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THE GENERALIZED COGOTTLIEB GROUPS, RELATED
ACTIONS AND EXACT SEQUENCES

Ho-WonN Cuol, JAE-RyoNG KiM, AND NOBUYUKI ODA

ABSTRACT. The generalized coGottlieb sets are not known to be groups in
general. We study some conditions which make them groups. Moreover,
there are actions on the generalized coGottlieb sets which are different
from known actions up to now. We give related exact sequence of the
generalized coGottlieb sets. Using them, we obtain certain results related
to the maps which preserve generalized coGottlieb sets.

1. Introduction

The Gottlieb group G,(X) (n > 1) was defined by Gottlieb [3] and the
coGottlieb group G™(X;F) by Haslam [5, 6] for any abelian group F. The
purpose of this paper is to study some properties of the generalizations of the
coGottlieb group, namely the homotopy set DG(X, Z) of cocyclic maps by
Varadarajan [12], the homotopy set p' (X, Z) of p-cocyclic maps for a map
p: X — A by Oda [10], and the subset G} (X;F) of p-cocyclic elements in
H"™(X;F) by Yoon [14]. We have relations : DG(X,Z) = (1x)" (X, Z) for the
identity map 1x : X — X and G (X;F) = p' (X, K(F,n)) for the Eilenberg-
Mac Lane space K (F,n) (see Section 2 for the definitions).

When Z is a grouplike space, the subset p' (X, Z) is not known to be closed
under the addition + in general, even if Z = K (IF,n), although the homotopy
set [X, Z] is a group. However, if Z is a grouplike space, then we see by Propo-
sition 2.1 that p" (X, Z) contains the unit 0 and the inverse —a € p' (X, 2)
for any a € p"(X,Z) and, of course, satisfies the associativity; moreover, if
a € p'(X,Z), then ka € p'(X,Z) for any integer k by Theorem 2.3. For
further study we introduce the following terminology (Definition 2.4): Let n
be a positive integer and F an abelian group. A map p : X — A is said to
be an (n,F)-essential map of the coGottlieb group of X if the addition + is
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closed in G} (X;F). Amap p: X — A is said to be an essential map if it is an
(n,F)-essential map of the coGottlieb group of X for every n and F.

More generally, we call amap p : X — A a strongly essential (or s-essential)
map if the addition + is closed in p (X,Y) for any grouplike spaces Y (Def-
inition 4.5),

In Section 3 we consider an action of H"(A;F) on H"(X;F). For any ele-
ments a € H"(A;F) and f € H"(X;F), we define an element a* f € H"(X;F)
by ax f = aop+ f. Here, the symbol + is the addition in H™(X;F) induced by
the Hopf structure m : K(F,n) x K(F,n) — K(F,n). Then we have a pairing

w: H'"(A;F) x HY(X;F) - H"(X;F)

given by u(a, f) =ax*xf =aop+ f for any a € H*(A;F) and f € H*(X;F).
We show that there exists an action of the coGottlieb group G™(A;F) on the
set Gy (X;F) defined by u(f,a) = ax f (Theorem 3.4):

p: G"(AF) x Go(X;F) — Gp (X5 F).
In Section 4 we prove that the following sequence is exact as sets for any
spaces X, A,Y1,Ys and any map p: X — A (Theorem 4.2):
0—p (X,71) 25 pT (X, V1 x ¥2) 225 pT (X, Y3) — 0.

The following result is proved (Theorem 4.7(3)): If Y7 and Y3 are grouplike
spaces and p : X — A is strongly essential, then there exists an isomorphism

of groups
p(X, Y1 xYa) = p' (X, V1) x p' (X, Y2).

Let H and L be any abelian groups and p : X — A a map. A homomorphism
h : H — L induces a function h. : G} (X;H) — G(X;L) (Proposition 5.1)
and in Section 5 we study some properties of them. Consider the following

diagram:
Y X
q l J/ P
B A

Let m > 1 be an integer. We define the following subset of the homotopy set
Y, X]:

DCPY (Y, X5F) ={f € [Y,X] | G{(Y;F) D f*(G,(X;F)) foral n<m}.

f

—

A map f:Y — X is called an F-(q, p)-cocyclic element preserving map up to
m or an F-DCP",-map if f € DCPJ' (Y, X;F) ([7]).

In Theorem 5.3 we prove that if 0 — H L6 S Ls0isa split short
exact sequence of abelian groups, then the following relation holds:

DCP},(Y,X;G) C DCPy,(Y,X;H)N DCP}',(Y, X; L),



COGOTTLIEB GROUPS 1625

and if, in addition, ¢ is an (n, G)-essential map for any n < m, then the equality

DCP;"(Y,X;G) = DCP™,(Y, X;H) N DCP™ (Y, X; L) holds (Theorem 5.4).

