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LAURENT PHENOMENON FOR LANDAU–GINZBURG

MODELS OF COMPLETE INTERSECTIONS IN

GRASSMANNIANS OF PLANES

Victor Przyjalkowski and Constantin Shramov

Abstract. In a spirit of Givental’s constructions Batyrev, Ciocan-Fonta-
nine, Kim, and van Straten suggested Landau–Ginzburg models for smoo-

th Fano complete intersections in Grassmannians and partial flag varieties

as certain complete intersections in complex tori equipped with special
functions called superpotentials. We provide a particular algorithm for

constructing birational isomorphisms of these models for complete inter-
sections in Grassmannians of planes with complex tori. In this case the

superpotentials are given by Laurent polynomials. We study Givental’s

integrals for Landau–Ginzburg models suggested by Batyrev, Ciocan-
Fontanine, Kim, and van Straten and show that they are periods for

pencils of fibers of maps provided by Laurent polynomials we obtain.

The algorithm we provide after minor modifications can be applied in a
more general context.

1. Introduction

Mirror Symmetry declares duality between algebraic and symplectic geome-
tries of different varieties. Starting from duality between Calabi–Yau varieties
it was extended to Fano varieties (see e. g. [26]). In this case the dual object
to a Fano variety is called a Landau–Ginzburg model. Its definition varies de-
pending on a version of Mirror Symmetry conjectures. In what follows mirror
partners for us are smooth Fano varieties and their toric Landau–Ginzburg
models.

The challenge for Mirror Symmetry is to find mirror partners for given
varieties and, via studying them, explore (or check or at least guess) geom-
etry of the initial varieties. In the paper we mostly focus on the problem
of finding Landau–Ginzburg models. Historically constructions of Landau–
Ginzburg models, initiated by Givental ([16]), Eguchi, Hori and Xiong ([13]),
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Batyrev ([2]), Batyrev, Ciocan-Fontanine, Kim and van Straten ([4]), Hori and
Vafa ([21]), and other people, were based on a toric approach. The idea is,
given a smooth toric Fano variety or a variety having a (nice) toric degener-
ation, to construct a Laurent polynomial whose support is a fan polytope of
either a smooth toric variety or a central fiber of a toric degeneration. This
idea is initiated by Batyrev–Borisov approach to treating mirror duality for
a toric variety as a classical duality of toric varieties corresponding to dual
polytopes. The constructed Laurent polynomial gives a map from a complex
torus to an affine line and, thus, defines a Landau–Ginzburg model. We do not
discuss methods of finding appropriate Laurent polynomial in a general case;
see [2], [6], [36] for details.

In [16] (see discussion after Corollary 0.4 therein) Givental suggested an ap-
proach to writing down Landau–Ginzburg models for complete intersections in
toric varieties or varieties having nice (say, terminal Gorenstein) toric degenera-
tions (see also [21, §7.2]). This approach assumes an existence of a nef-partition
of the set of rays E of the toric variety’s fan. That is, for each hypersurface
that defines the complete intersection a subset of E should be fixed, such that
the sum of divisors corresponding to rays in the subset is linearly equivalent to
this hypersurface, and all such subsets are disjoint (see Definition 3.3).

In some cases this construction is described in details (see e. g. [4] for com-
plete intersections in (partial) flag varieties, [21, §7.2] for complete intersec-
tions, [12] for Fano threefolds). A priori the output of the construction is
a quasiaffine variety with a complex-valued function (called superpotential)
on it. However in many cases such quasiaffine varieties are birational to tori
and thus the functions on them (under some additional assumptions) are toric
Landau–Ginzburg models (which is very useful for studying them), see, for
instance, [35]. We can’t prove this phenomenon in the general case: there is
no approach to construct (or even prove an existence of) a nef-partition. In
some cases, however, the nef-partition is described. Landau–Ginzburg models
for Grassmannians themselves were suggested in [13, B25] as Laurent polyno-
mials, i.e., functions on tori already. In [3] and [4] the description for Landau–
Ginzburg models for complete intersections in Grassmannians and partial flag
varieties as complete intersections in tori are given. However it is not clear
if they themselves are birational to tori (cf. [36, Problem 16]). We prove the
phenomenon in the case of complete intersections of Grassmannians of planes.

