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WEAK SOLUTIONS AND ENERGY ESTIMATES FOR
A DEGENERATE NONLOCAL PROBLEM INVOLVING
SUB-LINEAR NONLINEARITIES

JIFENG CHU, SHAPOUR HEIDARKHANI, KIT IAN KOU, AND AMJAD SALARI

ABSTRACT. This paper deals with the existence and energy estimates of
solutions for a class of degenerate nonlocal problems involving sub-linear
nonlinearities, while the nonlinear part of the problem admits some hy-
potheses on the behavior at origin or perturbation property. In particular,
for a precise localization of the parameter, the existence of a non-zero so-
lution is established requiring the sublinearity of nonlinear part at origin
and infinity. We also consider the existence of solutions for our prob-
lem under algebraic conditions with the classical Ambrosetti-Rabinowitz.
In what follows, by combining two algebraic conditions on the nonlinear
term which guarantees the existence of two solutions as well as apply-
ing the mountain pass theorem given by Pucci and Serrin, we establish
the existence of the third solution for our problem. Moreover, concrete
examples of applications are provided.

1. Introduction

The goal of this paper is to study the existence and the qualitative properties
of nontrivial weak solutions for nonlocal degenerate problems of the form

- M (fQ |x|7ap|Vu(z)|pd:c) div (|:E|_“p|Vu|p_2Vu)
(1) = Mz|7PlatDe f(y) in Q,
u=20 on 01,

where © is a smooth bounded domain in RV, 0 < a < %, 1<p< N,c>0,
M :RT - Rand f: R — R are two continuous functions.
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Equations such as (1) initially appeared in [30] as a model in describing free
transverse vibrations of a clamped string in which the tension depends non-
negligibly on deformation. Because the function M contains an integral over
), such equations are not pointwise identities any longer; therefore, they are
frequently called nonlocal problems.

The Kirchhoff model takes into account the length changes of the string
produced by transverse vibrations. Some interesting results can be found, for
example in [3, 13]. On the other hand, Kirchhoff-type boundary value prob-
lems model several physical and biological systems, for example the population
density. It received great attention only after Lions [33] proposed an abstract
framework for the problem. The solvability of the Kirchhoff type problems
has been studied by many researchers. Some earlier classical investigations of
Kirchhoff equations can be seen in the papers [1, 25, 27, 28, 29, 34, 37, 40]
and the references therein. The existence and multiplicity of solutions for sta-
tionary higher order problems of Kirchhoff type (in n-dimensional domains,
n > 1) were also treated in some recent papers, via variational methods like
the symmetric mountain pass theorem in [21] and a three critical point theorem
in [6]. Moreover, in [4, 5], some evolutionary higher order Kirchhoff problems
were treated, mainly focusing on the qualitative properties of the solutions.
During the last few decades, the existence of multiple non-zero solutions for
p-Laplacian type equations, which corresponds to the special case a = 0 and
¢ = p, has been studied by many researchers using different methods. See for
instance [10, 18, 19, 23, 31, 32, 35]. For example, using the minimization tech-
nique and maximum principle, Brézis and Oswald in [10] obtained an existence
and uniqueness result for the p-Laplacian type problem

(2) { —div(a(z, Vu)) = f(z,u) in Q,

when the behaviour of f(s)/s is suitably controlled at infinity. In [19], Chang
and Toan used variational methods to study of the problem (2) while f(z,u) =
h(z)u|?=24g(x) and Q = Q1 xQs C RY is a bounded domain having cylindrical
symmetry, 1 C R™ is a bounded regular domain and 25 is a k-dimensional
ball of radius R, centered in the origin and m +k = N, m > 1, k > 2. They
proved that (2) in this case, has at least one/two solutions when g = 0/g # 0
and some suitable conditions on the functions a and h are imposed. Note that,
a special case of the operator div(a(z, Vu)) is the p-Laplacian.

On the other hand, during the last two decades, many works are devoted to
the study of the existence of nontrivial solutions for different kinds of singular
problems. See [7, 14, 16, 17, 20, 26] and the references therein. Some classical
tools have been used to study singular equations in the literature, including
variational methods, the method of upper and lower solutions, degree theory
and some fixed point theorems. For the results related to our problems, we
mention the following two results. Tyagi in [41] considered a singular quasi-
linear equation with sign changing nonlinearity and used a three critical point

u=20 on 012,
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theorem to established the existence results. In [43], Yang et al. proved that
(1) has least three distinct weak solutions under some mild assumptions about
a and some growth and singularity conditions of f.

