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A NEW FAMILY OF FUBINI TYPE NUMBERS AND
POLYNOMIALS ASSOCIATED WITH APOSTOL-BERNOULLI
NUMBERS AND POLYNOMIALS

NESLIHAN KILAR AND YILMAZ SIMSEK

ABSTRACT. The purpose of this paper is to construct a new family of the
special numbers which are related to the Fubini type numbers and the
other well-known special numbers such as the Apostol-Bernoulli numbers,
the Frobenius-Euler numbers and the Stirling numbers. We investigate
some fundamental properties of these numbers and polynomials. By using
generating functions and their functional equations, we derive various
formulas and relations related to these numbers and polynomials. In order
to compute the values of these numbers and polynomials, we give their
recurrence relations. We give combinatorial sums including the Fubini
type numbers and the others. Moreover, we give remarks and observation
on these numbers and polynomials.

1. Introduction

In this section we introduce some generating functions for some special num-
bers and polynomials with their recurrence relations and other well-known
properties. By using generating function and functional equation method, we
derive our relations and identities.

We start to give some useful and well-known numbers and polynomials,
which have many applications in almost all branches of mathematics and also
mathematical physics.

The Bernoulli polynomials B,,(x) are defined by means of the following gen-
erating functions (cf. [1]-[33]; see also the references cited in each of these earlier
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works):

t o tn
(1) 1° —;Bn(z)a,

where |t| < 2. By (1), one can easily deduce the following formula:

@) Bae) = (1) B.

k=0
where Bj denote the Bernoulli numbers, which are defined by the following
recurrence relation:

Bo =1 and :z:::(Z)Bk:O (n e N\ {1}).

One can also easily see that
B, = B,(0) (ne€Np)

(¢f. [1]-[33]; see also the references cited in each of these earlier works).

Here and in the following, let C, N, and Ny be the sets of complex numbers,
positive integers, and non-negative integers, respectively.

The other famous family is the Apostol-Bernoulli polynomials B, (x, \),
which are defined by means of the following generating function ([2]):

temt e tn
L (2, \) —
et —1 ;B S
(Jt| <2mif A=1; |t] < |logA| if A# 1 and X € C).

From this equation, one can easily see that

B, (z) = Bp(z,1)

3)

and
where B,,(\) denotes so-called the Apostol-Bernoulli numbers (cf. [1]-[33]; see
also the references cited in each of these earlier works).
In work of Apostol [2] and by equation (3), we have the following properties:
For n > 1, we have

AB, (24 1,) — By (2, \) = na™ L.

Substituting £ = 0 and n = 1 into the above equation, one can easily see
that

(4) AB1(1,A) =1+ Bi(A).
If n > 2, one can see that

(5) AB,(1,A) = B, (X)

(cf [2]).
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For x = 0 and n = 0,1,2,3,4,..., one can compute a few values of the
Apostol-Bernoulli numbers given by equation (3) as follows:
Bo(A) =0,
1
A) = ——
Bi(N) = 5—7
2\
Ba(A) = ——
2(A) TEIE
XA+ 1)
By(\) = 222 )
3(A) TR
ANN? + 4N+ 1)
B )\ = -
1Y (A— 1)

Recently, not only the Bernoulli polynomials and numbers, but also the
Apostol-Bernoulli polynomials and numbers have been studied by many au-
thors with various methods and techniques. There are also many type gener-
alizations of these polynomials and numbers.

The Apostol-Bernoulli polynomials Br(lm)(x,)\) of order m are defined by
means of the following generating function:

t " et _ S g
(6) <)\€t—1) € *;Bn ('r?)\)n'v
where | t 4+ In A |< 27; 1™ = 1. We also see that
By (x) = B{™ (x,1)

and
B{™(A) = B{™(0,A),

where BY™ (A) denote the so-called Apostol-Bernoulli numbers of order m ([16],
[17], [23]). By using (6), one can see that

(7) ABU™ (2 4+ 1,0) — B (2, A) = nB™ TV (2, \)
and also
m g n m n—
®) BN =3 () B e,
k=0

The Eulerian numbers or Frobenius-Euler numbers are defined by means of
the following generating function:

1—u > tr
(9) et —u :ZOH”(U)ﬁ,
where u # 1 (¢f. [7], [11], [13], [14], [15], [25], [26], [27], [29], [30], [31], [34]; see
also the references cited in each of these earlier works). Substituting v = —1,

into (9), we have
H,(-1) = E,,
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where F, denote Euler numbers of the first kind defined by means of the
following generating function:
2 o~ t"
10 —_— = E,—,
(10) et +1 7;) n!

where [t] <7 (cf. [7], [11], [13], [14], [15], [25], [26], [27], [29], [30], [31], [34]; see
also the references cited in each of these earlier works).