A basic and the most important property of Landau–Ginzburg models from
the point of view discussed above is a period condition. It relates (some of)
the periods of a Landau–Ginzburg model for a Fano variety with its I-series, a
generating series for one-pointed Gromov–Witten invariants. These series for
Grassmannians are found in [5]. Moreover, Quantum Lefschetz Theorem (see
for instance [16, Theorem 0.1], [25], [29]) relates I-series of a Fano variety and
a complete intersection therein with nef anticanonical class. Thus this series
is known for complete intersections in Grassmannians as well. Periods for
these complete intersections are proven to be related with their I-series in [4]
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modulo the assumption that this holds for Grassmannians themselves. This
assumption is proven for Grassmannians of planes in [5, Proposition 3.5] and
for all Grassmannians in [32]. Thus the period condition holds for Landau–
Ginzburg models for smooth Fano complete intersections in Grassmannians
suggested in [3].

A weak Landau–Ginzburg model is a Laurent polynomial for which the period
condition holds. The stronger notion, a notion of toric Landau–Ginzburg model,
requires two more conditions. A Calabi–Yau condition states an existence
of a relative compactification of the family that is a (non-compact) Calabi–
Yau variety. A toric condition states that a Newton polytope of the Laurent
polynomial is a fan polytope of a toric degeneration of the Fano variety.

Theorem 1.1 (Corollary 10.6). Any smooth Fano complete intersection in a
Grassmannian of planes has a weak Landau–Ginzburg model.

The particular form of this weak Landau–Ginzburg model can be derived
from Theorem 5.3. In the paper [33] and [40] other algorithms to transform
Landau–Ginzburg models suggested in [3] to weak Landau–Ginzburg models is
presented. They uses completely different approachs inspired by [7] and give
another ways to obtain Theorem 5.3.

Conjecture 1.2. The assertion of Theorem 1.1 holds for complete intersec-
tions in any Grassmannian or, more generally, partial flag variety.

This conjecture is proved by methods different from ones used in this paper
for complete intersections in Grassmannians and for a big class of complete
intersections in partial flag varieties in [11] and for complete intersections in
Grassmannians in [42].

Theorem 1.1 is one more evidence for the following conjecture, that may
be regarded as a strong version of Mirror Symmetry of variations of Hodge
structures conjecture, cf. [36, Conjecture 38].

Conjecture 1.3. Any smooth Fano variety has a toric Landau-Ginzburg model.

Constructions of weak and toric Landau–Ginzburg models give information
about toric degenerations of Fano varieties and enable one to make effective
computations. In addition they can be considered as a first step of our ap-
proach to studying Mirror Symmetry. From the Homological Mirror Symme-
try point of view, a Landau–Ginzburg model is a family of compact varieties
over A1. A crucial role in its construction is played by singularities of fibers,
so compactness of fibers is needed to guarantee that all singularities we need
are “visible” on the Landau–Ginzburg model. A natural way to get a family of
compact varieties is to construct a Calabi–Yau compactification. Compactifi-
cation Principle (see [36, Principle 32]) states that this compactification gives
Landau–Ginzburg models for Homological Mirror Symmetry. Such Calabi–
Yau compactifications are constructed for Fano threefolds (see [36] and [37])
and complete intersections (see [36], [38], and [41]). Another constructions
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of relatively compact Landau–Ginzburg models for Grassmannians, not using
weak Landau–Ginzburg models, can be found in [32]. A challenging problem
is to compactify weak Landau–Ginzburg models provided by Theorem 1.1.