However, as far as we know, there are very few existence results for singular
p-Laplacian type equations in which there are singularities not only in nonlinear
term, but also in diverge term. This is the aim of the present work, because,
it is clear that in problem (1) there exists singularity not only in nonlinear
term, but also in diverge term div(|z|~%|Vu(x)[P~2Vu), which will lead to
some difficulties in the proof. In this paper, we are interested in the existence
results and energy estimates of solutions for problem (1). The main result of
this paper ensures the existence of exact values of the parameter \ for which
problem (1) admits at least one/two/three non-zero weak solutions. Several
special cases of the main results and illustrating examples are also given. We
also refer the reader to [9, 15, 22, 24] for some related results in this subject.

The paper is organized as follows. In Section 2, we recall some basic defini-
tions and our main tool. In Section 3, we are devoted to prove the main results
of this paper.

2. Preliminaries

In this section, we state some preliminary results, which can be found in
[11, 12, 42]. First, for all u € C(RY), there exists a constant C,; > 0 such
that

p

3) ([, el orar) < o [t oniwatepas

where
Np

—-Pp
—co<a< d=1 —b.
oo < a , N_dp’ +a

a<b<a+l, q=p(ab)=

Let WP (€2, |2|~*) be the completion of C§°(Q) with respect to the norm

o= ([ lervaorar)’
Q

Then Wy (€2, |z|~%) is a reflexive Banach space. From the boundedness of 2
and the standard approximation argument, it is easy to see that (3) holds for
any u € WyP(,|z|~%) in the sense that

</ |z|a|u<z>|fdz>rsca,b [t rivatapas
RN RN

for1<r<p*= NN—ZJ, a < (14+a)r+ N(1- 1), that is, the embedding

[[ul

WP (€, 2| ~%) — L7 (Q, 2| =)
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is continuous, where L"(Q, |z|~%) is the weighted L(Q, |x|~*) space with the

norm
1

il = [l ol o = ( / |x|-a|u<w>|rdx)

In fact, we have the following compact embedding result which is an extension
of the classical Rellich-Kondrachov compactness theorem [42].

Lemma 2.1. Suppose that Q C RN is an open bounded domain with C*
boundary,OEQandl<p<N,—oo<a<%,1§7‘<NN—_’;,
a < (I+a)r+N(1—=73). Then the embedding WP (2 |2|~%) < L7 (S, |z|~%)
18 compact.

Definition ([20, Definition 2.1]). We say that u € Wy?(Q, |z|~%) is a weak
solution of (1) if

M (|z|~*P|Vu(z)[Pdz) /Q |z| =P | Vu(z) P2 Vu(z) Vo(z)ds

‘A/ | =@ fu(2))o(z)de = 0
Q
for all v € C3°(Q).

We refer the reader to [36, 39] for the following notations and results. Let
X be a real Banach space. We say that a continuously Gateaux differentiable
functional J : X — R satisfies the Palais-Smale condition (in short (PS)-
condition) if any sequence {u,} such that

(G1) {J(un)} is bounded,

. . / _

(i) lim [l (u)]|x- =0,
has a convergent subsequence.

Let @, ¥ : X — R be two continuously Gateaux differentiable functions. Set

J=0 T,

and fix r1,79 € [—00,400] with r; < 7. We say that J satisfies the Palais-
Smale condition cut off lower at ri and upper at 7o (in short [M}(PS)r2l-
condition) if any sequence {u,} satisfying (j;), (j,) and

(g) 1 < P(up) <712, Vn €N,
has a convergent subsequence.

Clearly, if 11 = —oo0 and ro = 400 it coincides with the classical (PS)-
condition. Moreover, if 11 = —oo and ro € R it is denoted by (PS)[”],
while if 1 € R and 75 = 400 it is denoted by ["!/(PS). Furthermore, if
J satisfies ["1](PS)I"2l-condition, then it satisfies [¢1](PS)lez]-condition for all
01, 02 € [—00, +00] such that 1 < g1 < g2 < ra.

In particular, we deduce that if J satisfies the classical (PS)-condition, then
it satisfies [01](PS)lezl_condition for all gy, gs € [—o00, +00] with o1 < go. For
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r € R and r1,7, € R with r; < rg, Set
\I/(’U) — SUDyed—1(—oo,r] \IJ(’LL)

4) p(r)=_ sup ,
( vEP 1 (r,+00) (I)(U) -r
s?(p )\Il(u) — U(v)
ued—1(ry,re
5 r1,72) = inf ,
( ) ﬂ( 1 2) VEP—1(ry,r2) ro — (I)(’U)
and
U(v) — sup U (u)
ueP—1(—o0,r]
6 p2(ri,ra) = sup
( ) 2( ! 2) vEDP—1(r1,r2) (I)(U) - T

In the proof of our main results, we will apply the following two theorems.

