h1,... hy — hy_1) is an O-sequence for t = [3].

Here is an example.

Example 4.2. h = (1,3,6,8,6,3,1) is a Gorenstein sequence. To see this,
by Theorem 4.1 it is sufficient to show that (1,2, 3,2) is an O-sequence. Let
m = 1. Let K = (w§,wdw?,w}) be the ideal generated by wg, wdw? and wy.
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Then K is a perfect ideal of grade 2 and the Hilbert series of R/ K is Hp,x (\) =
1+ 2X + 32 + 223, Hence it follows from Theorem 2.2 [17] that (1,2,3,2) is
an O-sequence.

Next we turn to the Hilbert function of the standard k-algebra S = R/I4,
where I; is a homogeneous perfect ideal of grade 3 with type 2 defined by a
skew-symmetrizable matrix G7 in (3.1). The minimal free resolution of R/I;
is

2 n+1 n
_ f3 _ f2 _ f1
41) G:0—PR(-5) —= P R(-p;) —= P R(-7:) — R,
=1 =1 =1

where for each i, f; is a homogeneous map of degree 0 given by

Vel o 0 0

f1=[$1 T2 zn};

fQZ[Gl V}a

MMy v - v, o]
fs = 0 0 Yo -+ Yigp —up]’

and the shifted degrees are

G; =degx; for 1 =1,2,...,n,

p1 =degyn + @ for some (3 <1 <mn),

P2 = degyia + ¢ for some (3 <1< n),

p; = deguy +degyy +q or p; = degye; + q. for i =3,4,...,n,

[=1or =2, and c is an integer with 3 < ¢ <n,

Pi=q +q for i=n+1,

51 =degY; + p; for some j(1 < j <n),

Sy = degYi2; +P; or 52 =degus + Ppt1 for some j(3 < j <n).
We say that a sequence ¢ = (co, ¢1,¢2, . .., ¢,) of nonnegative integers with ¢, #
0 is a CI-sequence having the type (dy, d1,ds, . .., d) if ¢ is the Hilbert function
of a zero dimensional standard complete intersection k-algebra S = R/I, where
I is a homogeneous complete intersection generated by a homogeneous regular
sequence z = Zzy, 21, 22, - - -, 2m Wwith degz; = d;. It follows from Proposition
2.1 that p = 3" ((di — 1). We define a sequence h = (hg, hy,ho, ..., hy) of
nonnegative integers with h, # 0 to be a Brown sequence if there exists a zero
dimensional standard k-algebra S = R/I with the Hilbert function h, where T
is a homogeneous perfect ideal of type 2 with A(I) > 0. Now we characterize
a class of Brown sequences h with hy = 3 by using Theorems 3.3 or 4.4 [1].

We say that h = (hg, h1, ha, ..., hy) is a Brown sequence with hy = 3 defined
by a skew-symmetrizable matrix G7 in (3.1) if h is the Hilbert function of the
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zero dimensional standard k-algebra S = R/I;, where I; = Pf,_1(G1) is a
homogeneous perfect ideal of grade 3 with type 2 and A(I;) > 0.

Theorem 4.3. With the notation above, h = (hg, h1,ha,...,hy) is a Brown
sequence with hy = 3 defined by a skew-symmetrizable matriz G1 in (3.1) if
and only if there exist a Gorenstein sequence g = (go, g1, 92, - - -, gn) and a CI-
sequence ¢ = (cg,C1,Ca, . . .,cpl) with g1 = 3 and 2 < ¢ < 3 satisfying three
following properties:

(1) ¢ has the type (q1,q2,7), where q; is the degree of the i-th gener-
ator for the Gorenstein ideal I of grade 3 corresponding to g for
1=1,2,3,...,n,

(2) o=n+r,

(3) he =1 and

b — Ci fo<i<rt-—1
Y lgierte ifT<i<o,

where we set g; =0 ifn<i<oandc; =0if py <i<o.

Proof. Let h = (hg, hi,ha,...,hy) be a Brown sequence with h; = 3 defined
by a skew-symmetrizable matrix G in (3.1). Then there exists a homogeneous
perfect ideal I; of grade 3 with type 2 and A(I;) > 0 in the polynomial ring
R = k[wg, w1, ws] over the algebraically closed field k& with degw; = 1 such
that h is the Hilbert function of S = R/I;. First we show the existence of a
Gorenstein sequence g. By Theorems 3.3 or 4.4 [1] there exists an n x n skew-
symmetrizable matrix Gy in (3.1) such that Iy = Pf,_1(G1). Let Y = (y;;) be
an n X n alternating matrix and let I = Pf,—1(Y) be the ideal in Example 3.2.
Then the grade of fl is less than or equal to 3. Since I} C fl and I; has grade
3, I has grade 3. Hence by Theorem 2.1 [2] S = R/I; is a zero dimensional
standard Gorenstein k-algebra. The minimal free resolution of R/ I, is given
in [2]. Hence there exists a Gorenstein sequence g = (go, g1, 92, - - - , gn), Where

gi = H(R/L,,i) for i=0,1,2,...,7.

Now we prove (1). The minimal free resolution of R/I; is given in (4.1). We
note that

hi=H(R/I,,i) for i=0,1,2,...,0.

Let 7 = deguy. Since R/I; and R/fl are zero dimensional, it follows from the
consequence of the Hilbert syzygy theorem that

(4.2) ;H(R/fhi)/\i(lg(i)‘))\)g and ;H(R/h,i)/\i(lh(}\;—)g,

where

(4.3) GO =1 A0 L N7 na et e,
1=1 1=1
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2

— Y ARG zn: Ab(s=rit2r) zn: AL (stritar)

h(A) =
(44) i=1 =3 i=1
+ )\S*%(TlJr’l"z) 2 AS‘FT*%(TIJ”TQ)’

and r; and s are integers given in [2] (see 466 page). Let
Yoe =h(\) =)
=0
be the difference of two polynomials h(\) and §(\). Then we have

o n

Zei)\z Z)\2(s T1+2T) Z % s+r;+271) + Asf—(r1+r2) ST
i=0 i=1
)\er'rff ri4r2) + i)\% 5—T4) z":)\% s+7r3) L
=3 =1

(45) 1 _ )\T <Z )\% s—ri) _ Z)\%(s—i-m) + 0+ )\5—%(7‘14-7‘2))

=3 =1
2
17AT < +1 Z (s T1)+)\S(T1+T2)>
(1— A7) ( (1 ARG ”))(1—)\5(8_”))).

Hence

o

2
Dk = = (L= X)g) + (1= [T +A+ 0 44 xn 7))
i=0 j=1

X (L+ A+ A2 4 AT,

where ¢; = %(s —r;) for i = 1,2. Let p1 = ¢1 + g2 + 7 — 3. Let ¢(\) be the
polynomial defined by

ZCZAZ—H 1+)‘+)‘2+"'+)‘qi_1)(1+)\+)\2+---—|—)\T_1).

i=1

Then c(A) is the Hilbert series of the zero dimensional standard complete inter-
section k-algebra R/(wd', w?, w3). Hence (1) is proved. It follows from (4.2),
(4.3) and (4.4) that the degrees of two polynomials §(A) and h(\) are

s=n+3 and o+4+3=s+T7,
respectively. This proves (2). Finally we prove (3). We set
gi=0 fori=n+1,n+2,...,0
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It follows from (4.2) and (4.5) that

s

- ZSZAZ n
(46) D (hi—g)X = Tgge = ~(1=AD) D gih ).

=0 (1 =0

b — C; ifo<i<r-—1
L Gir +c; if T<i<o.

Since p1 = s— 4 (r1+r2)+7—3 and o = s+7—3, it follows that p; < o =n+7.