The paper is organized as follows. In Section 2 we give definitions of toric
Landau–Ginzburg models and I-series for Fano varieties. In Section 3 we give
definitions of Givental’s period integrals and Givental’s Landau–Ginzburg mod-
els for complete intersections in smooth toric varieties. They are defined via
nef-partitions and relations between rays of a fan defining the toric variety.
Also, in Section 3 we show how changing variables one can simplify Givental’s
integrals and Landau–Ginzburg models and get rid of the part depending on
the relations.

Givental’s approach can be applied in a more general case. That is one can
define Landau–Ginzburg models and period integrals of smooth Fano complete
intersections in Fano varieties having “good”, say terminal Gorenstein, toric
degenerations. To do this one applies the Givental’s method to a certain com-
plete intersection in a crepant resolution of the toric degeneration of the latter
Fano variety and then taking a specializations of some parameters. Follow-
ing [4] we show how it works for Grassmannians of planes in Section 4. In
Section 5 we reformulate notions given in Section 4 in a more abstract way
suitable for the proof of our main assertions, and formulate Theorem 5.3 that
is a more technical counterpart of Theorem 1.1. Sections 6–8 contain our main
technical lemmas needed for the proof of Theorem 5.3. The proof itself is given
in Section 9.

Section 10 is devoted to further simplifications of Givental’s integrals. Theo-
rem 5.3 states that there is a series of changes of variables allowing one to bira-
tionally present Landau–Ginzburg models for complete intersections in Grass-
mannians of planes as Laurent polynomials. In Section 10 we check that these
changes of variables (and also ones for complete intersections in projective
spaces) agree with changing Givental’s integrals. This shows that Givental’s
integrals are indeed periods; they can be easily computed as constant term
series. As a corollary one gets the fact that complete intersections in Grass-
mannians of planes have weak Landau–Ginzburg models.

In Section 11 we write down explicit formulas that are obtained in the proof
of Theorem 5.3 for Fano intersections of Grassmannians of planes with sev-
eral hyperplanes. Section 12 provides a series of examples worked out as an
application of Theorem 5.3 in some other interesting cases.

Due to the lack of space we omit some boring computations in Sections 6, 7,
8 and 12. In particular we provide detailed proof of technical Lemma 6.3 but
we skip proofs of Lemmas 6.8, 6.9, 7.2, 7.1, 8.1 because they are very similar
to the proof of Lemma 6.3. All omitted details can be found in [39].

Those who have a certain amount of combinatorial courage can apply the
approaches described in our paper in more general cases, say, for complete
intersections in arbitrary Grassmannians or even in partial flag varieties. We



LAURENT PHENOMENON FOR LANDAU–GINZBURG MODELS 1531

discuss this in Section 13. We also discuss how one can study weak toric
Landau–Ginzburg models given in the proof of Theorem 5.3 in a deeper way.

Notation and conventions. Everything is over C. We use (co-)homology
groups with integral coefficients and denote H∗(X,Z) by H∗(X) and H∗(X,Z)
by H∗(X). Given two integers n1 and n2, we denote the set {i ∈ Z | n1 6 i 6
n2} by [n1, n2]. Calabi–Yau varieties in this paper are projective varieties with
trivial canonical class. We often use the same notation for a (Cartier) divisor
on a variety X and its class in Pic (X). When we speak about hyperplane or
hypersurface sections of a Grassmannian we mean hyperplane or hypersurface
sections in its Plücker embedding.

Acknowledgments. The authors are very grateful to B. Kim and I. Ciocan-
Fontanine for explanations of Givental’s integrals and for many useful remarks,
and also to A. Harder, A. Fonarev, S. Gorchinskiy, and A. Kuznetsov for inspir-
ing discussions.

2. Toric Landau–Ginzburg models

In this section we define the main objects of our considerations — toric
Landau–Ginzburg models. For more details and examples see [36] and refer-
ences therein.