2. Certain properties of coGottlieb groups

We consider based topological spaces and based maps in this paper, there-
fore, a space is a based topological space and a map is a based map. The identity
map for a space X is denoted by 1x : X — X. The symbol f ~g: X — Y
means a based homotopy and the homotopy class of a map f : X — Y is
denoted by [f] : X — Y. We use the same symbol f for a map f and its
homotopy class [f] in some cases for simplicity. The set of homotopy classes of
maps from X to Y is denoted by [X,Y].

For any maps h: A - Band u: A — C, let

hAu=(hxu)oA: A Ax A% BxC

be the composition of the diagonal map A : A — A x A and the product map
hxu:AxA—=BxC. Letixy: XVY = X xY be the natural inclusion
for any spaces X and Y.

Let h : A - B and u : A — C be any maps. If there exists a map
0:A— BVC of type hAu : A — B x C, namely

ipcof ~hAu:A— B xC,
then we write ATu. If hTu, then we have the relation
(W ohod)T(u ouod)

foranyd: D — A, h' : B— B’ and v’ : C — C’" by Theorems 3.3 and 3.4 of
[10].

For any map p: X — A, we define

p (X,Z)={la]: X = Z | pTa} C [X, 7]
as in [10]. If p = 1x, then we recover the set
DG(X,Z) ={la]: X = Z | 1xTa} C [X, Z]

defined by Varadarajan [12]. Let K(F,n) be the Eilenberg-MacLane space.
The coGottlieb group or the coevaluation subgroup

G"(X;F) = DG(X,K(F,n)) = {[a] : X = K(F,n) | 1xTa} C H"(X;F)
was defined by Haslam [5, 6] for any abelian group F. Yoon [14] defined the
generalized coGottlieb set Gy (X;F) = G™ (X, p, A;F) of H"(X;TF) by

G(X;F)=p" (X,K(F,n)) = {[a] : X - K(F,n) | pTa} C H"(X;F)

for any map p: X — A.

We begin by studying some properties of the subset p' (X, Z2) of [X, 7],
where Z is a grouplike space of Whitehead [13]:

Proposition 2.1. If Z is a grouplike space, then the set p' (X, Z) satisfies the
following:



1626 H.-W. CHOI, J.-R. KIM, AND N. ODA

(1) Ifa, B,y €p" (X, Z), then (a+ ) +v=a+ (B+7).

(2) 0ep’(X,2).

(3) Ifa€p'(X,Z), then —a € p' (X, Z).

(4) (The case p=1x) a, f € DG(X, Z) implies a + § € DG(X, Z).

Proof. (1) The associativity holds in [X, Z]. However, the addition + is not
always closed in p' (X, Z).

(2) Since pTO0 holds, we have 0 € p' (X, Z).

(3)If a € p'(X,Z), then pTa and —a = v o « for the inversion v : Z — Z.
Since pT (v o a), we have —a € p' (X, Z).

(4) This is the result of Theorem 4.2 of Lim [8]. O

(Remark: It Z = K(F,n), then (4) is a result of Section 5 of Haslam [6].
However, it is not known when p' (X, Z) is a group for p # 1x, *.)
The following is the case where Z = K (F,n) in Proposition 2.1.

Corollary 2.2. The set G (X;F) satisfies the following:
(1) Ifa, B, € GROGT), then (a+8) + 1 = a+ (8 +7).
(2) 0 Gn(X;F).
(3) If a € Gp(X;F), then —a € G (X;TF).
(4) o, € G"(X;TF) implies a + 8 € G"(X;TF).

Theorem 2.3. Let p : X — A be a map and Z a grouplike space. If a €
p (X, Z), then ka € p" (X, Z) for any integer k.

Proof. If k = 0,+£1, the result is clear by Proposition 2.1. Let k& > 2 be
a natural number. Let A, : Z — [], Z be the k-hold diagonal map, and
my : [1, Z — Z the k-hold multiplication. If f € p"(X,Z), then pT f and
hence pT (my o A o f). We see

mkoAkof:mko(Hf)oAk:kf.

k
It follows that kf € p' (X, Z). O

By Corollary 2.2, the subset G (X;F) of H"(X : IF) contains the unit 0 and
the inverse —a € G (X;F) for any a € G (X;F) and of course satisfies the
associativity, although G (X;F) is not proved to be closed under the addition
+ in general. Therefore we define the following:

Definition 2.4. Let n be a positive integer and F an abelian group. A map
p: X — Ais said to be an (n,F)-essential map of the coGottlieb group of X
if the addition + is closed in G (X;F). A map p : X — A is said to be an
essential map if it is an (n, F)-essential map of the coGottlieb group of X for
every n and F.