Hence it follows from (4.6) that h, = g, = 1. This proves (3). Conversely, we
assume that the three properties (1), (2) and (3) are true. Since hy = 3 and
g is a Gorenstein sequence, by Theorem 2.1 [2], there exists a homogeneous
Gorenstein ideal K of grade 3 such that
(4.7) i A= iH(R/K DA = g

' z‘:ogZ 71‘:0 T (1 =2
where g(\) is the polynomial in (4.3). Furthermore, we can see from [2] (see
page 466) that ¢; = %(s —r;) fori=1,2. Then p1 = q1 + g2 +7—3. By (1) we
have

P1 2 .
_ i e (L= A0 = A7)
c(\) = ;cz)\ = ENE .
Since o = n + 7, (3) implies that

o n+t T—1 n+t pP1
DS TRA =D TN =) TGN > i A+ Y e
i=0 i=0 i=0 i=t i=T
We want to show that

i )
2=

where h()) is the polynomial in (4.4). Since g; = 0 for n < i < o, it follows
from (4.7) that

n+7 n 5
i \T i ATg(A)
_ZgHA = A ng =T
=T 1=0
A direct computation shows that
o pP1 n+t ~ 2 .
: : A [T (= A) (A = A7)
hiAZ —_ Z_)\z i*‘r>\z — =
2N = Qe ) o N = Ty
h(\)
(1=

The last identity follows from (4.5). It follows from (4.2) and Theorems 3.3 or
4.4 [1] that there exists a zero dimensional standard k-algebra S = R/I; with
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the Hilbert function h = (hg, h1, ha, ..., hs), where I is a homogeneous perfect
ideal of grade 3 with type 2 and A(I1) > 0 defined by a skew-symmetrizable
matrix G in (3.1). This completes the proof. (]

We give an example which demonstrates Theorem 4.3.

Example 4.4. h = (1,3,6,8,4,1) is a Brown sequence defined by a skew-
symmetrizable matrix G; in (3.1) given as follows

0 0 Wy W2 w% —Wows 0 0
0 0 wowey O 0 —wows W3
—wq —Wo 0 w1 wo w2 0
G1 = | —Ws2 0 —Ww1 0 wo w1 0 y
wo 0 —WwWo —WwWo 0 w2 w1
0 wo — W2 — W1 — W2 0 wo
L 0 — W2 0 0 — W1 —WwWo 0

where v1 = w1 = wz. So 7 = degu; = degwy = 1. Let m = 2. Let I; =
(x1,x2,...,27) be the ideal in Example 3.2. Then a direct computation by
CoCoA 4.7.5, Algebra system shows that [; is a perfect ideal of grade 3 with
type 2. Since x = x1,x2, x3 is a regular sequence such that (z) : I; is an almost
complete intersection of grade 3, Proposition 2.5 [1] gives us that A(I) > 0.
h = (ho, h1,h2,hs, ha, hs) = (1,3,6,8,4,1) is the Hilbert function of R/I;.
Hence 0 = 5. Let Y be an 7 x 7 alternating matrix in Example 3.2. We can
get Y from Gi. Let I; be the ideal generated by the maximal order pfaffians
of Y. Since I; has grade 3 and [} C fl, fl is a Gorenstein ideal of grade 3.
The Hilbert function of R/I; is g = (go, 91, 92,93, 94) = (1,3,6,3,1). Hence
n=4and o =5=4+1=n+ 7. We know that ¢; = 3 and g2 = 3. Since
¢ = (co,c1,02,¢3,¢4) = (1,2,3,2,1) is a Cl-sequence having type (3,3,1), it
follows that

hi=c¢ fori=0, and h;=g,—1+c¢ for i=1,234,5,
where we set g; = 0 and ¢; = 0 for ¢ = 5.

For i = 0,1,2,3,4 we let G; be a skew-symmetrizable matrix in Section 3
(for i = 0 we set Gy = éo). We say that a sequence h = (hg, hy, ha, ..., hy) of
nonnegative integers with hs # 0 is a Pl-sequence of type t; defined by a skew-
symmetrizable matriz G; if h is the Hilbert function of the zero dimensional
standard k-algebra S = R/I;, where I; is a homogeneous perfect ideal of grade
3 with type t; defined by G;. For example, Theorems 2.1 [2] and 4.2 [17] say
that every Gorenstein sequence h with h; = 3 is a PI-sequence of type 1 defined
by Go. Moreover, Theorems 3.3 and 3.5 say that there exist many PI-sequences
of type t; defined by G;, where t; = 2, 3,4 for : = 1,2, 3. The following example
gives us a PI-sequence h of type 2 with hy = 3 which does not belong to a class
of Brown sequences with h; = 3 defined by G; in (3.1).

Example 4.5. Let h = (1,3,6,10,8,4,1) be a sequence of positive integers.
Let m = 2. First we show that h is not the Hilbert function of R/I, where Iy
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is a homogeneous perfect ideal of grade 3 mentioned in Theorem 3.3. Suppose
that h is the Hilbert function of R/I;. Let g be a Gorenstein sequence in
Theorem 4.3 and let I; be a Gorenstein ideal of grade 3 corresponding to g.
Let g1 and g2 be the integers mentioned in (1) of Theorem 4.3. Since hg = 10
is equal to the number of monomials of degree 3 in R, it follows from (2.1) that
the degrees of generators for I; are greater than or equal to 4. Hence ¢; and
g2 are greater than or equal to 4. Let ¢ and p; be the integers mentioned in
Theorem 4.3. Then 0 = 6 and p; < ¢ = 6. However, this is contrary to the
fact that p1 = 1+ +7 -3, (1 + g2 —2 > 6 and 7 — 1 > 0. Hence h is
not the Hilbert function of R/I;. Now we show that h is the Hilbert function
of the zero dimensional standard k-algebra R/I4, where Iy = Pfs(G4) is a
homogeneous perfect ideal of grade 3 defined as follows: Let G4 be an 7 x 7
skew-symmetrizable matrix in (3.8) given by

0 0 0 w1 w% 0 0
0 0 wo w29 0 wWo W2 0
0 —Wo 0 0 0 w1 W 0
G4 = | —wW1 — w2 0 0 0 0 WoWsa
—Wsy 0 0 0 0 w% w%
0 —wy —wq 0 —wg 0 w%
| O 0 0 —wy —w? —w? 0

Then Iy = (x1,x9,...,x7) is a perfect ideal of grade 3 with type 2, where
vy = w3 and x; = A(G4)/vq for i = 1,2,...,7 (see (3.9)). Theorem 3.17 [3]
says that I has type 2. The Hilbert function of R/l is h = (1,3,6,10,8,4,1).
Hence h is a PI-sequence of type 2 defined by G4. Since L = () : I is a perfect
ideal of grade 3 minimally generated by five elements for any regular sequence
= x;,x;,x) in Iy, Proposition 2.5 [1] says that A(I4) = 0.

Now we characterize the Hilbert function of a zero dimensional standard
k-algebra R/I5, where I3 is a homogeneous perfect ideal of grade 3 with type 3
defined by a skew-symmetrizable matrix G in (3.3). (1) of Theorem 3.5 says
that I is a perfect ideal of grade 3 with type 3 linked to a homogeneous almost
complete intersection of grade 3 with even type by a regular sequence.

Theorem 4.6. Let h = (hg, h1, ha, ..., hs) be a sequence of nonnegative inte-
gers with hy = 3 and h, # 0. If h is the Hilbert function of the zero dimensional
standard k-algebra R/ I, where Is is a homogeneous perfect ideal of grade 3 with
type 3 defined by a skew-symmetizable matriz Go in (3.3), then there exist a
Gorenstein sequence g = (9o, 91,92, - - -, 9y) With g1 = 3 and two CI-sequences
c=(co,c1,C2,...,¢p, ) and € = (éo, €1, Ca, ..., Cp,) with2 < ¢, ¢ < 3 satisfying
the following three properties:
(1) ¢ and ¢ have the types (1,92 + K, q3) and (K, q1, q3), respectively, where
q; is the degree of the i-th generator for the Gorenstein ideal I of grade
3 corresponding to g for 1 =1,2,3,...,n+ 3, respectively,
(2) o=n+71+k,
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(3) ho =1 and

ci if0<i<rt-—1
hi =1 ¢+ ¢éi—r ifT<i<T+4+kK
gi—T—K+ci+éi—T ifT+/€§i<0’,

where we set g; =0ifn<i<o, ¢;=0ifp1 <i<oandé =0 if
p1<t<o.