Let X be a smooth Fano variety of dimension N and Picard number ρ.
Choose a basis

{H1, . . . ,Hρ}
in H2(X) so that for any i ∈ [1, ρ] and any class β in the cone of effective
curves K of X one has Hi · β > 0. Introduce formal variables qσi , i ∈ [1, ρ] and
denote qi = qσi . For any β ∈ H2(X) denote

qβ = q
∑
σi(Hi·β).

Consider the Novikov ring Cq, i.e., a group ring for H2(X). We treat it as a
ring of polynomials over C in formal variables qβ , with relations

qβ1qβ2 = qβ1+β2 .

Note that for any β ∈ K the monomial qβ has non-negative degrees in qi.
Let the number

〈τaγ〉β , a ∈ Z>0, γ ∈ H∗(X), β ∈ K,
be a one-pointed Gromov–Witten invariant with descendants for X, see [31,
VI-2.1]. Let 1 be the fundamental class of X. The series

IX0 (q1, . . . , qρ) = 1 +
∑
β∈K

〈τ−KX ·β−21〉β · qβ

is called a constant term of I-series (or a constant term of Givental’s J-series)
for X and the series

ĨX0 (q1, . . . , qρ) = 1 +
∑
β∈K

(−KX · β)!〈τ−KX ·β−21〉β · qβ
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is called a constant term of regularized I-series for X. Given a divisor class
H =

∑
αiHi one can restrict these series to a direction corresponding to this

divisor setting σi = αiσ and t = qσ. Given a class of symplectic form [ω]
consider a divisor class D associated with it. We are interested in restriction
of the I-series to orbit of the anticanonical direction associated with ω, so we
replace qβ by e−D·βt−KX ·β . In particular one can define a restriction of a
constant term of regularized I-series to anticanonical direction (so ω = 0); it
has the form

ĨX0 (t) = 1 + a1t+ a2t
2 + · · · , ai ∈ C.

Definition 2.1 (see [36, §6]). A toric Landau–Ginzburg model of X is a Lau-
rent polynomial f ∈ C[x±1

1 , . . . , x±1
N ] which satisfies:

Period condition: The constant term of f i equals ai for any i.
Calabi–Yau condition: There exists a relative compactification of a family

f : (C∗)N → C
whose total space is a (non-compact) smooth Calabi–Yau variety LG(X). Such
compactification is called a Calabi–Yau compactification.
Toric condition: There is a degeneration X  T to a toric variety T whose
fan polytope (i.e., the convex hull of generators of its rays) coincides with
Newton polytope (i.e., the convex hull of the support) of f .

Remark 2.2. The period condition is a numerical expression of coincidence of
constant term of regularized I-series and a period of the family provided by f ,
see Remark 10.2 and Theorem 10.3.

Let us remind that the Laurent polynomials for which the period condition is
satisfied are called weak Landau–Ginzburg models; ones for which in addition
a Calabi–Yau condition holds are called weak Landau–Ginzburg models.

Toric Landau–Ginzburg models are known for Fano threefolds (see [12], [22],
and [36]) and complete intersections in projective spaces ([22]); some other
partial results are also known.

There are two usual ways to find toric Landau–Ginzburg models. The first
way is to find birational transformations of known suggestions for Landau–
Ginzburg models to make their total spaces tori. In this case their superpo-
tentials in toric coordinates are Laurent polynomials. After this one can try
to prove the three conditions for being a toric Landau–Ginzburg model. An
important case of this approach is the following. Given a Fano variety one can
sometimes describe it (or its “good” degeneration) as a complete intersection
in a toric variety. Then one can try to find a relative birational isomorphism
of Givental’s type Landau–Ginzburg models (see Definition 3.3) with a torus.
An example of this approach can be found in [35] and [6].

The second way is to find a toric degenerations of X. Given this degeneration
one has a Newton polytope of its possible toric Landau–Ginzburg model and so
can try to find its particular coefficients. One can look at [12] for an example
of this approach.
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In this paper we apply the first approach to find candidates for toric Landau–
Ginzburg models for complete intersections in Grassmannians using Givental
suggestions of Landau–Ginzburg models. We conjecture that Laurent polyno-
mials we get are toric Landau–Ginzburg models.