We see that a map p : X — A is an (n,F)-essential map if pTa and pTf
implies pT (o + B) for any «, 8 € [X, K(F,n)]. Clearly p is (n,F)-essential if
and only if G (X;F) is a subgroup of H"(X;TF).



COGOTTLIEB GROUPS 1627

Example 2.5. The identity map 1x : X — X is an essential map, since the
coGottlieb set GT, (X;F) is an abelian group by Theorem 4.2 of [8]. If p = x is
the constant map, then G?(X;F) = H"(X;TF); and hence x* is also an essential
map. Any cocyclic map p : X — A is essential, since a map p : X — A is
a cocyclic map if and only if G (X;F) = H"(X;F) for every abelian group F

([14]).

Example 2.6. The inclusion relation G} (X;F) C GJ,,(X;F) holds for any
maps p: X - Aand r: A — B. Hence if r : A — B is a map with a left
homotopy inverse map £ : B — A and p : X — A is an (n,F)-essential map,
then we see

Gy (X;F) C Gy

rop

(X5F) C Glopop(X3F) C GT 0, (X5 F) C G (X5 F),

laop

or Gy, (X;F) = G} (X;F). Hence rop: X — B is also (n, F)-essential.

rop

Any map p: X — A with a left homotopy inverse ¢ : A — X is essential,
since G (X;F) C Gp(X;F) C GJ,,(X;F) = GY, (X;F) or GT, (X;F) =
Gy (X5 T).

Any homotopy equivalence is also an essential map.

Proposition 2.7. If p : X — X 1is a homotopy idempotent map, that is,
p*=pop~p, then aop+f e GY(X;F) for any o, B € G} (X;F).

Proof. Let a, B € G(X;F). Then pTa and pT 3 hold and we have (pop)T (a0
p + 8) by Theorem 3.9(2) of [10]. It follows that pT(awop+ ) or cvop+ 3 €
Gy (X5 T). O

Corollary 2.8. If there exists p: X — X such that p*> ~p and Bop ~ 3 for
every 8 € G (X;T), then p is an essantial map.

Example 2.9. Assume that H"(X;F) = 0 or Z,, where g, is a prime number
for any n > 1. Then G (X;F) = 0 or Z,, by Theorem 2.3. It follows that all
p: X — Ais an essential map of coGottlieb group of X.

Proposition 2.10. Ifp: X — A is an essential map, then the following hold.
(1) The induced function k : G (X;F) — G} (X;F) defined by k(o) = ka
for any integer k is a homomorphism.
(2) There exists a bilinear multiplication p : Z x Gp(X;F) — Gp(X;F)
given by p(k, a) = ka.
Proof. (1) is obtained by Theorem 2.3.
(2) Define p : Z x G} (X;F) — G (X;F) by pu(k, o) = ka. Then we have

/L(ha :u(kv a)) - h(ka>a ,LL(]{J + k/a a) - :u(kv a) + :u(klv a)v
p(k, a+ B) = p(k, o) + p(k, B). O
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3. Action H™(A;F) on G;‘(X;IF) for a given mapp: X — A
Let V.=Vz:ZV Z — Z the folding map. For any map f: B — Z and
v:C — Z, we define a map
BVy=Vo(fvy):BVvC 2 zvz Yz
A map 0 : A — BV C defines an addition
B+y=(BVy)ob:A—Z

for any map 8: B — Z and v : C — Z; dually, amap p: X XY — Z defines
an addition

X+t n=mpo(xAn):A—Z

for any map y: A = X and n: A =Y (see [11]).

Now we consider an action of H"(A;F) on H™(X;F). For any elements
a € H"(A;F) and f € H"(X;F), we define an element a x f € H"(X;F) by

axf=aop+ f.
Here, the symbol + is the addition in H"™(X;F) induced by the Hopf structure
m: K(F,n) x K(F,n) = K(F,n). Then we have a pairing
w: H'(A;F) x H'(X;F) - H"(X;TF)

given by u(a, f) =ax*xf =aop+ f for any a € H*(A;F) and f € H*(X;F).
We note that p is a surjective homomorphims of groups.