Proof. The proof is similar to that of if part of Theorem 4.3. Let Iy =
(Z1,Z2,...,Znt3) be a homogeneous Gorenstein ideal of grade 3 in Example 3.4
and g the Hilbert function of a zero dimensional standard Gorenstein k-algebra
R/I5. The Hilbert series of R/I5 is
n -
— (0
Hpyp,(N) = Zgi)‘ BN E
i=0

where g()) is mentioned in (4.3) and we replace n with n+3. Let Iz be a homo-
geneous perfect ideal of grade 3 with type 3 defined by a skew-symmetrizable
matrix G2 in (3.3). The minimal free resolution of R/I> described in [4] as
follows:
(4.9)

3 n+5 n+3

Fhom : 0 —> D R(~5) 2> P R(-p:) >~ P R(~a:) >R,
i=1 i=1

i=1

where
_ C
0 F B
flz[zl T2 T3:-- 1'n+3], f2:|:Ft Y 0:|a f3: Q 3
N
_ —q21 qu1 T4
0 Zs3 0 —PiY) Ty —q2 qi2 Ts
B=| z3 0 |,C=|Pi(Y) 0 T ,Q= . . . )
_—$2 —X1 0 0 T3 .
—(q2n din Tn+3
[ 0 ul 0 i+1 .
N = w0 o W= (-1) Z Yjragi for i=1,2,

1<k<r

and the shifted degrees are

g =degx; for i=1,2,...,n+ 3,

i =degaj; + gj43 for ¢ =1,2,3, and for some j(1 < j <n),

pi =d+dega;_3;+ @ for i=4,5,...,n+3 and for some [(1 <1<3), or
Di = deg am, i—3 + Gm+3 for i =4,5,...,n+ 3 and for some m(1 <m < n),
Pi=q3+q: for i=n-+4 and p; = q + g3 for : =n+5,
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51 = degP{(Y) 4+ p2 or 51 =degqo; + pi4+3 for some (1 <1 <n) or
51 = deguz + Pr+s,
5o = degP{(Y) 4+ p1 or 83 =degqy; + pi+s for some (1 <1 <n) or
59 = degui + Pp+4,
53 = deg Ty, + Py for some m(1 <m < n+ 3),

degus if [ =1
d=<deguy if =2

deguy + degusy if [ = 3.

Let 7 = deguy and k = degus. Since R/I5 is zero dimensional, the Hilbert
series of R/I; is

3 N = S i = Y
ZH(R/[Q,Z))\ = th)\ = m,
=0 i=0
where
R(A) = 1= ABG=r+7 _ \bs—ra)be _ yb(s=ra)
n+3 n+3
- Z )\%(sfn)JrTJrn + Z )\%(SJrTi)JrTJrIi + Asfé(rngrg)Jrn
i=4 =1

+ AS*%(’I"1+TS)+T _ )\sfé(r2+r3)+'r+n _ AS*%(T1+TS)+T+I€ — )\StTHE

The difference of two polynomials 2()\) and §()) is
OV OV
3
_ (1 _ )\T+I{)g‘()\> TR 4 Z)\%(S*H)Jr‘ﬂrﬁ
i=1
F (1= A3GTre)) (1 = pz(smroT
_ )\%(S—’I‘z)-‘r&) _ )\%(s—rg)—i-r-i-n()\%(s—rl) + )\%(s—m))
_ (1 o )\T+I{)g‘()\> + (1 B )\%(577"3))(1 B /\%(sfrl)Jr'r o /\%(sfrz)Jrn
_ )\TJrn + )\%(Sf’l“l)JrTJrli + )\%(sfr2)+7'+n)
= (1= A0
(1= AZGTT) (1 — AT)(1 = AR AT(1 = AR (1 — AZ (5T
Ijet di =17, dy = %(s —7r9) + K, d3 = %(s —r3) and di = k, dy = %(s - 71),
d3 = 1(s —r3). Let
3

1
p1:Z(difl):575(T2+r3)+7'+/173 and

=1
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3

. 5 1

PlZE (di71):5f§(7~1+r3)+573,
i=1

Then
th)\t H1+A+)\2+...+)\di*1)
=1
and
p1 3 )
é(/\) = Zét)\t = H(1+)\+)\2+...+>\di*1)
t=0 i=1

are the Hilbert series of the standard complete intersection Fk-algebras

R/(wd, w, wd) and R/(wO ,wfz,wgg), respectively. This proves (1). In

the similar way of the proof of Theorem 4.3, 0 +3 =s+ 7+ k and n+ 3 = s.
This implies that ¢ = 1 + 7 + k. This proves (2). We note that

o n
(4.10) D hXT = XN TN 4 e(A) 4 ATE(N).

(3) follows from (4.10). O

The following example illustrates Theorem 4.6.

Example 4.7. Let m = 2. h = (1,3,6,9,10,5,1) is a PI-sequence of type 3
defined by a skew-symmetrizable matrix Gz in (3.3) given as follows

[0 0 0 w% WoW1 0 wiws |
0 0 0 —w% 0 —wWows 0
0 0 0 0 wiw; 0 wow?

Gg = | —w1 Wy 0 0 wa 0 0 s

—Wo 0 —WwWy —wW2 0 w1 0
0 wWa 0 0 — W1 0 wo

_—’LUQ 0 — W1 0 0 —WwWo 0 ]

where vy = wowy. Io = (x1,22,...,27) is a perfect ideal of grade 3 with

type 3, where x; = A(G2);/va for i = 1,2,3,...,7 (see (3.4)). So 7 =
degu; = degwyg = 1 and k = degus = degw; = 1. The Hilbert function
of R/IQ is h = (ho,hl,hg,h3,h4,h5,h6) = (1,3,6,9,10,5,1). Hence ¢ = 6.
We can get an 7 x 7 alternating matrix 7' in (3.7) from Ga. Let Iy be the
ideal generated by the maximal order pfaffians of 7. Since I, has grade
3 and I, C fg, I is a Gorenstein ideal of grade 3. The Hilbert function
of R/Iy is g = (90,9192, 93,94) = (1,3,6,3,1). Hence n = 4. Thus 0 =
6 = 4+1—|—1 =n+7+ Kk We know that d; = 1, dy = 4, d3s = 3and
di =1, dy = 3, d3 = 3. Since ¢ = (00,01,02,03,04,05) (1,2,3 3,2,1) and
¢ = (CO,Cl,CQ,C3,C4) = (1,2,3,2,1) are Cl-sequences having the type (1,4, 3)
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and (1,3,3), respectively, pg =3+ 2 =5 and p; =2+ 2 = 4. So it follows that

6 4 P1 P
DSTRAN =N TGN £ TGN+ ATy aN.
1=0 =0 1=0 =0

Finally we characterize the Hilbert function of a zero dimensional standard
k-algebra R/I3, where I3 is a homogeneous perfect ideal of grade 3 with type 4
defined by a skew-symmetrizable matrix G in (3.5). (2) of Theorem 3.5 says
that I3 is a perfect ideal of grade 3 with type 4 linked to a homogeneous almost
complete intersection of grade 3 with even type by a regular sequence.

Theorem 4.8. Let h = (hg, h1, ha, ..., hs) be a sequence of nonnegative inte-
gers with hy = 3 and h, # 0. If h is the Hilbert function of the zero dimensional
standard k-algebra R/I5, where I3 is a homogeneous perfect ideal of grade 3 with
type 4 defined by a skew-symmetizable matriz Gs in (3.5), then there exist a
Gorenstein sequence g = (9o, 91,92, - - -, gy) With g1 = 3 and two CI-sequences
c=(co,C1,€2,...,Cp,), and € = (o, ¢1,C2,. .., €5, ) with 2 < c¢1,é < 3 satisfy-
ing the following three properties:
(1) ¢ and ¢ have the types (T+q1, £+q2,v+qs3) and (q1, g2, q3), respectively,
where q; is the degree of the i-th generator for the Gorenstein ideal I
of grade 3 corresponding to g fori=1,2,3,...,n+ 3,
(2) o=n+71+rK+v,

(3) he =1 and
h— ci if0<i<7t+r+rv-—1
f Gi—r—k—v T Ci — Cirkv Zf T+r+tv<i<o,
where we set g, =0 ifn<i1<o0,¢; =01if p1 <1< 0 and¢; =0 if
ﬁl <1< o.
Proof. The proof is similar to that of Theorem 4.6. (|

The following example illustrates Theorem 4.8.