3. Complete intersections in smooth toric varieties

In this section we describe Givental’s construction of Landau–Ginzburg mod-
els and period integrals for complete intersections in toric varieties given in [16]
(see discussion after Corollary 0.4 therein). That is, we describe their weak
Landau–Ginzburg models and discuss their periods. Further in Section 4 we
literally repeat these considerations for complete intersections in singular toric
varieties (which are terminal Gorenstein degenerations of Grassmannians).

Let X be a factorial N -dimensional toric Fano variety of Picard rank ρ
corresponding to a fan ΣX in a lattice N ∼= ZN . Let D1, . . . , DN+ρ be its
prime invariant divisors. Let Y1, . . . , Yl be ample divisors in X cutting out a
smooth Fano complete intersection

Y = Y1 ∩ · · · ∩ Yl.

Put Y0 = −KX − Y1 − · · · − Yl. Choose a basis

{H1, . . . ,Hρ} ⊂ H2(X)

so that for any i ∈ [1, ρ] and any curve β ∈ K of X one has Hi ·β > 0. Introduce
variables q1, . . . , qρ as in Section 2. Define κi by −KY =

∑
κiHi.

The following theorem is a particular case of Quantum Lefschetz hyperplane
theorem, see [16, Theorem 0.1].

Theorem 3.1. Suppose that dim(Y ) > 3. Then the constant term of regular-
ized I-series for Y is given by

(3.1) ĨY0 (q1, . . . , qρ) = exp
(
µ(q)

)
·
∑
β∈K

qβ
∏l
i=0 |β · Yi|!∏N+ρ

j=1 |β ·Dj |!
β·Dj
|β·Dj |

,

where µ(q) is a correction term linear in qi (in particular it is trivial in the
higher index case). For dim(Y ) = 2 the same formula holds after replacing

H2(Y ) in the definition of ĨY0 given in Section 2 by the restriction of H2(X)
to Y .

Remark 3.2. Note that the summands of the series (3.1) have non-negative
degrees in qi.

Now we describe Givental’s construction of a dual Landau–Ginzburg model
of Y and compute its periods. Introduce N formal variables u1, . . . , uN+ρ

corresponding to divisors D1, . . . , DN+ρ.
Let M = N∨, and let D ∼= ZN+ρ be a lattice with a basis {D1, . . . , DN+ρ}

(so that one has a natural identification D ∼= D∨). By [8, Theorem 4.2.1] one
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has an exact sequence

0→M→ D → AN−1(X) = Pic (X) ∼= Zρ → 0.

We use factoriality of X here to identify the class group AN−1(X) and the
Picard group Pic (X). Dualizing this exact sequence, we obtain an exact se-
quence

(3.2) 0→ Pic (X)∨ → D → N → 0.

Thus Pic (X)∨ can be identified with the lattice of relations on primitive vectors
on the rays of ΣX considered as Laurent monomials in variables ui. On the
other hand, as the basis in Pic (X) is chosen we can identify Pic (X)∨ and
Pic (X) = H2(X). Hence we can choose a basis in the lattice of relations
on primitive vectors on the rays of ΣX corresponding to {Hi} and, thus, to
{qi}. We denote these relations by Ri, and interpret them as monomials in the
variables u1, . . . , uN+ρ. We also denote by Di the images of Di ∈ D in PicX.

Choose a nef-partition, i.e., a partition of the set [1, N+ρ] into sets E0, . . . , El
such that for any i ∈ [1, l] the divisor

∑
j∈Ei Dj is linearly equivalent to Yi

(which also implies that the divisor
∑
j∈E0

Dj is linearly equivalent to Y0).

The following definition is well-known (see discussion after Corollary 0.4
in [16], and also [21, §7.2]).

