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양자화 입력을 고려한 연속시간 T-S 퍼지 시스템을 위한 이벤트 

트리거 모델예측제어

 Event-Triggered Model Predictive Control for Continuous T-S fuzzy Systems

with Input Quantization
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Abstract - In this paper, a problem of event-triggered model predictive control is investigated for continuous-time 

Takagi-Sugeno (T-S) fuzzy systems with input quantization. To efficiently utilize network resources, event-trigger is 

employed, which transmits limited signals satisfying the condition that the measurement of errors is over the ratio of a 

certain level. Considering sampling and quantization, continuous Takagi-Sugeno (T-S) fuzzy systems are regarded as a sector 

bounded continuous-time T-S fuzzy systems with input delay. Then, a model predictive controller (MPC) based on parallel 

distributed compensation (PDC) is designed to optimally stabilize the closed loop systems. The proposed MPC optimize the 

objective function over infinite horizon, which can be easily calculated and implemented solving linear matrix inequalities 

(LMIs) for every event-triggered time. The validity and effectiveness are shown that the event triggered MPC can stabilize 

well the systems with even smaller average sampling rate and limited actuator signal guaranteeing optimal performances 

through the numerical example.
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1. Introduction

Takagi-Sugeno (T-S) fuzzy systems are well-known 

descriptions for expressing the complex nonlinear systems 

with accuracy [1,2]. It Is well known that the T-S fuzzy 

systems can represent complex nonlinear dynamics as a 

weighted sum of linear sub-systems by means of a set of 

fuzzy rules and membership functions. Therefore, there are 

considerable amounts of literature on stability and 

stabilization for T-S fuzzy systems [3-5]. Based on the given 

results, much efforts have been made from control synthesis 

to observer design [6, 7].

As the advent of network technology, the control systems 

through communication network are challenging issues 

focused by researchers [8]. Since continuous T-S fuzzy 

systems with sampled-data can include not only networked 

control systems but even most of physical systems more 

explicitly, it is highly significant to cope with continuous 

sampled-data T-S fuzzy systems. When dealing with the 

networked control systems, one important issue is to consider 

the characteristics of network. In network environments, only 

discretized signals using sampler is sent over the network 

and the signals are quantized. With regards to sampled data 

T-S fuzzy systems, it also suffers from various aspects of 

networks, which are computational burdens for optimization, 

loss of sensor signals, and limited communication channel 

[9]. Thus, they should be considered with the appropriate 

technique. 

To overcome these difficulties, an event-triggering scheme 

have been proposed by sending only permitted signals 

satisfying an event-trigger condition. The event-driven 

control scheme requires the sample signals only when it is 

needed so it reduces resources of communication and 

actuator. Not only that, it preserves desired stability and 

convergence of systems although it utilized only selected 

sampled signals. With this favorable strategy, it successfully 

adopted to networked control systems. Over the decade, 

several event-triggered conditions are investigated [10, 11] 

and used for control and filtering of T-S fuzzy systems [12, 

13]. However, there are still more rooms for research on 
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control methodology of event-triggered scheme for T-S 

systems.

In this paper, we present event-triggered MPC method for 

continuous-time T-S fuzzy systems with input quantization. 

Using input delay approach, continuous-time T-S fuzzy 

systems are transformed into nonlinear systems, where event- 

trigger mechanism, input quantization and saturated property 

compose the unified framework. Then, event-triggered 

continuous T-S fuzzy systems are regarded as sector bounded 

continuous-time T-S fuzzy systems with input delay. For the 

systems, sufficient conditions are derived in terms of linear 

matrix inequalities (LMIs), calculating optimal gain and event 

trigger matrix at every triggering time. The event-triggered 

synthesis optimally stabilized the systems with reduced 

signals. Moreover, the derived conditions are improved in the 

sense of feasibility and performance by constructing new 

Lyapunov-Krasovskii functional with input quantization in 

forms of sector bounded condition. The numerical example 

shows off satisfactory constraints and feasibility of the 

proposed MPC scheme.