Theorem 2.2 ([8, Theorem 5.1]). Let X be a real Banach space and let ®, U :
X — R be two continuously Gateaux differentiable functions. Assume that
there exist r1, ro € R with r1 < 1o, such thatB(r1,r2) < pa2(r1,r2), where 8 and
p2 are given by (5) and (6), and for each

1 1
(=1,
pa(r1,m2)” B(ri,r2)
the function Jy := ® — AU satisfies "1}(PS)["2l-condition.
Then for all A € (m, m) there exists ug x € ®~1(r1,72) such that
Ia(ugn) < Ja(u) for all u € ®~1(ry,r2) and J§(up,r) = 0.

Theorem 2.3 ([8, Corolary 5.1]). Let X be a real Banach space and let ®, U :
X — R be two continuously Gateaux differentiable function. Put

8% = lim inf —uEP ! (zoom) ()
’ r—400 T

and assume that there is 7 € R such that

p(r) > B%,
where p is given by (4). Moreover, assume that for each \ € (p(lf), Bi) the
function Jy := ® — \U satisfies "I (PS)!")-condition for all r > 7.

Then there is 1o > T such that for each \ € (ﬁ, LY, there is up,n €

T

O~1(7,r9) such that Jx(ug ) < Jr(u) for all u € ®~1(F,r2) and Ji(up,) = 0.

3. Main results

First we introduce the following assumptions:
(M) M :RT — R* is a continuous function and satisfies
mot® 1 < M(t) <myt*! for allt € RT,

where m; >mo >0and 1 < a < min{%,%};
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(F) limpg— 400 Mfa(% =0, i.e., f is (ap — 1)-sublinear at infinity.

Corresponding to the function M, we introduce the function
t
M(t) = / M(&)d¢ for all t > 0.
0

Let B(&,r) denote the N-dimensional open ball with center £ and radius r > 0,
2o € Q, Ro > 0 is small such that |zg| > R and B(xg, Ry) C Q, wn be the
volume of the N-dimensional unit ball and | - | denotes the usual Euclidean
norm in RY. For every A C Q and v € R set

(A, ) = / ||~ dz.
A

Now put

a“p |t|I<o

2 p—1
T(f,7,0) = APy ] 252 max [f ()] ((®, (a + p =€) 7,

where
. fQ |z| =P |Vu(x)|Pde
weX\{0} [q | ~PletDtefu(z)Pde”

Ap =

For given nonnegative constant v and positive constant o € (0, 1) with

o¢/m1 / (Br, (£0)\Bo R, (o), ap)to]

tha o Ro(1 — o) |
put
H(f,y,0) = Y(F,0)
7 b = R
() b+(e) moyeP — malto|*? Ry (1 — ) =P (u(Br, (£0)\Bor, (z0), ap))
where

T(F,0) = F(to)(|lzo| + Ro) PtV +eaN RV wy

— max |F(t)|(Jzo] — Ro) PtV +e(1 — o)V RN wy.
[t|<Ro

Theorem 3.1. Suppose that the assumptions (M) and (F) are satisfied and
assume that there exist three real constants 1,72 and o € (0,1), with

T {) (1 (Bro (0)\ Bory (20), ap) ) lto
*/miRo(1 — o)

(8) 7 < < 72,

such that

9) by, (0) < by, (0).
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Then for each parameter A € (ba—fa)’ bo‘—fo)) , problem (1) possesses at least
Y1 Y2

, 1 _
one non-zero weak solution ug x € Wy (Q, |z|7), such that

m
ai/ 2y < Jluo |
mi

Proof. We will apply Theorem 2.2. Let X := Wé’p(Q, |x|~P) and consider the
functionals ®, ¥ : X — R defined by

LT TP Vu(r)|Pde
(10) ¢<u>=2—jM(/Q (27| Vu(z)Pd )
and
u) = x| PletDre oy ) de.
(11) () /Q| | Flu(z))d

Since

ap <72

w0 > 22 ([ e vuopas) = 2l
bo Q ba ’
the functional ® : X — R is coercive. On the other hand, ® and ¥ are

continuously Gateaux differentiable. More precisely, we have

' (u)(v) = M ( /Q |x|“p|Vu(x)|pdx) /Q ||~ | V() P2V Vodz
and
"(u)(v) = x| @t ete £y (Vo (z)de
W () (v) /Q|| F(u(@))o(r)d

for every u,v € X. Fix A > 0. A critical point of the functional Jy := ® — AW
is a function u € X such that

&' (u)(v) — AV (u)(v) =0

for every v € X. Hence, the critical points of the functional J, are weak
solutions of problem (1). At this point, let us observe that ®(0x) = ¥(0x) = 0.
Moreover, for every u € X with ®(u) < r, we have

U(u) < II(f, mo, ).