Example 4.9. Let m = 2. h = (1,3,6,10,12,12,6, 1) be a PI sequence of type
4 defined by a skew-symmetrizable matrix G5 in (3.5) given by

0 0 0 Wo W1 W 0 wlwg w%wg_
0 0 0 —wows —wiwy —wow3 0
0 0 0 0 wow? wiwy  wow?
Gg = | Wy W2 0 0 0 w1 wo N

0 wo — W1 0 0 0 wWa

—W2 W2 —Wo — W1 0 0 0

_—’LU1 0 — W1 —WwWo — W2 0 0 i

where v3 = wowiwe. I3 = (x1,22,...,27) is a perfect ideal of grade 3 with

type 4, where x; = A(G3),/vs for i =1,2,3,...,7 (see (3.6)). So 7 = degwo =
1,k = degw; = 1 and v = degws = 1. The minimal free resolution of R/I5
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is described in [5]. The Hilbert function of R/I3 is h = (hg, h1, he,...,h7) =
(1,3,6,10,12,12,6,1). Hence o = 7. The same argument mentioned in Example
4.7 gives us a Gorenstein ideal I5 of grade 3 and the Hilbert function of R/ I
is g = (90,91,92,93,94) = (1,3,6,3,1). Hence n = 4 and 0 =7 =4+ 1+
141 =n4+7+ K+ v. We know that ch = 3,d2 = 3 and cig = 3. Since ¢ =
(1,3,6,10,12,12,10,6,3,1) and ¢ = (1,3,6,7,6,3,1) are Cl-sequences having
types (4,4,4) and (3,3, 3), respectively, p1 =9 and p; = 6. So it follows that

7 4 P1 1
Z ht)\z — )\T+l<a+u Zgl)\z + Z Ci)\i _ )\T+l<a+u Z éz)\z
=0 =0 =0 =0

5. Unimodality of Gorenstein sequence defined by
skew-symmetrizable matrix G;

In this section we let R = k[wg, w1, we, w3] be the polynomial ring mentioned
in the abstract (m = 3) and we assume that every perfect ideal P in R and
every regular sequence in P are homogeneous. Let I; be a perfect ideal of
grade 3 defined by G; in Section 3 for ¢ = 0,1,2,3 and let a = a1, a2,as3 be
a regular sequence in I;. Let H; be the sum of two perfect ideals I; and J;
which are geometrically linked by a. We define a sequence h = (1,4, ho, ..., hy)
of nonnegative integers with hs # 0 to be a Gorenstein sequence defined by
a skew-symmetrizable matriz G; if h is the Hilbert function of R/H; for an
integer (0 < 4 < 3). In this section we use the results described in Section 3,
Proposition 5.1 and Lemmas 5.2, 5.3, 5.4 below to prove that for ¢ = 1,2,3
Gorenstein sequence defined by a skew-symmetrizable matrix G; is unimodal.
For i = 0 it follows from Theorem 4.1 that Gorenstein sequence h defined by a
skew-symmetrizable matrix G is unimodal.

Proposition 5.1. Let Iy and Jy be a Gorenstein ideal of grade 3 and an
almost complete intersection of grade 3 with type t in R, respectively, which
are geometrically linked by a reqular sequence a = a1, as,as in Iy N Jy. Then if
Ho = Iy + Jo, then h(R/Hp) = (1,4, ha, ..., he,) is unimodal.

Proof. Since Iy is a Gorenstein ideal of grade 3, by Theorem 2.1 [2] [y =

(Y1,Y2,...,Y,) for some n X n alternating matrix Y, where Y; is the maximal
order pfaffians of Y for every i. Since Iy and Jy are geometrically linked, Hy =
(11,Ys, ..., Y, w) for some homogeneous element w in R. Hence we have Hy =

(Ip,w). Let degw = e and let g = (g0, 91,92, - -9y, Gn+1, - - -) be the Hilbert
function of R/Iy with o(R/Iy) = 0. Since w is regular on R/Iy, it follows from
Theorems 2.1 [7] and 3.1 [17] that o(R/(a)) = n+ e and o(R/Hy) = o9 =
n+e— 1. Since Hy = (lp,w) and degw = e, we have

51) h_{gi ifo<i<e—1

gi — Gi—e if € <i < op.
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We want to show that h; — h;—1 > 0 for an integer ¢ with 1 < i < [09/2]. We
have two cases: either e < [0(/2] or e > [0¢/2].

Case (a) e > [00/2].
In this case if 1 < i < [0¢/2], then ¢ < e. Hence h; — h;—1 = ¢g; — gi—1 > 0.
The inequality follows from Proposition 2.2 since R/ is a one dimensional
standard Gorenstein k-algebra. So we get the desired result.

Case (b) e < [00/2].
If 7 is an integer with 1 <i <e—1, then h; — h;_1 = g; — gi—1 > 0. The same
argument of case (a) gives us the desired result. If i = e, then h; — h;—; =
gi — gi—1 — 1 > 0. The inequality also follows from the same argument. Now
we assume that e < i < [09/2]. Since Hg/1,(A) = Y0 giA" is the Hilbert
series of a one dimensional standard Gorenstein k-algebra, (1 — X)Hp/r, () is
the Hilbert series of a zero dimensional standard Gorenstein k-algebra. Hence
(90,91 — 90,92 — g1,-- -, 9n — gn—1) is a Gorenstein sequence with g; — go < 3.
It follows from Theorem 4.1 that for each k with 1 < k < [n/2]

9k — 9k—1 — (gr—1 — gr—2) > 0, where g; =0 for [ < 0.
Thus for each i with e < ¢ < [0(/2] it follows from (5.1) that
hi—hi-1=gi— gi—e = (gi—1 — gi—1-¢) = gi — gi-1 — (Gi—e — Gi—1-¢)
=gi—9i-1— (9i-1 — gi—2) + (gi—1 — gi—2) — (gi—2 — gi—3)
+(gi—2 —gi-3) — (9i—3 — gi—a) + -+ (Gicetr1 — Gi—e)
—(gi—e — gi—1-¢) = 0.
This completes the proof. (I
Now we prove that a Gorenstein sequence defined by a skew-symmetrizable
matrix G; in (3.1) or (3.3) or (3.5) is unimodal for ¢ = 1,2, 3. For this purpose
we need some lemmas. We can get a Gorenstein ideal of grade 3 from G;. Let
G; be an alternating matrix obtained from G; for i = 1,2,3 (see Examples 3.2
and 3.4) and I; = (&1, &2, ...,%,) a Gorenstein ideal of grade 3 generated by
the maximal order pfaffians of G;. Let a = ai, as, as be a regular sequence in

I; defined as follows for i = 1,2, 3: Let k be an integer with 3 < k < m, where
m=norm=n+ 3.

B, Be,dp fi=1

™
Il

T1,T9,%3 if i =2

T1,%2,23 if i =3.

Let J; = (a) : I;. Then J; is an almost complete intersection of grade 3 for
i = 1,2,3. We assume that entries of G; and all u; are homogeneous in the
ideal m = (wo, w1, w2, w3) of R.

Lemma 5.2. With the notation above, we assume that

(1) I; and J; are linked by a, and
(2) I; has grade 3.
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If I; and J; are geometrically linked by a, then I; and J; are geometrically linked
by a.