2. System Description

Let us consider the following continuous nonlinear systems

          (1)

where ∙  is the nonlinear function depending on the 

system state ∈ , the system input ∈, and the time 

variable . Using Takagi-Sugeno (T-S) fuzzy approach, the 

nonlinear system (1) can be transformed into the following 

T-S fuzzy systems:

Rule : If   is  and  and if   is  , then

                 (2)

where    is the premise variables in the fuzzy inference 

rule,  is th fuzzy membership function of the th rule for 

   and    with the index number , and 

 are known system matrices of appropriate dimensions. 

According to the weighted average method of T-S fuzzy 

approach,   which is the weighted sum of the 

membership function for each rule is defined as

  






 

  
    





        (3)

where  is the grade of the membership function for th 

rule from th membership fun

ction, and  represents the sum of the membership grade 

function for each rule  satisfying 

   ≥  




   ≥  ∀≥       (4)

Under the given condition (4), the followings are given as

 ≥  




             (5)

  Then, from the defined variables, (2) is transformed into 

the following system (6)

 




       (6)

For the given T-S model, a parallel distributed compensation 

control (PDC) scheme can be employed. The description of 

PDC is detailed as 

Rule : If   is  and  and if   is  , then

                   (7)

Adopting the same fuzzy rule in systems, the overall 

expression for PDC is given as 

 




             (8)

  Now, consider the measurement signals from sensors. From 

the sensor generating a periodic signal, discretized sampled 

signals is sent to the controller, so only the delayed input 

can be utilized for control purpose. The sensor signals using 

sampler with the constant sampling instant $h$ are 

generated with a sequence of hold time 

   ⋯  ⋯ where   …  … 
…… and  is a positive integer. Then, the 

information of the received states is obtained as 

     ≤         (9)

where lim
→∞
 ∞ and   is a sampled state signal which 

is obtained from sensor. To this end, an event generator is 

employed to reduce the sensor signal's occupations. The event 

generator permits the signal to be conveyed only when the 

event condition is satisfied. The event generator is triggered 
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by using the following judgement condition

 
≤


   …∞

 (10)

where  is a symmetric positive definite matrix, ≤   , 

and  is a positive integer. The sequence set of the signal 

after the event generator is defined as  … and 

satisfies  ⊂. Then, the transmitted signal  

  is fed back to the controller   . 

Correspondingly,  implies the release period of the 

event generator with multiples of sampling times. For 

simplicity, the time sequence   …  is set for 

  … . Under the event-trigger condition (10), the 

time between consecutive sampling times can be divided into 

the following subsets

∧∧∪∧ …∪∧             (11)

where   is the limited upper bound of an interval time 

caused by event-trigger, and 

∧  ∙ ∙  for   … . For any 

consecutive time interval  and , the control sequence 

time subjects to the aforementioned set ∧ The updated time 

 decided by event-trigger is as follows

 min   ≥  
where      Without loss of 

generality, it is assumed that   can be regarded to   

in consecutive event-triggered instant. Then, the event- 

triggered sampled input for the defined subset can be 

replaced as

 




  (12)






   

for  ≤  
where    ∙  and ∈…. 

Throughout the whole system, quantized actuators are 

taken into account for the specific consideration. The 

logarithmic quantized input $u_{q}(t)$ with state feedback 

can be denoted as

                  (13)

where    and 

∙  ∙∙…∙ is a logarithmic quantizer 

with the th sub-quantizer  ∙ . Regarding each sub- 

quantizers, the sets of its symmetric quantized levels are 

defined as

±     …   ±±…

where 
 is a initial quantized value and 

 is a quantization 

density. According to the definition,    is described by 

    










 i f



   ≤



   

 i f   
 i f   

 

(14)

where  


 is the constant parameter with the 

quantization density  . Then, the input with quantizer can 

be rewritten as 

            (15)

where    is a nonlinear function satisfying the 

following sector bounded condition.

 
 ≤  ≤  

     (16)

With the quantization, the input   in (12) is represented 

as 

  
 



     


 



   

                   (17)

Combining (6) and (17), we have

 









  

 ∈

  

(18)

where   …∞$ are positive integers and 

  … . Without loss of generality, it is assumed 
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that we have ≤   ≤  where  ≤   

and  is a known constant value. In addition, the 

quantized control inputs are assumed to be saturated.

≤ max           (19)

where ∙  is a absolute value and max represents the 

bound of input which has a positive value. 