Indeed, since 1 < o < min{NLﬂ), %}, the embedding

X < LOP(Q, |z|PlatD+e)
is compact (see Lemma 2.1). Thus there exists C; > 0 such that
ClHUHLQP(Q,‘I‘fp(a+1)+c) < H’LLH,LP for allu € X,

or

Clap/ || 7Pt DFe|y () |*Pda < (/ |$|_“p|Vu(ac)|pdx) for allu € X.
) Q
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It follows that
—ap|yy rd
Ao = inf fﬂ o[~ [Vu(z)[Pde > 0.
ueX\{0} [, [x|7PlatDFelu(z)|ordr

Now we fix A € R arbitrary. By (F) we have
moAa
) < T

where my is given in the assumption (M). By integrating the sides of the above
inequality, we have
mO)\a

[F ()] < a1 )

Thus, for every u € X we obtain

moAa _ ,
() < —2% plati)te ord
(1) < s [ o [u(@)|*de

Fmax] (0] [ o7 s
t|<

[t|*P~1  for every|t| > o,

[t]*P + max | f(t)||t| for everyt € R.
[t|<o

p—1

< maX| | (/ |.T| (a+1)p+c|u( )|pd$)p (/ |.T|_(a+1)p+cdl') P
lt|<o Q

2

< e £l ([ a1+ 04<a)

p—1
rm P
< AP ep/ 0 lnr‘lax| (/ |z~ (“+1)p+°dx)
1<

=0 T e | £(0)] (u( (a + Dp — ) 7

Therefor, for every u € <I>_1(—oo, r) we have
(12) sup  W(u) <II(f,7,0),

u€P—1(—o0,r)

where 7 = « O‘m—p:. Now we define rq, ro and w, by

m [0} m [0}
roi= = P
ap ap
and
0 for x € RN\ Bg, (7o),
wy(z) = { to for x € Byg,(z0),
7120(1 ) (Ro |$|) for x € BRO(-TO)\BURO (mo),

with o € (0,1). Simple computations show that

_ talP
ol = [ Jal (Vs @)z = [fol
Q

P —op" (BRo (20)\Bor, (70), ap)
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> |tol?(Jzo| + Ro) " *P(1 — o) 7P(1 — UN)wNRéV”.

Clearly, w, € H}(Q2) and by the assumption (M), we have

B(7) > b e o (B a0)\ B () ))
D(wy) < —lo™ ) (B (20)\Bor, (x0), ap) )"

~ paRi"(1 —o)er

Taking (8) into account, by a direct computation, one has 1 < ®(wy) < ro.
Moreover, we have that

(13) U(wy) = / F(we(z))dz + / F(w,(z))dz
Borgy (z0) Brg (%0)\BoRg (z0)

> F(to)(|zo| + Ro) PV 0N Rffwy

— max |F(t)|(Jxo| — RO)_”(“+1)+C(1 — O’)NRéva.
[t|I<Ro

From (12) we have

(14) sup \I/(’LL) S H(fa 1, U)a
ueEP—1(—o00,r1)

and

(15) sup U(u) <II(f, v2,0).

ueP—1(—o00,r2)
On the other hand,

sup  U(u) — ¥(v)
wed=1(r1,r2)

r1,7r2) = inf
ﬁ( ! 2) veEP~1(ry,r2) T2 — (I)(U)

sup  W(u) — U(ws)

WED—1 (—o00,r2)
- ro — ®(ws)

< ap (I1(f, 72, 0) — Y (F,0))

= moyy” —malto|*P Ry (1 — o) =P (u(Bry (20)\ Bor, (20), ap))

(o720

and
U(v) — sup U (u)
02 (Th TQ) — sup weP—1(—o0,r]
vEP—1(ry,r2) (I)(U) -n
U(wo) — uw W(u)
ued—1(—oo,r1
2 D(wy) — 1

> Ocp(H(f,’yl,a') _T(F’U))
~ moyy? = malto|*P Ry “P(1 — 0) =% (u(Brq (20)\Boro (20), ap))
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Hence, by using the notation (7), from (13) and (14) together with (15), it

follows that
b% (6) b’Yl (6) .

B(ri,re) < and pa(r1,m2) >
ap

Finally, the assumption (9) yields

B(ri,r2) < p2(ri,r2).
Now, from [20, Lemma 2.4], the functional Jy satisfies the classical (PS)-
condition, and so it satisfies [”}(PS)[”]—condition for all 7 and ro with r; <
ro < 400. Therefore, by Theorem 2.2, for each A € (—O‘L, —ap—), the func-
Ay, (0) avyy(0)
tional Jy possesses at least one critical point ug » such that r1 < ®(ug,x) < 72,

that is
m
ai/ 01 < [lug |
mi

This completes the proof. (I

ap < V2-

Remark 3.2. The results of Theorem 3.1 hold if condition (F) is replaced by
(F") there exist three positive constants b1, b2 and o with

N—-pla+1)+c
N—-p N-—pla+1)

1<a<min{

such that
If(t)] < by + balt|*P~  for allt € R.
See the similar argument in [9, Theorem 2.1].
Now, we point out a particular case of Theorem 3.1.