The Stirling numbers of the second kind are defined by means of the following
generating function:

(11) Fi(t,m) = (GRbis _1 ZSQ n,m)

By using this generating function, we have

Sz (n,m) = % ki_o(—l)’“ (T,Z) (m—k)",

Sa(n,m) =1 (n €Ny,
S2(n,0)=0 (neN)
and
Sa(n,m)=0 (m>n).
(¢f. [1]-[33]; see also the references cited in each of these earlier works).
Now we recall another numbers which are related to the Apostol-Bernoulli

numbers. The Fubini numbers wy(n) are defined by means of the following
generating function [12]:

1 Nt tn
(12) Sy ng(”)a,
n=0

where wy(0) =1 and |¢| < In2.

The nth Fubini numbers were defined in [10], [12], and [19] as the number
of ways of writing an nth multiple integral. Or, in combinatoric applications,
equivalently, these numbers can be defined as the number of order partition of
nonempty subset of {1,2,3,...,n}.

Muresan [19, p. 397] defined the Fubini type numbers by means of the fol-
lowing generating function:

oo

et —1
(13) Fu(t) —7 ol = ZwM

(cf. [10], [12], [19]; see also the references cited in each of these earlier works).
In (13), we see that

’LU]M(O) =0.
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Belbachir et al. [4] modified the numbers wq(n). They defined a new family
of the numbers, a,,. These numbers are related to the Apostol-Bernoulli num-
bers of order 2 and the Fubini numbers wy(n). A generating function for the
numbers a,, have been defined by

(14) 2 — et Zan_

By using (14), we have a few values as follows:
a0:2, aj :4, a2:16, a3:88, (14:616,....
The generalized Fubini numbers f,, , are defined by means of following gen-

erating function (¢f. [19]):

(15) Fi(t) = k+1 mt }:hk

It obvious that f, 1 = war(n) for all n € Ny and fo, = 1.
Some values of generalized Fubini numbers are listed in the following table

(cf- [19]):

TABLE 1. Generalized Fubini numbers f;,

SNETT 2 3 1

1 T |1 1 1

2 3 |5 7 9

3 13 |37 |73 121

1 75 | 365 | 1015 | 2169
5 541 | 4501 | 17641 | 48601

We now summarize our paper as follows:

In Section 1, we look for some properties of the numbers wy(n) and was(n).
We give some formulas and relations related to these numbers and the other spe-
cial numbers. We also give relationships between the numbers wgy(n), was(n),
Bernoulli numbers, Apostol-Bernoulli numbers, Apostol-Bernoulli polynomials,
Frobenius-Euler numbers and Stirling numbers.

In Section 2, we define a new family of polynomials all )(z) and new family
of numbers. We investigate their properties and relations.

In Section 3, by using generating functions and their functional equations,
we derive many novel identity and relations including the Apostol-Bernoulli
numbers and polynomials, the Stirling numbers of the second kind and the
Fubini type numbers and polynomials.

In Section 4, by applying the Riemann integral to our identities and relations
in Section 2, we derive combinatorial sums including the Fubini type numbers
and the Apostol-Bernoulli numbers.
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2. Relationship between the numbers wg(n) and was(n)

In this section we investigate some properties of the numbers wgy(n) and
wpr(n). We give some formulas and relation related to these numbers and the
other special numbers.

We give a relationship between the numbers wy(n) and was(n). Combining
(12) with (13), we get

n

ZwM —, = (! =1) ng(n)t

From this equation, we obtain

o0

> t " t
Z%wM - Z”'Z !_ng(”)

Therefore
NOREDY (g () nto) - wg<n>> -

Comparing the coefficients of t on both sides of the above equation, we obtain
an interesting identity asserted by the following theorem.