Now, we construct the following type of cost function 

to implement a model predictive control algorithm for 

event-triggered based control systems.

 


∞

    (20)

Then, our objective can be stated as the following 

infinite horizon optimal control problem (IHOCP).

min ㆍ
  












 

  ∈
 ≤ max

  (21)

To develop main results for IHOCP, we introduce some 

important Lemmas in the sequel.

Lemma 1 [14] The following conditions are equivalent for 

proper matrices  and a scalar ≤  ≤ .

             (22)

                 (23)

Lemma 2 [15] For a given matrix   and a continuously 

differentiable function   in  ∈ , the following 

inequality is satisfied.




 
 ≤

 
  (24)

where    and 

 
 







Lemma 3 [16] Let ∏ for ∈    and ∈  be 

the matrices with the following condition.











ㆍ∏   (25)

where  ∈ are given parameters. Then, it is 

equivalent to the followings

∏  for          (26)




∏ ∏∏   for ≤ ≠≤  (27)

3. Main Results

In this section, the event-triggered model predictive 

control scheme is described for sampled-data T-S fuzzy 

systems with input delay. To solve the pre-defined IHOCP, 

the upper bound in forms of Lyapunov function is optimized 

instead of directly minimizing the cost function. To derive 

the upper bound of the performance index (20), define the 

following design requirement at sampling time instant  for 

all ∈    ∞


  
           (28)

where  is a predicted th-time instant from time  and 

∥∙∥ denotes 2-norm. By integrating (28) from    to 

 ∞ , one can obtain the upper bound of the performance 

index is less than the Lyapunov function.

max              (29)

The system (18) is continuous but the state is fed back 

only when the event triggering conditions is satisfied. Thus, 

it contains hybrid nature, and can be regarded as an 

impulsive system. 

For the sake of simplicity, the matrices ∈ ×  

    are defined as matrices composed of th zero 

elements with ith identity matrix. (For example, 

       
 and        

). In addition, the 

following representations are denoted.
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Theorem 1 For given parameters  and , if there exist 

positive matrices 
 ,
   




 







 
        and a positive 

diagonal matrix    satisfying the following LMI 

conditions, the quantized control input at time instant  

guarantees the performance index with the upper bound 

 .

min                 (30)




 


 

 


≥   for    (31)

∏
 ∏

    for        (32)




∏
 ∏

 ∏
   for≤ ≠≤  (33)




∏
 ∏

 ∏
   for≤ ≠≤  (34)




 




 

 max ≥   (35)

      for      
where

∏












∏
 ∏ ㆍ ㆍ
 ∏  

  ㆍ 

   ㆍ
,

∏




 


∏

 ∏

 ∏


∏
∆ ∆

∏
∆ ∆

∆  
 

 
    

   


 
  

 



 





    

  
  

 
 


 



∆  
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∏ 











     

     

 
    





∏  
 

 

Then, the state feedback gains are given by 

 
  for   

Proof: Let us choose the following Lyapunov-Krasovskii 

functional for ∈
                    (36)

where

  














 









 




  

 














 



 

    
 

 


 




 



 



 




 


  



 




 







 




 


where     Differentiating the given Lyapunov 

functional (36) yields,

 



 



 (37)




 


  

  





 




 







 




 


(38)
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.        (39)

Using Lemma 2, the integral term in   is bounded as 

follows







≤





 


Taking auxiliary variables , we can easily get the 

following inequalities from (40)



 


  ≥  (41)



 


  ≥  (42)

Then, it can be noted that




 ≤

 



 (43)





 ≤

 
 


   (44)

With the consideration for system dynamics in (18), it is 

given that















×

 


      (45)

From the aforementioned definition in (16), the following 

inequality holds with a diagonal matrix 




≤ 


  (46)

where      . In the period of none-event- 

triggering, it is clear that the following is satisfied




 ≥     (47)

Putting together from (43) to (47), we can obtain

 ≤










∆ (48)

where

∆∆ 
∆ 

∆

∆  
 

 
    

    


 
  

 












    

  
  

 
  




 
   

  

∆  
 


 



















































 

 




∆ 
























Applying Lemma 1 and pre-and post-multiplying with a 

matrix 

 ×    
, 

the followings are derived.