Theorem 3.3. Suppose that the assumptions (M) and (F) are satisfied and
assume that there exist two positive constants v and o € (0,1) with

o¢/m1 / (Br, (£0)\Bo R, (€0), ap)|to]
/moRo(1 — ) ’

v >

such that
(16) I(f,7,0) < T(F,0).
Then for each parameter

\e apm1|t0|ap (H’(BRO (:CO)\BURU (1'0)’ ap))a apmoy“?
RiP(1 — o)*PY(F,0) "I f,y,0) )’

problem (1) possesses at least one non-zero weak solution ug » € Wy (Q, x| ~7)
such that || uo xlla,p < 7-
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Proof. Taking v1 = 0 and 2 = v and bearing (7) in mind, we obtain
H(f577 U) — T(Fa J)

b’Y(U) - « « —ap —« «
moy°P — malto|*P Ry *P (1 — 0) =P (u(Br, (20)\Bor, (%0), ap))
ap _ ap
< H(f,y;o) < RyP(1 —0)*PY(F,0) — —by(0).
moYP " myto|*? (1(Bry (20)\Boro (20), ap))
Hence, Theorem 3.1 ensures the conclusion. ([l

Now, we give an application of Theorem 2.3 which will be used later to
obtain multiple solutions for the problem (1).

Theorem 3.4. Suppose that the assumptions (M) and (F) are satisfied and
assume that there exist two positive constants 7 and & € (0,1) with

5 < ¢/ {/ 11(Bry (20)\Bar, (x0), ap)[to|
*y/moRo(l — o) ’

such that
(17) I0(f,5,5) < Y(F, o).
Then for each A > 5\, where
5 — mo¥°? — ma [to|*P Ry “P(1 — 0) =P (u(Bry, (20)\Boro (0), ap))a
ap (IL(f,7,0) — T(F,5)) ’

problem (1) possesses at least one non-trivial weak solution tgx € Wy (€,
|x|~P) such that

_ mo _
18 ap > Pl—A.
(18) oMl > (/70

Proof. Take X = WyP(Q, |z|=%) and put Iy = ® — AU, where ® and ¥ are
given as in (10) and (11), respectively. The functionals ® and ¥ satisfy all
assumptions requested in Theorem 2.3. Put

_ mo _q
ri=—37.
ap
From [20, Lemma 2.4], the functional Jy satisfies the classical (PS)-condition,
and so it satisfies ["/(PS)["l-condition for all r with r > 7. Arguing as in the

proof of Theorem 3.1, we obtain that
(V) = SUP -1 (oo ¥(1)

p(f) = sup -
veE®—1(7,400) d(v) —7
Ww,)—  suwp W)
u€P—1(—o0,7]
>
- O(wy) — T
S ap (11(f,7,0) — T(F,9))

Moy — my|to| PRy *P(1 — o) —ap (M(BRO (20)\Bor, (T0), ap))a-
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Hence, from our assumption it follows that p(7) > 0. Therefore, it follows from
Theorem 2.3 with g* = 0, for each A > 5\, the functional J) admits at least
one local minimum %oy € W4 (9, || =) such that ®(@g ) > 7, which is just
(18). Thus the conclusion is obtained. O

The following result is a straight consequence of Theorem 3.3.

Theorem 3.5. Suppose that the assumptions (M) and (F) are satisfied and
assume that

F(§)
(19) 5_1,%1+ gop +00
Furthermore, let v > 0 and set
Ao QDo
T (S, 0)

Then for every A € (0,A%), problem (1) admits at least one non-zero weak
solution ug x € Wy (Q, |z|=%P) such that ||ug |y < 7-

Proof. Fix A € (0,\%). From (19) there exists a constant o € (0,1) with

o¢/my {/ 11(Br, (£0)\Bor, (o), ap) [to]

v >
a\?ymoRo(l - O')
such that
apma|to]* (1(Bro (0)\Boro (20), ap))” <) < aPmoye”
Ry" (1 —0)*Y(F,0) I(f,v,0)

Hence, by Theorem 3.3, problem (1) possesses at least one non-zero weak so-
lution ug x such that ||uo x|le,p < 7 O
Example 3.6. Let N = 3, p = 2, a = %, c =32 Q = {(z1,22,23) €
R3: 22 + 23+ 23 <4} CR3 2= (1,1,1) €Q, Ry =1, M(t) =t forall t € R

and consider the problem

. Vu|Vu V| Vu(z .
d1v< JW )fQ 1%/% de = Mz|>f(u) in €,
u=20 on 012,

(20)

and
et, t € (—o0,—1],
f(t) = esin(%t), te (715 1)7
=) ¢ € [1,00).