Theorem 2.1. Let n be a positive integer. Then we have

(16) ) =3 () st

k=0

By using generating functions (3) with 2 = 0 and (12), we derive a relation
between the Apostol-Bernoulli numbers, B, (A) and the Fubini numbers w,(n)
are given as follows:

(17) B, (%) — 2nw,(n —1).

We observe that the Fubini numbers wgy(n) are related to the Frobenius-Euler
numbers. That is

wg(n) = Hp(2).

By substituting (17) into (16), we obtain a relation between the numbers wp; (n)
and B, (%) by the following proposition:

1 — ( ) 1
~E (et )
2 \k)k+1 2

Proposition 2.2.

—
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Comtet [10] raised the following question concerning the Fubini numbers
and the Stirling numbers of the second kind:

wg(n) = Z klSa(n, k).
k=0

We briefly glance exercise from Comtet’s [10, p. 228, Exercise 20]. In order to
solve this exercise, we use (12). Firstly, we assume that |e! — 1| < 1 in (12),
thus we get

o0 oo

ng(n)% = Z(et — 1)~

n=0 " k=0
Combining (11) with the above equation, we have

Z wg(n)g = Z Z k!lSa(n, k:)%n'
n=0 ’ ’

k=0n=0

Since n < k, Sa(n, k) = 0, we deduce the above equation

ng(n)% = Z <Z k?!SQ(Tl,kZ)) %n'
n=0 ’ =0 \k=0 '

Comparing the coefficients of ’;—T: on both sides of the above equation, we a

solution of the exercise from Comtet’s:
wg(n) = Z klSa(n, k).
k=0

By using this identity, we also give an explicit formula for the numbers
wps(n) as follows:

Theorem 2.3.

3. A new family of polynomials and numbers

In this section, we define a new family of polynomials ag)(ac) by means of

the following generating function:

2! P = "
. _ xt _ D) ()2
(18) Fo(x;t,l) = 2 et)Qle = T;:O ay, (z)n!,

where [ € Ny and | ¢ [< In2.
By (18), we have

(0) = aff
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which denote Fubini type numbers of order [. In next section, we show that
these numbers are related to the Apostol-Bernoulli numbers. Substituting z =
0 and [ =1 into (18), we get

ag) = Q.

@

The numbers a,,’ are defined by means of the following generating function:

2! N
_ — (O
(19) ﬂ@”*@—wﬂfgk"m
Theorem 3.1. The following identity holds true:
(20) ali =3 (k) afal’, (u,vEN).
k=0

Proof. By (19), we derive the following functional equation:
F.(t,u+v) = F,(t,u)Fu(t,v).

From this equation, we obtain

> tn o t" t"
(utv) 2 b v)
Sar =y ol Z
n=0 n=0 n=0
Therefore
o0 ﬁ" o0 n 71
(utv) b _ (u) (U) v
Skt =3 (30 ()l ) "
n=0 n=0 \k=0
Comparing the coefficients of % on both sides of the above equation, we arrive
at the desired result. O
Forn=0,1,2,3,4,5,..., we compute a few values of the numbers a( ) given

by equation (20) as follows.

TABLE 2. Some values of the numbers a%’

U 2 3 1 5

0 |2 1 8 16 32

1 |4 16 48 128 320

2 |16 |96 384 1280 3840

3 |88 | 736 |3744 | 15104 | 53120

4 | 616 | 6816 | 42720 | 204032 | 827520

5 | 5224 | 73696 | 556128 | 3093248 | 14288000

Theorem 3.2. The following identity holds true:

(21) aW(zx) = z": (Z) a,(cl),r"*k (I e Ny).

k=0
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Proof. By (18) and (19), we get

(l )
Z =2 wl Z
Therefore
() = @), mn—k | v
zan<w>n!—z(z(k)akw )
n=0 n=0 \k=0
Comparing the coefficients of % on both sides of the above equation, we arrive

at the desired result. O

We now define the generalized Fubini numbers fTSW;) of order m by means of
the following generating function:

(m) (mt ef—1 \"
(22) B0 = Zf n'_<k:+1—ket> '

n=1

From this equation, we get the following theorem:

Theorem 3.3.
£ = ( )f A
% 2 ;

Proof. The proof is similar to that of Theorem 3.1. We omit the details. [

4. Identities and relations

In this section, by using generating functions, we derive various novel iden-
tity and relations including the Apostol-Bernoulli numbers and polynomials,
the Stirling numbers of the second kind and the Fubini type numbers and
polynomials.