Proposition 3.1. The pairing u: H"(A;F) x H"(X;F) — H"(X;F) satisfies

the following relations:
(1) ax0=aop for anya € H"(A;F) and 0 f = f for annyH”(X,
(2) ax(bxf)=(a+Db)xf for any a, b € H"(A;F) and any f € H"(X;F
(3) (hoa)* (hof)=ho(axf) for anya € H"(A;F), f € H*(X;F

any map h: K(F,n) - K(G,n).
Proof. (1) For any a € H"(A;F) and f € H"(X;TF), we have
ax0=aop+0=aop, O0xf=00p+f=0+f=Ff.

(2) For any a, b € H"(A;F), f € H*(X;F) and any f € H"(X;F), we have
«(bx f)=aop+ (bxf)=aop+(bop+[)
=(aop+bop)+f=(a+b)op+f=(a+tb)xf

(3) For any a € H"(A;F) and any h : K(F,n) = K(G,n) we have
(hoa)* (hof)=hoaop+hof=ho(aop+ f)="ho(axf). O

Corollary 3.2. For any a,b € H"(A;F) and any f,g € H"(X;F), we have
the following relations:

ax(f+g)=acp+(f+g)=axft+g=Ff+axy,
ax f=aop+ f=a*x0+ f,

)

) and
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(a+b)x(f+g)=(a+b)xf+g=axf+bxg=bx(axf+g).

Now we consider an action of H"(A4;F) on G} (X;F) for a given map p :
X — A. For any element f € G(X;F), there exists a coaffiliated map 1, y :
X — AV K(F,n) such that jot, y ~ (p x f) oA as in the following diagram:

X 0 AV K(F,n)

N

X x X 2 A% K(F,n)

For a € H"(A;F) and b € H"(K(F,n);F), we define a map a +b : X —
K(F,n) by the composition:

atb:X 2y AV K(F,n) -2 K(F,n) v K(F,n) — K(F,n).

Then a + b is an element of H"(X;F). Moreover, by Theorem 2.7(2) of [11]
(set h=p,r=f, f=9=1gEn), @=aand § =0bin the theorem), we have

a+b=aop+bof,

where + is the addition induced by v, f : X — AV K(F, n) as above and + is
the addition in H"(X;F) which is denoted by + in [11]. Therefore, we have
a pairing

p: H"(A;F) x G (X5 F) — H"(X;F)
given by p(a, f) = a + tk@n) (=aop+ f =ax f) for any a € H"(A;F) and
fe GZ(X;F).
Remark 3.3. For a given map g : K(G,n) — K(F,n) by replacing a € H"(A;T)
by a = gol € H"(A;F) for | € H"(A;G) in the above pairing, we can get a
pairing

p: H"(A;G) x Gp(X;F) — H"(X;F)
defined by u(l, f) =golop+ f.

Theorem 3.4. There exists an action of the coGottlieb group G"(A;F) on the
set Gy (X; ), that is, the function

p: G"(AF) x G (X5 F) = Gy (X;F)
defined by p(a, f) = a* f for any a € G"(A;F) and f € G(X;F) is well
defined.

Proof. If a € G"(A;F) and f € G (X;TF), then 14Ta and pTf. It follows
that (1aop)T(aop+ f) or pT(aop+ f) by Theorem 3.9(2) of [10]. Hence
axf=aop+ feGyX;F). O
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Proposition 3.5. (1) For any a € H"(A;F) and f € H"(X;F), the in-
duced homomorphism (a * f)u : m(X) — m (K (F,n)) satisfies
(@x [y () = ag(py(2)) + f(2)
for any x € mi(X) and i > 0.
(2) For any f € G(X;F) and a € H"(A;F), the induced homomorphism
(ax f)*: H(K(F,n);G) — H(X;G) satisfies
(ax f)*(z) = (aop)(x) + f*(x)
for any v € H(K(F,n);G) and i > 1.
Proof. (1) Since a* f =aop+ f, we have
(ax flg(@) =(aop+ flow=(aopox)+(fox) = ay(py(xr)) + f4(z).
(2) Since f € GJ(X;F), we have ax f = aop+ f = a + tx(,y). Therefore,
(ax f)(z) =z0(a+ lgmEn) =(xoa) + (xolgmn)
= @oa) 2 =(woaop) + (w0 )= (aop)' () + /()
by Theorem 2.7(2) of [11]. O
Arkowitz, Lupton and Murillo [2] defined
ENX)={fe&X)| fr=1:H(X;Z) — H(X;Z) for all i}
for any space X, and
Ex(X)={felX) | fp=1:m(X) = m(X) for all i <N = dim(X)}
for any CW-complex X. We define
re(X)={fe&(X)| ff=1:H(X;F) - H'(X;F) for all i <n}.