∆ ∆ 

 


   

(49)











∆ ∆                       (50)

where    , 
    

  
 , and   

 . Then, inequalities 

from (32) to (34) can be easily obtained by using Lemma 3 

and Schur complement. 

Now, the upper bound    is represented to optimize 

the performance index. Since the condition (28) is satisfied 

and  are set to zero for every event-triggering time, 

the upper bound of the performance index is bounded by 

Lyapunov candidate   as

 ≤  

 


 ≤ 

  

(51)

Using Schur complement, it is equivalent to
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≥ 

The fact that 
≤

where  


 With the fact that 

≤ , 

the condition (31) in Theorem is natural. Taking 

consideration of the saturation nonlinearity for quantized 

input, it is guaranteed that  ≤ max , if the 

following is ensured. The details of the proof are referred to 

[39].







 




 max




≥  

Pre- and post- multiplying  , we obtain (35). 

This is end of proof. ■

Remark 1. Using online optimization scheme, it provides the 

improved performance, but sometimes it is not always 

possible. In the case, guaranteed cost control which has an 

definite upper bound of cost can be an alternative. For a 

given initial state, it may stabilize the closed-loop system 

while guaranteeing the upper bound of an associated 

performance index.

Corollary 1. For given parameters ,, if there exist 

positive matrices  
  , 








∗ 




    and a positive 

diagonal matrix   satisfying the following LMI 

conditions, the guaranteed cost control (GCC) ensuring the 

performance index    can be derived by solving the 

following optimization problem with the initial state  .

min   subject to           (58)

(31), (32), (33), (34), and (35)

Proof. The proof of Corollary 1 can be easily obtained similar 

to Theorem 1, so it is omitted here. 

4. Numerical Example

In this section, the numerical example is illustrated to 

show the validity and feasibility of the proposed scheme. Let 

us consider inverted pendulum systems. The nonlinear 

equation of inverted pendulum systems is given as follows











 

 





                (59)

where

  cos


sin




sin



 



  is the length of pendulum,   is the mass of the 

pendulum,  is the mass of the cart, and   is a gravitational 

constant. The parameter values are set to   , 

 , and    . Then, the T-S fuzzy model can 

be constructed as follows based on the T-S fuzzy logic

  




       (60)

where  


  
 



 



 






 


  
 



 



 






 


  
 



 



 






The membership functions are defined as

  


  


≤  ≤ 

 


 ≤  ≤ 




           (61)

  ×


                   (62)

  ×

 
                   (63)

where   are constant parameters and  

sin  is a fan of nonlinearity.

For simulations, we choose the sampling time as  and 

   . The performance index  is chosen with   

 , and the event triggering parameter    . The 

maximum input is constrained by max  and the 

quantization level is selected as 


. 

By applying Theorem 1, the proposed scheme is conducted. 
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At every event-triggered time, the derived PDC gains  for 

   are applied to the closed loop systems. The control 

gain of GCC is given as   ,  , 

  . The simulation results of Theorem 1 and 

Corollary 1 are compared with various respects. 

From the configuration, MPC algorithms has superior 

performance comparing to the case of GCC. Since MPC 

algorithm calculates optimal solutions for every event- 

triggering instance, it provides superior results than the 

solution for an initial value. The intervals between event- 

trigger is presented in Fig. 1. 

The average triggering time (the time divided by the sent 

signal) for each case is given as 0.1681 for Theorem 1 and 

0.2128 for Corollary 1, so it is relaxed than the periodic 

sampling time 0.1. 

5. Conclusions

  In this paper, event-trigger model predictive control is 

designed for continuous-time Takagi-Sugeno (T-S) fuzzy 

systems with input quantization. In addition to input 

quantization, the saturated property of input is taken into 

account to derive sufficient condition. Based on the 

transformed T-S fuzzy systems with event-triggered signals, 

the PDC-type MPC design methodology are constructed for 

state feedback based on sampled-data type Lyapunov 

functional. At each event-time, the online optimization 

problems in forms of LMIs are solved to achieve improved 

performance with constraints while reducing computation 

burdens. The validity of the proposed method is demonstrated 

through the numerical example.  

Fig. 1. The interval between event triggered time 
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