Proof. Since I; is an ideal generated by the maximal order pfaffians of G;, the
grade of I; is less than or equal to 3. Since I; has grade 3 and I; is properly
contained in I;, I; has grade 3. Theorem 2.1 [2] implies that I, is Gorenstein.
Hence J; = (@) : I; = (a1, @z, a3, w), where w is an element defined in (3.5) [9].
It follows from the definitions of G; and G; that if i = 1, then ay = #1, as = &2
and az = u1Zy (see Example 3.2), if ¢ = 2, then a1 = u1&1,a2 = uas and
as = &3, and if ¢ = 3, then a; = u1%1, a2 = ua®2 and a3 = usZs (see Example
3.4). Let J; = (a) : I;. Tt is easy to show that J; = J; fori =1,2,3. Since I; and
J; are geometrically linked, I; N J; = (a). We want to show that I, N .J; = (a).
Since I, N J; = (@), w is not contained in I;. Since I; C fi, w is not contained
in I;. Since J; = J;, I; N J; = (a). Thus I; and J; are geometrically linked by
a. [l

Let H be a Gorenstein ideal of grade 4 expressed as the sum of two perfect
ideals of grade 3 geometrically linked by a regular sequence z. Then the Hilbert
function of R/H is characterized as follows.

Lemma 5.3. Let R be the polynomial ring mentioned in this section. Let I
and J be perfect ideals of grade 3 algebraically linked by a regular sequence z
and H =1+ J. Then

(5.2) Hp/g(N) = Hryr(A) + Hr s (A) — Hry(z)(A)

if and only if I and J are geometrically linked.

Proof. Let us consider a short exact sequence

(5.3) 0——R/INJ——R/I®R/J——R/(I+J)——0.

Suppose that I and J are not geometrically linked. Then I N J # (z). Since
(z) CTand (2) C J, (2) S INJ. Let Hi.y(\) and Hyny()) be the Hilbert series
of (z) and I N J, respectively. Then

Hy(A) # Hins ().
On the other hand, we get the following from (5.2) and (5.3)
(5.4) Hp/rna(A) = Hryz) (V)
We also obtain the following from (2.1) and (5.4)

H(z)()‘) = Hiny(A).

This is a contradiction. Conversely, we assume that I and J are geometrically
linked by the regular sequence z. Then I NJ = (z) and

Hpyr(A) + Hgyy(A) = Hrror/g(N\) = Hpyy(N) + Hr (M)

Hence we have the desired result. O
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We remark that Lemma 5.3 is true for a Gorenstein ideal H of grade m + 1
in the polynomial ring R mentioned in the abstract such that H is the sum of
perfect ideals I and J of grade m geometrically linked by a regular sequence z.

Let ¢ = (cg,c1,¢2,...) and € = (ég, é1, é2,...) be the Hilbert functions of

one dimensional standard complete intersection k-algebras R/ (w1 ,w;‘2,w§3)

and R/(w,wd w), where d = (d1,da,ds) and d = (dy,da, d3) are types of
CI-sequences mentioned in Theorems 4.3 or 4.6 or 4.8. Let a = (&9, 41, &2, . . .)
and a = (&g, 41, &2,...) be the Hilbert functions of one dimensional standard
complete intersection k-algebras R/(a) and R/(a), where a and a are the regular
sequences mentioned above. Let d; = deg z; and d; = degz; for i = 1,2, 3. Let
p1 and p1 be the integers mentioned in Theorems 4.3 or 4.6 or 4.8.

Lemma 5.4. With the notation above we let p1 and p1 be positive integers
defined as follows
3

3
p1= Z(dz —1) and pr =Y (d; — 1).

i=1

(1) k’i =C; — (,f —i‘i_l) Z 0 forO S T S [(ﬁl - 1)/2].
(2) k == (cifcl 1) (i‘if.fifl)+(ji7i'i,1) Z OfOTl S ) S [(ﬁlfl)/ﬂ

Proof. (1) Let d = (dy,da,ds) be the type of a CI-sequence mentioned in Theo-
rem 4.3. The proof for the case that d = (d1, dz, d3) is the type of a Cl-sequence
mentioned in Theorems 4.6 or 4.8 is similar to that of this case. We prove only
this case. So a and a are regular sequences in I; and I in Example 3.2, respec-
tively. Hence d; = ¢; fori = 1,2 and d3 = 7, d; = ¢; for i = 1,2 and d3 = qx 4+,
and d; = ¢ for i = 1,2 and ds = qr for some integer k (3 < k < n). It follows
from Corollary 3.3 [17] that the Hilbert series of R/(c¢), R/(a) and R/(a) are

(5.5)

d; d;
i _ 11( —A%) i L (-4
Hp/e)(A ZCM ) s Hry(ay(A sz)\ —1 )T
(1=
H N = —.
R/ (A Zz TSN
Let
3 3 )
e =JJa+ x4+, ) =]Ja+r+---+21%"") and
=1 =1

e\ = [+ A+ + A%

be the polynomials in A. Then ¢(A) = 372, (c; — —1)A! and z(A) = 12 0(301
#_1)AL Since d; = d; = ¢; for i = 1,2, ¢()\) and z()\) have a common factor
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FO) =TI U+ A+ A2 4+ X570 Let f(A) = fo+ LA+ o X2 4+ [N,
where v = ¢1 + g2 — 2. Then f()) is symmetric, that is, f; = fy—;. Let ¢()\) =
mo +miA+maA? + -+ mp, A and £(X) = ng + X + 122 + - 4 np AL
Since R/(c) is one dimensional and o(R/(c)) = p1,

K3
Ci=Ci—1+m; =¢Ci_o+mi—1+m; =---= E my for i =0,1,2,...,p1,
=0

and ¢; = cp, for i = py +1,p1 +2,..., where ¢ = 0 and my; = 0if [ < 0.
It is sufficient to show that k;, = ¢; — (& — &i—1) = Zli:o my —n; > 0 for
i=20,1,2,...,[(p1 — 1)/2]. Let i be an integer with 0 < i < [(p1 — 1)/2] and
let p = min{~y,4} be an integer. If i < 7 — 1, then m; = n; = > |_, fi. Hence
ki:Z;':Omlfni >0fori=0,1,2,....,7— 1. Fori=7,74+1,...,p1 we have

p
mi= Y fi.

l=i—7+1
Ifi <q,+7—1, then n; = Zfzofz- Fori=qy+7,qe +7+1,...,[p1/2] we
have
p
ni= >  f
l=i—qr—7+1

Hence it is easy to show that k; =Y, _ my—n; >0fori=71,7+1,...,p1 —1
and k; = > 1tomy —n; >0 fori=py,p1+1,...,[p1/2].

(2) We notice that ¢(X), Z(\) and x(\) have a common factor f(\) given in
the proof of (1). So we have

c(A) —z(A) +2(N)

P1 p1 p1
= Z(Cz — )\ — Z(i"z —F)A Z(iz — dp) A\
=0 1=0 1=0

= FOVAHA A2+ A (A A+ A g At
F (A HAF AN AT h)
If 7 < g, then (51 —1)/2) < pn and if 7 > gy, then [(j1 —1)/2] < p1. This
implies that
(et —er—1)— (T — Fj—1)+ (& — 24—1) >0 for 1 =0,1,2,...,[(p;1 —1)/2]. O

Now we use the results mentioned in Section 3, Proposition 5.1 and Lemma
5.4 to prove that if I; and J; are geometrically linked by a regular sequence
a = aj,as,as, then a Gorenstein sequence h(R/H;) is unimodal for i = 1,2, 3,
where Hz = Il + Jl

Theorem 5.5. With the notation above, we let I; be a perfect ideal of grade
3 fori=1,2,3. If I, and J; are geometrically linked by a regular sequence a,
then a Gorenstein sequence h(R/H;) = (1,4, ha, ..., hs) is unimodal.
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Proof. Let Hy = I;- + jz Since fi and jz are geometrically linked by a for
i = 1,2,3, by Proposition 5.1 h(R/Hp) is unimodal. The assumption and
Lemma 5.2 implies that I; and J; are geometrically linked by a regular sequence
a. We note that J; = J; for i = 1,2,3. We prove that a Gorenstein sequence
h(R/H;) is unimodal for only ¢ = 1. For the case of i« = 2,3 the proof is
similar to that of the case of i = 1. As shown in the proof of Theorem 4.3,
o(R/I;) = n+7, where 7 = degu;. Let e be the integer mentioned in the proof
of Proposition 5.1. Since o(R/(a)) = n + e, we have o(R/(a)) =n+e+ 7. It
follows from Theorem 2.1 [7] that o(R/Hy) =n+e+7— 1= p; — 1, where p;
is an integer in Lemma 5.4. Now we set

[e%s) [e%e} n+e—1
Hpr, (V) =Yg\, Hryay(N) =Y &N, Hrm,(\) = Y b,

=0 1=0 =0

0o . oS ' n+e+7—1 '
Hpyr,(\) =Y piN', Hpj\) =Y @), Hpy,(N) = Y L.