We observe that min {Ni_p, %} = min{6,60} = 6, thus M satisfies

the condition (M) with mg = my = 1 and a = 2, and we have

momor2 1287
w(Q (a+1)p—c) =pn(Q,-2) = / / / p* sin pdpdpdd = —
0 0 0
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Moreover, by choosing tp =1,y =1 and o = % we have
wo (T1,T2,73)

0 for x € R3\By(1,1,1),
=<1 foerB%(l,l,l),

2(1 — \/2? + 23+ 23) for (z1,29,23) € Bi(1,1, 1)\3%(1, 1,1),
sin(%ﬁ)
1O e

gm0t EP-1 T cor g4 oo
' f(g) ) e~ cos(m§)
1 = lim & =
5_11}_100 €ap—1 5_11}_100 54 Oa
and
L 2
H(fa’%a’): (fa 7_): 1 0|rt1\12<i')1(|f( |( ( _2))

o

16v/m3e Z
5 54

_s 5
Jo lz|712|Vu(z)|2de
Jo |x|2|u|gdx

ueW, 3 (Q valfﬁ N\ {0}

16 V13 <fg ||~ 12|VU“| dx)

V54 fQ || |w1| 2dz

lon

T f pi2 sin pdpdpdd \ *
fo fo p*sin pdpdpdd
16970 (240 /229 /231 — 1))5
/54 31
Hence, applying Theorem 3.5 for every
Vb4 x /315
169/ F (240 /27 ( /25T — 1))

then problem (20) possesses at least one non-zero weak solution

16\5/7r3e§
<
< e

Ae |0

1,3 _ 5
uo,x € Wy 2 (€, [z]772)

such that [lug,x[[1,3 <1 and limy_,o+ [luoall1 s = 0.

Theorem 3.7. Suppose that the assumptions (M) and (F) are satisfied. Then
the mapping A — Jx(uo,x) is negative and strictly decreasing in (0,)}).
Proof. The restriction of the functional Jy to ®~1(0,rz), where

mo ap

ro 1= — ,
2 oap%
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admits a global minimum, which is a critical point (local minimum) of Jy in
WP (2, |2|~*). Moreover, since w, € ®1(0,72) and

®(w,) _ malto|*? (1 (Bry(20)\Bor, (o), ap) )"
U(we) paRy" (1 — 0)*PY(F,0)

< <A,

we have
Ia(uon) < a(we) = @(we) — AT (we) < 0.
Next, we observe that

Ja(u) = A (@ - \If(u))

for every u € X and fix 0 < A; < Az < AJ. Set

my, = (M _ q,(m)) _

R ).

inf @(u)
u€<I>H}(O,T2)< A

maw = (P42 o) = it (B ).

)\2 ueP—1(0,r2) )\2
Clearly, as claimed before, my, < 0 (for ¢ = 1,2), and my, < my, thanks to
A1 < Az. Then the mapping A +— Jx(ug,») is strictly decreasing in (0, \}) owing
to

and

Ins (U0, n,) = Aamin, < dama, < Aymy, = Ja, (o y, )-
O

Remark 3.8. Generally, Theorem 3.5 ensures that if f satisfies the assumptions
(M), (F) and (19), then for every parameter \ belonging to the real interval
Ag := (0, \*), where
ap
A= apmgsup ———,
v>0 H(fa s U)

the problem (1) possesses at least one non-zero solution ug x € W (8, |z|~).
Moreover |[ug x|lap — 0 as A — 0.

Remark 3.9. We note that, in particular, if f is (ap — 1)-sublinear at infin-
ity, Theorem 3.5 ensures that problem (1) admits at least one non-zero weak
solution for every positive parameter A\. Moreover, in our case, the obtained
solution is non-zero, while the classical direct method approach, that can be
accept in this context, ensures the existence of at least one solution that may
be zero.

Remark 3.10. A careful analysis of the proof of Theorem 3.5 ensures that
the result still remains true if condition (19) is replaced by the more general
assumption

F(E)

lim sup —= = 400
£—0t gap
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Moreover, the previous asymptotic condition at zero can be replaced by the
following form

f©)

(21) limsupgwﬁ =400

£—0t
Therefore, it is natural to obtain the following result.
Theorem 3.11. Let M(t) > t°~! for all t € Rt where 1 < B < min{NL_p ,

%} and f : R — R be a continuous function such that

0) = +oo and lim 1)

t—>%1+ thp—1 oo 1AP—1 0.