By using (11), (13) and (19), we derive the following functional equation:

2k
( ) Fo(t,2k)F,(t, k) = FiF(t).
By using this functional equation, we get
e (2k) tn 2]{/’ tn e ) tn
S W) 252 20 S
n=0 n=0
Therefore
o) (2 _ 2R)! SIAS ® |
Z =% > Z ; Sa (4, 2k)a,”; | —

= n=0 \ j=0

Comparing the coefficients of fl—n, on both sides of the above equation, we arrive
at the following theorem.
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Theorem 4.1.

(23) wP =G (1)seGoanyald,

Jj=0

Substituting & = 1 into (23), we get the following alternative formulas for

the numbers wﬁ) (n) as follows:

n

Z()wM wM(n J)

j=
(2) ~ (g
wyy (n) = Z ( .)52 (J,2) an—j,
i=o \J
and since j < 2, Ss (j,2) = 0, we have

wﬁ) Z( )Sg 7,2 an,]—.
j=2

Proposition 4.2 (A recurrence relation for the numbers a,). Let ag = 2.
Then we have

n

(24) an = i (Z) a > (Z) gn—k=2g,

k=0
Proof. By (14), we get

& tn . > tn o > tn
4Zanm—4e ZanaqLe ZG"HZQ
n=0 n=0 n=0

Therefore

ZO <4an _ 4;_0 (Z) ag + ;O (Z) 2"—’“%) ;—n' — 9.

For n € N, by comparing the coefficients of ’;—T: on both sides of the above
equation, we arrive at the desired result. ([

A relation between the numbers a, and the Apostol-Bernoulli numbers of
order 2 is given by the following proposition:

Proposition 4.3. The following identity holds true:

1 (2) 1
25 n=-——""——8 = Np) .
( ) a 2(n+1)(n+2) n+2 (2) (n € 0)
Proof. By combining (6) with (14), we obtain

[e.°] n

St 28 (5) 5
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Therefore

- " o 1\ t"
_ LA @((2) =
5_0 2n(n—1)an_2 = E B (2) E

n=0

Comparing the coefficients of fl—n, on both sides of the above equation, we arrive
at the desired result. O

Substituting [ = 1 into (21), we obtain

(26) an(z) = kZiO (Z) apz™ "

Combining (25) with (26), we arrive at the following corollary:
Corollary 4.1.
n (2) (1
n Bk+2(§) —k
27 () = __Bkala) ok
@7 an(®) ,;)(k) 2k + 1)(k+2)"
Proposition 4.4. Let [,b € N with [ > b. Then
“~(n\ ) (-b
28) ) =3 (7 )l o).
k=0
Proof. By (18), we define the following functional equation:
Fo(a;t,1) = Fy(t,b) Fa(a:t,1 — b).

From this equation, we get

- I A L tn
§ : o — § (b) E (1-b) .
o an’ (7) n! — ol ~ an " () n!’

Therefore

9] n [e'S) n n B m
) v (b) (1-b) v
ngoan (‘T) nl - ngo (kz_o (k) g Ay, (‘T)> nl .

Comparing the coefficients of fl—n, on both sides of the above equation, we arrive
at the desired result. O

Proposition 4.5. We have

(29) al(z+1) = . (Z)a,g”(z).
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Therefore
oo . m 00 n n ) m
Za%)(erl)m:Z Z i a,(C (x) ok
n=0 n=0 \k=0

Comparing the coefficients of ’;—T: on both sides of the above equation, we arrive
at the desired result. O

Proposition 4.6. Let m,n € N with n > m. Then

o™ n 1
30 D (z) = m! W ().
(30) ol (@) = mt( ")l (2)
Proof. By applying gl—m,; derivative operator to equation (18), we obtain
St om tn o tn—i—m
I (S YOS ()
~ axm a‘n (:C) n| - 7;0 a‘n (:C) n|

Hence

o™ t" n t"
2 WO — E @ -
2 —Qy, (m) ! m!( )an m(m) 5

n=0

Comparing the coefficients of % on both sides of the above equation, we arrive
at the desired result. O

A relationship between the numbers a,, and wy(n) is given by the following
theorem:

Theorem 4.7.
" /n
ap, =2 ,;_O (k) wq(k)wg(n — k).