1=0 1=0 1=0

We note that
(5.6) )
i 9 i WY
HR/I”I()\):ZQZ)\ :m and HR/Il()\):Zpl)\ :m,
i=0 =0

where §(\) and h()) are polynomials in (4.3) and (4.4), respectively. (po, p1 —
D0, P2—P1s - - -, Pptr —Pptr—1) is a Brown sequence defined by a skew-symmetri-
zable matrix G in (3.1) with p1 —po = 3 and (9o, 91 — 90, 92— 915 - - -+ I — Gn—1)
is a Gorenstein sequence with g1 — go = 3. As shown in the proof of Theorem

4.3, there exists a Cl-sequence ¢ = (cg, c1, ..., ¢p, ) such that

ci fo<i<r-—1
(5.7) pi—pic1=4 , ,

Gi—r —Gi—r—1+c i T<i<n+T

Then it follows from Lemma 5.3 that
Hp/m,(A) = Hg 5, (A) + Hp 5, (A) — Hry@)(A),
Hp/m,(N) = Hryr,(N) + Hryg,(A) = Frya)(A)-
This implies that
Hpm,(N) — Hryr, () = Hry1r,(\) = Hp 7, (A) = Hry(a)(A) + Hrya)(A)-
Hence we want to show that for an integer ¢ with 1 < i < [(p1 — 1)/2] we have
li—=lio1 = (hi—hi—1) + (pi = pi—1) — (9i — gi-1) — (T — Ti—1) + (s — Li—1) > 0.

We have two cases: either r<e—1lor7>¢e— 1.
Case (a) 7 < e—1. We have three parts: (i) 1 <i<7—1lor(ii)7<i<e—1
or (ili) e <4 < [(p1 —1)/2].
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(i) 0 <4 <7 — 1. Then it follows from (5.1), (5.7), Proposition 5.1, and (1)
of Lemma 5.4 that

li—lici=c¢i — (T — Fi—1) + (& — T4-1) > 0,

where we set [, = 0,2, =0 and & =0if k < 0.
(ii) 7 <4 < e— 1. Then in the similar way of (i) we have

li—=lic1 = (Gimr — gimr—1) + & — (& — &i—1) + (8 — &i—1) > 0.

The inequality follows from (2) of Proposition 2.2 and (1) of Lemma 5.4.
(iii) e <@ < [(p1 — 1)/2]. In this case we have

Li—lic1 = (gimr — Gimr—1) — (Gime — Gi—e—1) + ¢ — (T —Ti1) + (& — Ti—1) > 0.

Since 7 < e and (go, 91— 9o, g2— 91, - - - , g — gn—1) is a Gorenstein sequence with
91—go = 3, it follows from Theorem 4.1 that (gi—r —gi—r—1) — (Gice — Gi—e—1) >
0. Hence (1) of Lemma 5.4 gives us that I; — [;_1 > 0.

Case (b) 7 > e—1. We have three parts: (i) 1 <i<e—1or (ii)e
or (iii) 7 < i < [(p1 — 1)/2]. The proof of (i) is similar to that of (i)
To prove (ii) and (iii) we need to show the following statement:

(58) i'ife - i'ifefl - (gife - gifefl) Z 0 for i= €, € + 15 R [(pl - 1)/2]

Since R/I; is a one dimensional standard Gorenstein k-algebra with the Hilbert
function g, it follows from (5.6) that € = (g0, 91 — 90,92 — g1, - - s G — gn—1) 1S
a Gorenstein sequence with g1 — go = 3. Hence there is a Gorenstein ideal K
of grade 3 in the polynomial ring R = k[p, ¢, 7] with indeterminates p, ¢, and
degp = degq = degr = 1 such that

<i<7—-1
of case (a).

N _§ i .
HR/K()\):WZ;(ngngl)A , where gr =0 if k£ <O0.
Similarly, @ = (£0,%1 — &0, %2 — &1,...,25 — :ipl 1) is a Cl-sequence with
%1 — ¢ = 3 which has type (g1, g2, qx)- Smce (a) C I, without loss of generality,

by (4.3), (5.5) and Proposition 2.1 we may assume that there is a complete
intersection L of grade 3 in K such that

3 d; P1
> (1 — \% )
HR/L(A)% E (S&Z*i'zfl)Al, where S&k:() if £ <0.
=0

Since L is a complete intersection which is properly contained in K, it follows
fI‘OIIl (21> that i'ife*i'ifefl7(91'76791'7671) Z 0 fOI‘i =€, €+1, R [(ﬁ171>/2]
(ii) e < i < 7 — 1. In this case we have
li—lici= — (Gime — Gice—1) + ¢ — (T — Ti1) + (& — &i-1)
= (Ti—e = Ti—e—1) — (Gime — Gime—1) + i — (i — Ti—1)
+ (& — &ic1) — (Tice — Fime—1) > 0.
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It follows from Theorem 4.1 that (&; — #;—1) — (£i—e — &i—e—1) > 0 for i =
e,e+1,...,[(p1 — 1)/2]. Hence the inequality follows from (5.8) and (1) of
Lemma 5.4.

(iii) T S 7 S [(pvl — 1)/2]. Since (,fo,fl — ,fo, e ,i‘pl — iﬁl—l) and (i‘o,i‘l —
Zo,...,&5 —Z5,-1) are Cl-sequences with &1 — &9 = 3 and &; — &9 = 3 which
have type (q1,q2,qx + 7) and (q1, g2, qx), respectively, we have

Tij—e — Tj—e—1 — (ji—e - jji—e—l) >0 fori=7,74+1,..., [(ﬁl - 1)/2].
Hence it follows from (5.8) that

Ti—e — Tj—e—1 — (gi—e - gi—e—l) >0 fori=7,74+1,..., [(ﬁl - 1)/2].
Since i — 1 > i — e, it follows from Theorem 4.1 and (1) of Lemma 5.4 that
Cic1 — (Fice — Fime—1) = 0fori=7,74+1,...,[(p1 — 1)/2]. Hence we have
li=lici= = (gi—e = Gime—1)+(Gi—r — Gimr—1)+ i — (Ti — Ti1) + (& — &i—1)

= (-i'i—e - ji—e—l) - (gi—e - gi—e—l) +cio1— (-i'i—e - -i'i—e—l)
+ (Gier — Gimr—1) + (i — ciz1) — (Ti — Ti—1) + (& — Ti—1) > 0.

The last inequality follows from (2) of Lemma 5.4. This completes our proof.
O

The following three examples demonstrate Theorem 5.5. In the first example
we construct a unimodal Gorenstein sequence defined by skew-symmetrizable
matrix G in (3.1).

Example 5.6. h = (1,4,10,20,34,52,71,84,84,71,52,34,20,10,4, 1) is a uni-
modal Gorenstein sequence defined by a 7 X 7 skew-symmetrizable matrix G
in (3.1) given as follows

[0 0 0 w% wgwg w%wg 0
0 0 w2w§ 0 w%wg wg’ w%wg
0 —w? 0 w3 w? wi 0
Gi=|-ws 0 —wi 0 w} 0 wi |,
—w3 —wi —w} —w? 0 0 w3
—w? —wi  —w} 0 0 0 w3
| 0 —wi 0 —w?  —w3  —w? 0
where v1 = wy. Then I1 = (21, x2,...,27) is a perfect ideal of grade 3 with type

2, where z; = A(G1);/v1 fori=1,2,...,7. Let G; =Y be a 7 x 7 alternating
matrix obtained from G;. Then I; = (Y1,Y2,...,Y7) is a Gorenstein ideal of
grade 3. An easy computation by CoCoA 4.7.5 shows that a = z1,z2,23 is a
regular sequence. J; = (a) : I; is an almost complete intersection of grade 3
with type 4. Since Iy NJ; = (a), I and J; are geometrically linked by a. Then
Hy, = I + J; is a Gorenstein ideal of grade 4 and the Hilbert function of R/ H;
is h. It is easy to show that h unimodal.