Example 3.6. Let X = K(F,n). Let + : X — X be the identity map and
a € H"(A;F). Then we have the following results:

(1) axev € Ex(X) if and only if ag opy = 0 : 7, (X) — 7 (4) —
T (K (F, n)).
(2) Suppose that « € Gp(X,F). Then, a . € & (X) if and only if
p*oa*=0: H"(X;F) —» H"(A;F) —» H"(X;F).
(1) is obtained by Proposition 3.5(1).
(2) First assume that a * ¢ € £, (X). By Proposition 3.5(2) and the condi-
tion ax ¢ € & x(X), we have
proa’=0: H"(X;F) — H"(A;F) = H"(X;TF).
Conversely assume that p* oa* =0 : H"(X;F) - H"(A;F) — H"(X;F).
Then for any x € H"(X;F), we get
(a%0)*(@) = (o p) (@) +0°(z) = () = .
It follows that

(@) x ) o(axt) = (ax1)*((=a) x1) = (=a) ¥ v = ((=a) * )" (1) = ¢.
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Similarly, we have ((—a) *¢)*(x) =z and (a*¢) o ((—a) *¢) = ¢. Hence a * ¢ is
a homotopy equivalence.

Remark 3.7. If 1w n) € G (K(F,n),F), then G} (K(F,n),F)=H"(K(F,n),F).
Let X = K(F,n) and p: X — A. Suppose that the induced cohomology ho-
momorphism p* = 0 : H"(A;F) — H"(X;F) in Example 3.6(2). Then for
a € H"(A;F) we have aop = p*(a) = 0, and

axt=(aop) + lgwn =0+ lgwn =t € [X, X].

If A is a co-Hopf space, then we have the following sufficient conditions for
the map p: X — A to be an (n, F)-essential map of the coGottlieb group of X.

Theorem 3.8. Let A be co-Hopf space. Then the map p: X — A is an (n,F)-
essential map of the coGottlieb group of X if one of the following conditions is
satisfied:

(1) p* : H"(A;F) — H™(X;F) is surjective.

(2) p: X = A is an (n + 1)-equivalence.

Proof. (1) Consider the function p : G"(4;F) x G (X;F) — G (X;F) in
Theorem 3.4. Since 0 € Gy (X;F), we have pu(a,0) = ap + 0 = ap for all
a € G"(A;F). Then p*(G"(A;T)) is a subset of Gy (X;F).

Since A be co-Hopf space, we have G"(A; F) = H"(A;F). If p* : H"(A;F) —
H"(X;F) is surjective, then p*(G™(A;F)) = H"(X;F). Since p*(G"(A;F)) C
G;}(X;F), we get

Gy (X;F) € H"(X;F) = p"(G"(A;F)) C G (X F).

It follows that G} (X;F) = H"(X;F).

(2) If the map p: X — A is an (n + 1)-equivalence, then we have the result
by virtue of the Proposition 8.2.2 in Arkowitz [1]: Let f : X — Y be an n-
equivalence, let Z be a space, and let f* : [Y,Z] — [X, Z] be the induced map.
If mi(Z) = 0 fori > n, then f* is a surjection. If m;(Z) =0 fori > n+1, then
f* is an injection. O

Example 3.9. Let X = CP", the complex projective n-space and A = S,
the 2n-sphere. Let p : CP™ — S2" be the natural projection. Then p* :
H™(S?";7Z) — H"(CP™;Z) is an isomorphism and satisfies the condition of
Theorem 3.8(1).

4. Exact sequences

Let i1 : Y7 — Y71 xYs, i0: Y] — Y7 X Y5 be the inclusions and py : Y7 X Yy —
Y1, p2 1 Y1 X Yo — Y5 be the projections as is shown in the following diagram.
p1 p2
==V ixh—=Y,

71 2
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Let aAS € [X, Y7 x Ya] be the element defined by elements « € [X, Y] and
B € [X,Y3]. We define a set function
®:pl (X, V1 xYa) = p' (X, V1) xp' (X, Y2),
by ®(aAB) = (p1o (aAB),p20 (aAB)) = (a, B) for any aAB € p' (X, Y] x Ya);
if pT(aApB), then we see pT(p1 o («AB)) and pT (p2 o (@Af)).

Proposition 4.1. The set function ® : p" (X, Y1 xY3) = p' (X, Y1) xp' (X, Y3)
is a monomorphism for any X, A,Y1,Ys andp: X — A.

Proof. We have the result by the universality of the product space Y1 xY;. O

Theorem 4.2. The following sequences are exact as sets for any spaces X, A,
Y1,Ys and any map p : X — A.