Proof. By combining (12) with (14), we get

1 0 n 0 n n
: Z% =D g ()

n=0 " n=0
Therefore
Iemw 1" =[x~ (n tr
n=0 n=0 \k=0
Comparing the coefficients of % on both sides of the above equation, we arrive
at the desired result. O
Theorem 4.8.

(31) >3y () () atm. g ) = 210"
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Proof. By using (18), we get

2! Zz"i—n' = (' — 2)21 Z ag)(z)t
n=0 :

After some elementary calculation in the above equation, we get

) 21 FNS)
tm (21N (et —1) tm

> =Sy (§)r 5 ety

= n! = Ji 4! = n!

Therefore
) ) n 21

t n (21 tn
lynZ_ — _ ; (1) v
Y=L\ X () B (st itate )

n=0
Comparing the coefficients of ’;—T: on both sides of the above equation, we arrive
O

at the desired result.
Substituting = 0 into (31), we get the following corollary

Corollary 4.2.

> /(1) () tsatom. el =

m=0 5=0

Theorem 4.9. The following identity holds true:

1
fnfl,k**k(k+1)n6n <k+1> (TLEN)
Proof. By using (15), we get

1 t tet
Zf”k t(k+1) t_1 kot_q
! et — =i

k+1

Now combining (3) with the above equation, we obtain

1 & k k tn
=3 (5 () - (i)

Since
k k k k
Bo(k+1)_8( k+1)+81(k:+1)_81 (1’k+1)_0’
we have
> n & k k "
Z(k+1)nfn 1,k ;(Bn(k—ﬂ)_g ( k+1))—|
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Combining (5) with the above equation, we have

[e.o]

Z(k+1)nfn lk i Z <k+1> tn.

n=2

Comparing the coefficients of % on both sides of the above equation, we arrive
at the desired result. O

Theorem 4.10. We have

(32) fvgmznk mi(™) k_,_lmjio ( > )<j’kii+1)'

Proof. By using (22), we get

m

= m " 1 4 ,
A== > (1) (et
Eopl m t m J
n=1 (k/’ + 1) 1-— k—_He t 3=0
After some elementary calculations, we get

3 (m‘( i)

-SlEm R (e Ge))

Comparing the coefficients of ’;—, on both sides of the above equation, we arrive
at the desired result. O

Theorem 4.11. We have

Proof. By using (22), we get

1 B N " g t
E(k'i‘l_ke) an’ka_ZSQ(n’m)ﬁ'
n=1 n=0

From this equation, we have

> tn km m\ (k+1\"TT
Emem= = (5) () o

7=0 n=0
ke /m kE+1 m=j AL > (m)t
R —1) - - n-_ .
P (D) (57) ey



A NEW FAMILY OF FUBINI TYPE NUMBERS AND POLYNOMIALS 1619

Therefore,

o= S () ()5
S (M) () () el

n=0 v=0 j=0

Comparing the coefficients of ’;—, on both sides of the above equation, we arrive
at the desired result. O

4.1. Combinatorial sums including the Fubini numbers

Here, by using the Riemann integral, we derive combinatorial sums including
the Fubini type numbers and the Apostol-Bernoulli numbers.

Integrating both sides of (26) from 0 to 1 with respect to x, we arrive at the
following result:

1 n
o n Qg
(33) / an(z)dx = Z <k:> R
0 k=0
Combining the above result with (27), we get the following combinatorial sum:

Theorem 4.12. The following identity holds true:

n

z”: (Z) # - kZ:O (Z) 2(k + 1)(?%)22()%71,+ 1—k)

k=0
Theorem 4.13. The following identity holds true:

=3 S () () () -

m=0 j=0 k:O

Proof. Integrating both sides of (31) from 0 to 1 with respect to =, we arrive
at the following result:

(34) iz ( )( > 1S5 (m, g)/olafflm(x)dx niil'

m=0 j=0

And also by integrating both sides of (21) from 0 to 1 with respect to =, we get

1 n—m O]
) do — n—m ;.
/Oan_m(z)z Z( k )n—l—l—kz—m'

k=0

By substituting the above equation into (34), we get the desired result. (I
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