In the second example we construct a unimodal Gorenstein sequence defined
by a skew-symmetrizable matrix G2 in (3.3).
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Example 5.7. h = (1,4, 10, 20, 34,52, 71,88, 100, 100, 88, 71, 52, 34,20, 10,4, 1)
is a unimodal Gorenstein sequence defined by a 7x 7 skew-symmetrizable matrix
Gs in (3.3) given as follows

[0 0 0 wiws ws wiw} 0
0 0 0 —wlw% —w%wl —w% fwlwg
0 0 0 0 wlw%wg wlwg w%w%

Go= |—w3 w3 0 0 w? w3 w3 ,

w3 w wi  —w? 0 w3 0

—wi w? wi  —w3 —w?3 0 wi

| 0 wi w?  —w} 0 —wi 0 |

where vy = wlwg. Then Iy = (21, 2,...,27) is a perfect ideal of grade 3 with

type 3, where z; = A(G3); /vy fori=1,2,...,7. We can get a 7 x 7 alternating
matrix 7 in (3.7) from Go. Iy = (T, T3, ..., Ty) is a Gorenstein ideal of grade
3. An easy computation by CoCoA 4.7.5 shows that a = x1, x2, z3 is a regular
sequence. Jy = (a) : I is an almost complete intersection of grade 3 with
type 4. Since I NJy = (a), Is and Jy are geometrically linked by a. Then
Hy = I, + J3 is a Gorenstein ideal of grade 4 and the Hilbert function of R/ Ho
is h. We can easily check that h is unimodal.

In final example we construct a unimodal Gorenstein sequence defined by a
skew-symmetrizable matrix G in (3.5).

Example 5.8. h = (1,4,10,20,34,52,71,88,100,104, 104, 100, 88,71, 52, 34,
20,10, 4,1) is a unimodal Gorenstein sequence defined by a 7x 7 skew-symmetri-
zable matrix Gs in (3.5) defined by

0 0 0 0 wlwgwg wi’wg wlwg’_
0 0 0 —wiwy  —wiw  —wiwaw? 0
0 0 0 wgwlwg wgwl 0 wg’w?
Gi=| 0 wi —w? 0 w? w3 wi |,
—w} w3 —wi —w? 0 w? 0
—w? w3 0 —w3 —w3 0 w3
_—w% 0 —w? —w3 0 — w3 0 |
where v = wgwlwg. Then I3 = (x1,22,...,27) is a perfect ideal of grade 3
with type 4, where z; = A(G3);/vs for i = 1,2,...,7. The same argument
mentioned above gives us that Iy = (Ty,To,...,T7) is a Gorenstein ideal of

grade 3. An easy computation by CoCoA 4.7.5 shows that a = x1,x2, 23 is a
regular sequence. J3 = (a) : I3 is an almost complete intersection of grade 3
with type 4. Since I3NJ; = (a), Is and J; are geometrically linked by a. Then
Hs =I5+ J3 is a Gorenstein ideal of grade 4 and the Hilbert function of R/Hj
is h. We can easily check that h is unimodal.

The following lemma gives us the relation between the Hilbert functions of
perfect ideals of grade 3 linked by a regular sequence.



1406 0.-J. KANG

Lemma 5.9 ([6]). Let R be the polynomial ring mentioned above. Let I and
J be perfect ideals of grade 3 linked by a regular sequence z. Let 0 = o(R/(2)).
Then we have

h(R/(z),i) = h(R/J,i)+ h(R/I,c —i) for i=0,1,2,...,0.

We remark that Lemma 5.9 is true for perfect ideals I and J of grade m in
the polynomial ring R mentioned in the abstract.

For a perfect ideal K in R we define H(R/K,i) = 0fori < 0 and AH(R/K,1)
= H(R/K,i) — H(R/K,i—1) for i = 0,1,2,.... By combining Theorem 5.5
with Lemmas 5.3 and 5.9 we get following proposition.

Proposition 5.10. Let I and J be perfect ideals of grade 3 geometrically linked
by a regular sequence z = z1, z2, z3. Let I; and J; be the perfect ideals of grade 3
geometrically linked by a regular sequence a = aq, as, az mentioned above fori =
0,1,2,3. Let H =TI+ J and o = h(R/(z)). We assume that deg a), = deg zj, for
k=1,2,3. If AH(R/I;,j)—AH(R/I;,0—j) < AH(R/I,j)— AH(R/I,0—j)
forj=0,1,2,...,[(c —1)/2], then h(R/H) = (1,4, ha, ..., hs) is unimodal.

Proof. The proof follows from Theorem 5.5 and Lemmas 5.3 and 5.9. (I

Let G,(4) be the set of Gorenstein sequences h(R/H) = (1,4, ho, ..., hs),
where H is the sum of perfect ideals of grade 3 geometrically linked by a
regular sequence z. First we give an example which shows that hy = (1,4,1)
and hy = (1,4,4,1) belong to G,(4).

Example 5.11. (1) Let X = (x;;) be an 2 x 4 matrix defined as follows

b wl ol
wi wy wh o wg
Let p=q=1. Then I = [5(X) is a perfect ideal of grade 3 with type 3 and the
minimal free resolution of R/I described in [12]. Let X;; be the determinant of
a 2 x 2 submatrix of X formed by columns ¢ and j. Then an easy computation
by CoCoA 4.5.7 shows that z = X129, X13, X34 is a regular sequence and that
J = (2) : I is a perfect ideal of grade 3. Furthermore, I and J are geometrically
linked by z. Thus H = I+J is a Gorenstein ideal of grade 4 such that h(R/H) =
(1,4,1).
(2) Let T' = (t;;) be an 5 x 5 alternating matrix defined as follows

0 0 —wp —wWy W2

0 0 —w3 —wWi1 Wo

T=| w w3 0 w2 0
wo w1 — W2 0 w3

—W2 —Wo 0 —ws3 0

Then Iy = Pf4(T) is a Gorenstein ideal of grade 3. Let T; be the pfaffian of
4 x 4 alternating submatrix of T obtained by deleting the i-th column and row
from T. It is easy to shows that a = (wo + w3)T, T, Ts is a regular sequence.
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Since I is Gorenstein, Jy = (a) : Iy = (a, wa(wo + w3)) is an almost complete
intersection of grade 3. Since ws(wp—+ws3) is not contained in Iy, IpNJy = (a). So
Iy and Jy are geometrically linked by (a) and Hy = Iy + Jo = (1o, wa(wo +w3))
is a Gorenstein ideal of grade 4 such that h(R/Hy) = (1,4,4,1).

As a result of Proposition 5.10, we show that a Gorenstein sequence h(R/H)
in G,(4) which falls into one of the following three cases is unmodal.

Corollary 5.12. With notation in Proposition 5.10 we let o* = o(R/I) and
o —o* = a*. We assume that (p) o* < [(6 —1)/2] or (q) [(c —1)/2] < o*
and [(c —1)/2] < a* or (r) o* < [(c —1)/2] < o* and AH(R/I,i)— AH(R/I,
o—1)>0fori=a*a*+1,...,[(c —1)/2]. Then h(R/H) = (1,4, h2, ..., hs)
is unimodal.