00— p (X,Y1) 25 pT (X, V1 x ¥a) 225 pT (X, Ya) — O;

0—p' (X,Y2) iZ.u*l’T(X,Yl x Ya) 25 pT (X, Y1) — 0.

Proof. We prove the first exact sequence; the second one is proved similarly.
For any ap € p' (X,Y2), we have *Aas = isoas € p' (X,Y] x Ya) and
p2 o (xAag) = .
Assume that a;Aas € pT(X, Y1 x Y3) and poy(anAas) = *. Then we have
ag ~ % and hence
a1Aas = a1 Ax = i1 0 aq,
where o = p1 o (a1Aaz) €p (X, V7).

Xy

a1

lalAaz
£ p1 P

2
Yi=—=VixYo—=Y,
1 12

Finally, the inclusion i14 : p' (X,Y7) — p' (X, Y] X Y2) is a monomorphism by
the universality of the product space Y7 X Y5. O

Proposition 4.3. If0 - H — G — L — 0 is a split short exact sequence of
abelian groups, then there exists the following short exact sequence of sets:

0— Gy(X;H) — G, (X;G) = Gy (X;L) — 0.

Proof. The sequence 0 - H — G — IL — 0 is a split short exact sequence if and
only if G 2 H@ L. The product space K (H,n) x K(L,n) is an Eilenberg-Mac
Lane space of type (H&® 1L, n). Hence the upper exact sequence in Theorem 4.2
becomes the following exact sequence:

0= p (X, K(H,n)) 25 pT (X, K (H,n) x K(L,n)) 22 p" (X, K(L,n)) = 0,

which is the exact sequence in question. 0
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Corollary 4.4. Let 0 - H — G — L — 0 be a split short exact sequence of
abelian groups. If p is an (n,F)-essential map for any F = H,G and L, then
there exists the following isomorphism of groups:

Gp(X:G)=GH(X 1 H)® Gy(X :L).

Proof. If p is an (n,F)-essential map for any F = H, G and L, then the short
exact sequence of sets in Proposition 4.3 becomes the short exact sequence of
the groups with a cross section, and hence the result follows. (I

Definition 4.5. A map p : X — A is said to be a strongly essential (or s-
essential) map if the addition + is closed in p' (X,Y) for any grouplike spaces
Y.

Remark 4.6. The term ‘(n, F)-essential map’ is defined for the case where ¥ =
K(F,n). The term ‘strongly essential map’ is used for grouplike spaces Y.

Theorem 4.7. Let X and A be any spaces and p : X — A any map. If
a1 € p'(X,Y1) and ay € p" (X, Y5), then the following hold.

(1) a1Ax, xAas € pT (X,Y7 X Ya).

(2) If Y1 and Yz are Hopf spaces, then a1Aaz = (o Ax) + (xAaz), where
+ s the addition in [X,Y1 x Ya].

(3) If Y1 and Yy are grouplike spaces and p : X — A is strongly essential,
then a1 Aos € pT (X,Y1 x Ya), and hence there exists an isomorphism
of groups

pI(XY1 X Y2) =pT (X, Y1) xp' (X, Y2).

Proof. (1) If pTay and pTag, then pT(iy0a;) and pT (i 0 az). Since ayAx =
i1 0 a1 and *Aqg = i3 0 ag, we have pT (a3 Ax) and pT (x*Aas).

(2) We see (a1 Ax) + (xAaz) = (a1 + *)A(x + a2) = a1Aas.

(3) If p: X — A is strongly essential, then p' (X,Y; x Y3) is a group. It
follows then that pTay and pTag imply pT (a1 Aas) by the results of Parts (1)
and (2).

PT(X, Y1 X Ya) —=p (X, V1) x p| (X, V2)

oo

X, Y1 % Y] ——> [X, V1] x [X, Y .

Remark 4.8. Suppose that Y7 and Y, are Hopf spaces with multiplications
mq : Y1 XY7 — Y7 and mso : Yo X Yo — Y5 respectively. Then the multiplication
of Y1 x Y3 in Theorem 4.7(2) is given by

(myxma)o(ly, xTx1y,) : (Y1 xY2)x (Y1 xY2) = (Y1 xY1)x(YaxYs) = Y7 xY5,
where T : Yo X Y] — Y7 X Y5 is the switching map.
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Remark 4.9. Let m : Y7 x Yo — Y be a pairing. Then for any «; € [X,Y7] and
az € [X,Y3], the ‘addition’ + is defined by
a; + ag =mo (a1Aaz) =mo (a; X ag) o A.
If pT(a1Aaz), then we see pT (a1 + a2).