Then there exists A\* > 0 such that for every A € (0, \*), problem

—-M (fQ |x|7ap|Vu(z)|pd:c) div (|x|7ap|Vu(z)|p’2Vu) =Af(u) in Q,
u=20 on 0f),

possesses at least one non-zero weak solution uox € C3°(2). Moreover, we

have
( / |x|ap|Vu07,\|pdx) S0
Q

as X — 0% and the mapping

1= —ap P ) _ < o )
A pM (/Q || 7P| Vug »|Pde /Q /0 f(t)dt | dz

is negative and strictly decreasing in (0, \*).

As it follows, we show how the former analysis can be used to pass from the
existence of at least one nontrivial solution to that of at least two nontrivial
solutions. This objective will emerge by using the specific nature of the ini-
tially found solution, namely a local minimum. The information is then useful
in guaranteeing the existence of a second solution as a critical point of moun-
tain pass type. Accordingly, we start with the following theorem, where the
celebrated Ambrosetti-Rabinowitz condition is necessary.

Theorem 3.12. Let f : R — R be a continuous function such that f(0) # 0
and the assumptions (M), (F) and (21) hold. Furthermore, assume that

(AR) there are constants v > “22 and o > 0 such that, for all €] > o, one
has

(22) 0 <vF(§) <&f().

Then for each A\ € Agq, problem (1) admits at least two non-trivial weak solu-
tions in the space WP (S, |z|~).
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Proof. Fix A € Aq. Owing to the assumptions (M), (F) and (21), Theorem
3.5 ensures that problem (1) admits at least one weak non-zero solution u; in
WP (2, |2|~*) which is a local minimum of the functional Jy as defined in
the proof of Theorem 3.1. Now, we prove the existence of the second local
minimum distinct from the first one. To this goal, we verify the hypotheses
of the mountain-pass theorem for the functional Jy. Clearly, the functional
Jy is of class C! and J5(0) = 0. The first part of proof guarantees that
uy € Wé’p(Q, |z|~%P) is a nontrivial local minimum for Jy in Wé’p(ﬂ, || ~P).
We can assume that u; is a strict local minimum for Jy in WP (8, |z|~).
Therefore, there is p > 0 such that infj,_,, =, Ix(u) > Ix(u1), so condition
[39, (I1), Theorem 2.2] is verified. By integrating the condition (22), there exist
constants aj, as > 0 such that

F(z) > a1|z]” — aq
for all t € R. Now, choosing any u € Wy (€2, |z|~*) \ {0}, one has
In(tu) = (P — AU)(Tu)
< My — )\/ [P+ By (2))da
ap Q

myatP

< T o~ ran [ Jaf O (o)
Q

+ Xazp(Q,pla+1) —c)
— —0Q, T — 400.

Thus condition [39, (I2), Theorem 2.2] is satisfied. Therefore the functional
Jy satisfies the geometry of mountain pass. Moreover, Jy satisfies the (PS)-
condition. Indeed, assume that {u, }neny C X such that {Jx(un)}nen is bound-
ed and J} (u,) — 0 as n — 4o00. Then, there exists a positive constant co such
that

[ ) (un)| < co, |J5(un)] < co for alln € N.

Therefore, we infer to deduce from the definition of J} and the assumption
(AR) that

co + c1lunll = vIx(un) = J3(un)(un)

(o =)l

Y

[ (0, (0) = (1 (1)) 0 ()

> (7 )l

A28 this implies that (u,) is bounded. Now, as
0

the same argument in [20, Lemma 2.4], we can prove {uy} converges strongly
to u in WyP(Q,|x[~9). Consequently, Jy satisfies (PS)-condition. Hence,

for some ¢; > 0. Since v >
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by the classical theorem of Ambrosetti and Rabinowitz [39, Theorem 2.2] we
establish a critical point ug of Jy such that Jy(ug) > Jx(u1). Since f(0) # 0,
w1 and ug are two distinct non-trivial weak solutions of (1) and the proof is
completed. O

Remark 3.13. The non-triviality of the second weak solution ensured by Theo-
rem 3.12 can be achieved also in the case f(0) = 0 requiring the extra conditions
at zero

F
(23) lim sup (f) = +o00,
esot €17
and
F
(24) lim inf (©) > —00
g—o0t [€]oP
Indeed, let 0 < A < \* where
ap
A= apmgsup ——.
~¥>0 H(fa Y, U)

Then there exists 4 > 0 such that
A yP
< i — .
apmo H(fa s U)
Let ® and ¥ be as given in (10) and (11), respectively. Due to Theorem 3.12,

for every A € (0,\) there exists a critical point of Jy, = ® — AW such that
uy € ®~1(—o0,7)) where 1) = Zl—gﬁap. In particular, uy is a global minimum

of the restriction of Jy to ®~!(—o0,7)). We will prove that the function uy
cannot be trivial. Let us show that