Proof. Let z = z1, 29,23 be a regular sequence in I N J and e; the degree
of z; for i = 1,2,3. Then o = E?:1 e; — 3. It follows from Theorem 2.1 [7]
that o(R/H) = 0 — 1. So s = o0 — 1. Since hy = 4, we may assume that
e; > 2 fori=1,2,3.If 0 = 3, then h(R/H) = (1,4,1) and if 0 = 4, then
h(R/H) = (1,4,4,1). If 0 = 5 and if h(R/H) = (1,4,n,4,1) belongs to G,(4),
then 4 < n < 10 (see [7]). We have nothing to prove. Hence we assume that
o > 6. First we show that h(R/H) = (1,4, he, ..., hs) is unimodal for case (p).
Since 0* = o(R/I), we have AH(R/I, k) = 0 for k > o*. Let ¢ be an integer
with 0 < i < [(o0 —1)/2]. Since o* < [(0 — 1)/2], we have

0" <[(c—-1)/2] <o —[(c—1)/2] <o —i.
This implies that AH(R/I,0 —i) =0fori=0,1,2,...,[(c —1)/2]. Hence
AH(R/I,i)— AH(R/I,0 —i)>1 if i=0,1,2,...,0%,
AH(R/I,i)— AH(R/I,oc —i)=0 ifi=0c"+1,...,[(c —1)/2].

The inequality follows from the fact that R/I is a one dimensional standard
k-algebra. Let T' = (¢;;) be an 5 x 5 alternating matrix in (2) of Example
5.11. Then Iy = Pf4(T') is a Gorenstein ideal of grade 3 and the Hilbert series
HR/IO(A) of R/IO is

Hpyr, () = 1+ 4X+ ) 5AF,
k=2
Hence 09 = o(R/1y) = 2. We note that u; = e; — 2 is an nonnegative integer for
i =1,2,3. Let T; be the pfaffian of 4 x 4 alternating submatrix of T obtained
by deleting the i-th row and column from 7. A simple computation by CoCoA
4.7.5 shows that a = (wo + w3)"* T, (w1 + w2)*2Ts, (wo + w1)“3T5 is a regular
sequence. Then Jy = (a) : In = (a,w) is an almost complete intersection for
some element w € R. A direct computation from (3.5) [9] says that w is not
contained in Iy. Hence Ip N Jy = (a). So Iy and Jy are geometrically linked
by (a) and Hy = Iy + Jo = (Ip,w) is a Gorenstein ideal of grade 4. Hence if
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A(R/Iy,i) = AH(R/Iy,i) — AH(R/Iy,0 — i), then we have

1 ifi=0

. 3 ifi=1

AR D) =91 iy
0 ifi=34,....[(c—1)/2].

Since 0* > 0p = 2, Proposition 5.10 implies that h(R/H) is unimodal. This
completes the proof for case (p). Now we show the two cases (q) and (r).
For case (q) we have AH(R/I,0 — i) = 0 for i = 0,1,2,...,a* — 1. Since
[(c —1)/2] < a*, the same argument mentioned in the case (p) completes the
proof. For case (r) the proof is similar to that of case (q). O

A Gorenstein sequence h(R/H) = (1,4, 10, 20, 35, 56, 56, 56, 56, 56, 35, 20, 10,
4,1) in the following example belongs to case (p) of Corollary 5.12.

Example 5.13. h = (1,4, 10,20, 35,56, 56, 56, 56, 56, 35, 20, 10, 4, 1) is a uni-
modal Gorenstein sequence in (p) of Corollary 5.12. Let X = (x;;) be the 6 x 8
matrix defined as follows

wy W1 W2 w3 0 Wy W1 W2
0 wop W1 W2 W3 0 wo W1
w9 0 wop W1 W2 W3 0 wo
w1 W2 0 wy W1 W2 W3 0
woy W1 W2 0 Wy W1 W2 W3
w3 Wy W1 W2 0 Wy W1 W2

A direct computation by CoCoA 4.7.5, Algebra system shows that I = I(X)
is a perfect ideal of grade 3. The Hilbert series Hp,/;()\) of R/I is

Hpr(A) = 144X+ 1077+ 203% + 350" 4+ > " 56)%.
k=5

This shows that o* = o(R/I) = 5. Let X;; be the determinant of the 6 x 6
submatrix of X obtained by deleting two columns 4,5 from X. Then z =
X2, X¢s, X7s is a regular sequence. It is well-known that J = (z) : I is
a perfect ideal of grade 3. A simple computation by CoCoA 4.7.5 shows
that I and J are geometrically linked by z. Hence H = I 4+ J is a Goren-
stein ideal of grade 4. Since the degrees of X;; are all 6, it follows from
Proposition 2.1 that ¢ = o(R/(z)) = 15. So we have [(c — 1)/2] = 7 and
0* < [(c—1)/2]. Thus it follows from case (p) of Corollary 5.12 that h(R/H) =
(1,4,10,20, 35,56, 56, 56, 56, 56, 35, 20, 10,4, 1) is a unimodal Gorenstein sequ-
ence.

A Gorenstein sequence h(R/H) = (1,4,10,20,35,46,46,35,20,10,4,1) in
the following example belongs to case (q) of Corollary 5.12.
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Example 5.14. h = (1, 4,10, 20, 35, 46, 46, 35, 20, 10, 4, 1) is a unimodal Goren-
stein sequence in (q) of Corollary 5.12. Let X = (z;;) be the 3x5 matrix defined
as follows

2 2 2 2
w§ w% w% wg 02
X=|0 wj wy wy; ws

ws 0 Wy W1 W2

A direct computation by CoCoA 4.7.5 shows that I = I3(X) is a perfect ideal
of grade 3. The Hilbert series Hg /() of R/I is

Hp r(A) =1+ 4X+ 10A* 4+ 20A% 4 35X" 4+ 46X" + Z 490k,
k=6

This shows that o* = o(R/I) = 6. Let X;; be the determinant of the 3 x
3 submatrix of X obtained by deleting two columns ¢,j from X. Then z =
X2, X13, X34 is a regular sequence. It is well-known that J = (z) : [ is a
perfect ideal of grade 3. A simple computation by CoCoA 4.7.5 shows that I
and J are geometrically linked by z. Hence H = I + J is a Gorenstein ideal
of grade 4. Since the degrees of X;; are all 5, it follows from Proposition 2.1
that ¢ = o(R/(2)) = 12. So we have [(c —1)/2] = 5 and [(¢ — 1)/2] < o*
and [(o0 — 1)/2] < «* = 6. Thus it follows from case (q) of Corollary 5.12
that h(R/H) = (1,4, 10, 20, 35,46, 46, 35, 20, 10,4, 1) is a unimodal Gorenstein
sequence.

A Gorenstein sequence h = (1,4, 10, 20, 35, 56, 75, 84, 75, 56, 35, 20, 10,4, 1)
in the following example belongs to case (r) of Corollary 5.12.

Example 5.15. h = (1,4,10,20, 35,56, 75,84, 75,56, 35, 20,10,4, 1) is a uni-
modal Gorenstein sequence in (r) of Corollary 5.12. Let X = (z;;) be an
2 x 4 matrix in (1) of Example 5.11 and let p = ¢ = 3. The similar argu-
ment mentioned in Example 5.11 gives us that I = I5(X) is a perfect ideal of
grade 3 with type 3 and that z = X9, X13, X34 is a regular sequence. Then
J = (z) : I is a perfect ideal of grade 3. Furthermore, I and J are geometrically
linked by z. Thus H = I + J is a Gorenstein ideal of grade 4. We show that
hMR/H) = (1,4,...,hs) is unimodal. Since the degrees of X;; are all 6, we
have 0 = 0(R/(z)) = 15 and [(¢ — 1)/2] = 7. Simple computation by CoCoA
4.5.7 says that

Hpyr(A) = 144X +10A2+20X0% + 35X +-56A° + 78X+ 9607+ 105A5 4+  108A".
k=9

Then o* = o(R/I) = 9 and o* = 6. This implies that o* < [(6—1)/2] < o* and
AH(R/I,i)—AH(R/I,c—i) > 0fori=a*,a*+1,...,7. Hence it follows from
(r) of Corollary 5.11 that h(R/H) = (1,4, 10,20, 35, 56, 75, 84, 75, 56, 35, 20, 10,
4,1) is a unimodal Gorenstein sequence.
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