Remark 4.10. Let Top, be the category of small topological spaces with base
point and Set the category of small sets. We note that

p' (X, e): Top, — Set

is a functor. If p : X — A is strongly essential, then p (X, ) preserves products
for grouplike spaces by Theorem 4.7(3).

5. Long sequences of coGottlieb sets

Proposition 5.1. Let H and L be any abelian groups and p : X — A a map.
A homomorphism h : H — L induces a function

by s Gp (X5 H) — Gy (X;1L).

Proof. Let h : K(H,n) — K(LL,n) be the continuous map which induces the
homomorphism of homotopy groups

7n(h) =h:H = m,(K(H,n)) = m,(K(L,n)) = L.

We have the following commutative diagram:

GrX;H) C [X,K(H, n) )] O GHX;L)

H™(X;H) 2 g7 (X L)

If a € GI(X;H) C [X, K(H,n)] = H*(X;H), then pTa and hence pT(ho a).
It follows that h.(o) = hoa € Gi(X;L). O

We have the following long graded sequence of coGottlieb sets.

Theorem 5.2. Let 0 — H 5 G 25 L — 0 be a short exact sequence of
abelian groups. Then, there exists the following long graded sequence of sets:

h G g« n— . 13)
G;(X;H)—>G;(X-G)—>---—>G LX; ]L)—>
n . D n . n n
GIl(X;H) == Gr(X;G) = Gp(X;L) —— G (X5 H) ——

Proof. Since 0 — H Ly G L5 L - 0 is a short exact sequence of abelian
groups, we have the following fibration sequence (see p. 167 [4]):

KH 1) 1 K(G,1) % K(L, 1) 25 K(H,2) " K(G,2) —

(
9 K(Lyn—1) 2 K(H,n) 2= K(G,n) 25 K(L,n) 25 K(H,n+1) % ..
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where 9 : QK (L,n) = K(L,n—1) — K (H, n) is the induced map (see Theorem
6.4.14 and Theorem 6.5.7 of [9]). By Theorem 6.4.14, Theorem 6.5.7 and
Corollary 6.5.8 of [9], we have an exact sequence

— [X, QK (L,n)] 25 [X, K(H,n)] 25 [X, K(G,n)] £ [X, K (L,n)] 2 ..

which is the long exact sequence

oo HY(XL) 2 HMXGH) L HY(XGG) 2 HM(XGL) 2
Ifae Gg’l (X;1L), then pTa and consequently pT (doa). This implies 9, () =
(0o )€ G2 (X;H). Hence we have the a graded sequence

o GPTYXGL) 2 QR (XGH) L GR (X G) o GR(XGL) 2 -

For any map f:Y — X, we have the following commutative diagram:

gix

e g xGH) e g X G) -2 g (G L) -2

T

gH’”(Y;H) &H’”(Y;G) L Hm(YL) O .

Consider the following diagram:
Y X
B A
Let m > 1 be an integer. We define the following subset of the homotopy set

[Y, X]:
DCP, (Y, X5F) ={f € [Y,X] | Gy (Y;F) D (G (X;F)) forall n<m}.

f

—_—

A map f:Y — X is called an F-(q, p)-cocyclic element preserving map up to

m or an F-DCP}' -map if f € DCP,(Y, X;F) (see [7]).

By Theorem 5.2, we have the following diagram:

014 G;)n(X, H) s G;n(X, G) 91x G?(X, L) 014 o

i | i

O Gr(Y; H) LI GI'(Y;G) o GM(Y;L) O .

If f € DCP,, (Y, X;H)NDCP', (Y, X;G)NDCP", (Y, X; L), then the above

P P
diagram is commutative. In general, the homomorphism f3 : G}'(X;F) —

G (Y';F) is not well defined for F = H, G and L.
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The relation of DCP}' (Y, X;H), DCPy,(Y, X;G) and DCP}',(Y, X;1L) is
not clear, but if 0 - H — G — L — 0 is a split short exact sequence of abelian
groups, then, the following inclusions of sets exist in [Y, X] by Theorem 5.3

below:

DCP (Y, X;G) - DCP[ (Y, X;L)

N N
DCP™(Y,X;H) C DCP™(Y,X;L)UDCP™ (Y, X;H)

Theorem 5.3. Let 0 > H 5 G 25 L — 0 be a split short exact sequence
of abelian groups. Then the following relation holds:

DCP!(Y,X;G) C DCPI,(Y,X;H)n DCPI (Y, X;L).