(25) lim sup ¥(u) = +o0

ul—o0+ P(u)

Owing to the assumptions (23) and (24), we can consider a sequence {£,} C RT
converging to zero and two constants ¢, s (with ¢ > 0) such that

F(én)

oo (€, [P

= +oo,

and

(&) = klg|*”
for every £ € [0, t]. We consider a set G C B of positive measure and a function
v e WP (Q, |x|~?) such that

(k1) v(t) € [0, 1] for every t € £;
(k2) v(t) =1 for every t € G.
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Hence, fix N > 0 and consider a real positive number 7 with

2apn meas(G) + 2apk [ lu(t)|2dt
< .

mo|[vlah
Then there is ng € N such that &, < ¢ and
F(&n) > nl&nl™

for every n > ng. Now, for every n > ng, by the properties of the function v
(that is 0 < &,v(t) < ¢ for n large enough), one has

T (€qv) 7meas(g)F(€n) + Jorg G(&nu(t))de

(&) ®(&nv)
2apn meas(G) + 2apk fsz\g lu(t)|2dt

> N.

mo[vllalp

Since N could be arbitrarily large, we get
v

n—oe ®(£,0)

from which (25) clearly follows. So, there exists a sequence {wy,} C X strongly
converging to zero such that, for n large enough, w, € ®~!(—o0,r)) and

In(wn) = P(wy,) — AV (w,) < 0.
Since u is a global minimum of the restriction of Jy to ®~1(—o0, 7)), we obtain
Jk (UA) < Oa

= “FOO,

so that w) is not trivial.
In what follows, we present one application of Theorem 3.12 as follows.

Example 3.14. Let N =2,p = Le=10={(v,2) € R% 22423

1
4} CR% 29 = (0,1) €Q, Ry = t) ( ) for all t € RT where

14+ttt [t] is even,
K(t)_{1+|t b+ 1)), [f] is odd

and [t] is the integer part of ¢,
f(t)=1+1t% forallt € R.

We observe that min{Niip, %} = min{4,8} = 4, thus M satisfies
the condition (M) by mg = 1, m; = 2 and a = 2. Also, M and f are two
continuous functions, f(0) =1 # 0,

ACO R I

g0t EoP=1 ot €2

Moreover, taking into account that

§f(6) . E+&0 _
(¢l toe F(E) F(§) |s|1i+oo£+1£7 T>0= mo

:+oo
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by choosing v =7 > 6 = ":;—CU”’, there exists ¢ > 1 such that the assumption

(AR) in Theorem 3.12 is fulfilled for all [£| > p. Hence, by choosing o = % and
applying Theorem 3.12 and Remark 3.2, for every A > 0, the problem

VI Vu(z)|3 . u .
(fQ R Y dx | div W\/lv—u Aerl in Q
u=0 on 0f2,

possesses at least two nontrivial weak solutions.

Finally, as a consequence of Theorems 3.3 and 3.4, we can obtain the fol-
lowing existence result of three solutions.

Theorem 3.15. Suppose that the assumptions (M) and (F) are satisfied and
f(0) # 0. Moreover, assume that there exist four positive constants v, o €
(0,1), ¥ and & € (0,1) with
/i1 / 1(Br, (20)\ Bz r, (20), ap)|to]
/moRo(1 - 7)
(
)

*¢/mi {/1(Br, (0)\Boro (20), ap)|to]
{’/ Ro(l — 0
such that (16) and (17) hold, and
1(f,v,0)

apmoyP

<7

(26) ap ((f,7,5) — T(F, 7))

< a
moy*r — m1|1ﬁ0|‘”"Ro (1 = a)=P(u(Br, (20)\Bor, (%0), ap))
is satisfied. Then for each
Ne A= [ maxd i apm1|t0|aP£;;(BR0 (0)\Bor, (0),ap))" | apmgy°?
RO (1 - O—)QPT(Fa J) H(fa s U)

problem (1) possesses at least three weak solutions ug x, Uo,x and Go x such that

/M0 _
a,p > ml%

Proof. First, in view of (26), we have A # (. Next, fix A € A. Employing
Theorem 3.3, there is a positive weak solution g » such that

[uollap <~ and o]

[wollap <7,

which is a local minimum for the associated functional Jy, while Theorem 3.4
ensures a weak solution g,y such that

_ [mo _
ldolla,p > = m—17

which is a local minimum for Jy. Arguing as in the proof of Theorem 3.1, we
observe that the functional Jy is coercive, then it satisfies the (PS)-condition.
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Hence, the conclusion follows from the mountain pass theorem as given by
Pucci and Serrin (see [38]). O
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