Proof. We have homomorphisms r : . - G and £ : G — H such that gor = 1y,
loh=1gand hol+rog=1g.

h g
00— H—G—=L——=0
We then have the following commutative diagram:

R1s *
0 — > H"(X;H) == H"(X;G) =—= H"(X;L) — >0

£y T1x
A
h

. g2+
0 —— H*(YV;H) =—= H™(Y:G) =—= H"(Y;L) — 0
loy T2x
for any map f : Y — X and any n < m, where the rows are short exact
sequences.

By the above commutative diagram, we know that

f]f_kﬂ :gg* Ofé Oh,l* and fﬂf = g2« Of&OTl*.

By Proposition 5.1, the homomorphisms Ay, gg«, 7k« and fg. are induced by
maps for k =1, 2. If f € DCP],(Y, X;G) then f§ : Gp(X;G) — Gy (Y;G)
is well defined for any n < m. Hence, we have f € DCP; (Y, X;H) N
DCPy,(Y, X;1L). O
Theorem 5.4. Let 0 > H 5 G 25 L — 0 be a split short exact sequence
of abelian groups. Suppose that q is an (n,G)-essential map for any n < m.
Then the following equality holds:
DCP/,(Y,X;G) = DCP;",(Y, X;H) " DCP", (Y, X; LL).

a,p a,p
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Proof. We have the following diagram where two rows are split exact sequences
by Proposition 4.3:

R« g1«
0—>GZ(X;H) — G;‘(X;G) — GZ(X;L) ——0

71k

L1
fﬁl fal f{"l
hao

* g2«
0 —— G (Y; H) é<:> Gy (Y;G) —= Gy (Y;L) ——=0

*2 T2

for any map f: Y — X. By Proposition 5.1, the homomorphisms A, gi«, Tk«
and {j, are well defined for k = 1, 2. By the commutativity of the diagram in
the proof of Theorem 5.3, we know that

fir = Lo o fGohiw and ff = gox 0 f& 0714

f(é, = h?* Of]f]logl* + 724 Of]fj O g1x-

Since ¢ is an (n, G)-essential map for any n < m, the set G(Y;G) is a group
and hence we see that f € DOP;" (Y, X;G) ifand only if f € DCP, (Y, X;H)N

DCPY,(Y, X;L). O

Lemma 5.5. DCP],(Y, X;®°L) C DCP],(Y, X; L) for any s > 2.

Proof. Let 0 =L - LEL — L — 0 be the short exact sequence for the direct
sum L ¢ L. By Theorem 5.3, we have

DCPI, (Y, X;L® L) € DCPY,(Y, X;LL).

Furthermore, let 0 — @®/L — ®/FL — ®FLL — 0 be the short exact sequence
for the direct sum @7+*L for j, k> 1. Then by induction we have

m . itk m .
DCP (Y, X;&/TF L) € DCPY', (Y, X;L). O

Proposition 5.6. Let G be a finitely generated abelian group. Assume that
G = F& T where F # 0 is the free part and T # 0 is the torsion part. Let
F=&7Z and T = @th?t where p; is a prime number and a; is a positive
integer for any t. Let My of T be a subgroup of T defined by Mp = @iqui
such that qfi =+ q?j for i # j (that is, My is defined making use of all the
different direct summands in T'). Then the following inclusion holds:

DCOP™ (Y, X; G) € DCP™ (Y, X;Z® Mr).

Proof. By Lemma 5.5, we have the result. (|

Corollary 5.7. Assume the same conditions as in Proposition 5.6. Suppose

that q is an essential map. Then DCP, (Y, X; G) = DCP" (Y, X;Z © Mr).
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Proposition 5.8. If the homomorphism g : G — L has a right inverse homo-
morphism v : L. — G, then

DOP™,(Y,X;G) C DCP™ (Y, X;L).

P P
If g: G — L is an isomorphism, then DCP",(Y, X;G) = DCP}" (Y, X;LL).

Proof. Let f € DCPy"(Y,X;G) and let a € G}(X;G). From the induced
maps

K(L,n) — K(G,n) —2> K(L, n),

we have the following commutative diagram:

7.
H"(X;G) =—= H"(X; L)

T1x
e e
9o

H™(Y;G) —= H"(Y:L)

T2

It follows that g,, o f& = ff © ;.. Hence composing the induced right inverse
homotopy map 7., we have

fIE,k = f]i,k Ogl* OFl* :§2* Of(érofl*‘

If « € G (X : L), then we have f(a) = (ga. © f¢ oT14) () € Gy(Y : L) by the
definition of f. This completes the proof. O
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