Definition 3.3. Givental’s Landau–Ginzburg model for Y is a variety LG0(Y )
in a torus

T = SpecCq[u±1
1 , . . . , u±1

N+ρ]

given by equations

(3.3) Ri = qi, i ∈ [1, ρ],

and

(3.4)

∑
s∈Ej

us

 = 1, j ∈ [1, l],

with a function w =
∑
s∈E0

us called superpotential. Given a symplectic form ω

with [ω] ∼
∑
ωiHi, where [ω] is the class in Pic (Y ) corresponding to ω, define

the Givental’s Landau–Ginzburg model LG(Y, ω) associated to ω specializing
qi = exp(ωi). If ω is an anticanonical form ωY , i.e., one has [ω] = −KY ,
we say for simplicity that LG(Y ) = LG(Y, ω) is an anticanonical Givental’s
Landau–Ginzburg model for Y instead of saying that LG(Y, ωY ) is a Givental’s
Landau–Ginzburg model for (Y, ωY ).

One can define a Landau–Ginzburg model associated to a symplectic form
in slightly another way, multiplying coefficients of a divisor corresponding to
the form by some number, say 2πi.
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Remark 3.4. The superpotential of Givental’s Landau–Ginzburg models can be
defined as w′ = u1 + · · ·+ uN+ρ. However we don’t make a distinction between
two superpotentials w and w′ as w′ = w+ l, so both these functions define the
same family over Cq.

Given variables x1, . . . , xr, define a standard logarithmic form in these vari-
ables as the form

(3.5) Ω(x1, . . . , xr) =
1

(2πi)r
dx1

x1
∧ · · · ∧ dxr

xr
.

The following definition is well-known (see discussion after Corollary 0.4
in [16], and also [15]).

Definition 3.5. Fix N + ρ real positive numbers ε1, . . . , εN+ρ and define an
(N + ρ)-cycle

δ = {|ui = εi|} ⊂ C[u±1
1 , . . . , u±1

N+ρ].

Givental’s integral for Y or LG0(Y ) is an integral

(3.6) I0
Y =

∫
δ

Ω(u1, . . . , uN+ρ)∏ρ
i=1(1− qi

Ri
) ·
∏l
j=0

(
1−

(∑
s∈Ej us

)) ∈ C[[q1, . . . , qρ]].

Given a class of symplectic form ω and a divisor class D =
∑
ωiHi associated

with it one can specialize Givental’s integral to the anticanonical direction and
the form ω putting qi = eωitκi in the integral (3.6). We denote the result of
specialization by I(Y,ω), and we put I(Y,ω) = IY if [ω] = 0, which means that
we put D = 0, so that wi = 0 for all i.

Remark 3.6. The integral (3.6) does not depend on numbers εi provided they
are small enough.

Remark 3.7. The integral (3.6) is defined up to a sign as we do not specify an
order of variables.

The following assertion is well-known to experts (see [16, Theorem 0.1], and
also discussion after Corollary 0.4 in [16]).

Theorem 3.8. One has
ĨY0 = I0

Y .

The recipe for Givental’s Landau–Ginzburg model and integral can be writ-
ten down in another, more simple, way. That is, we make suitable mono-
mial change of variables u1, . . . , uN+ρ an get rid of some of them using equa-
tions (3.3). More precisely, as N is a free group, using the exact sequence (3.2)
one obtains an isomorphism

D ∼= PicX∨ ⊕N .
Thus one can find a monomial change of variables u1, . . . , uN+ρ to some new
variables x1, . . . , xN , y1, . . . , yρ, so that

ui = X̃i(x1, . . . , xN , y1, . . . , yρ, q1, . . . , qρ)
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such that for any i ∈ [1, ρ] one has

Ri(u1, . . . , uN+ρ)

qi
=

1

yi
.

Put

Xi = X̃i(x1, . . . , xN , 1, . . . , 1, q1, . . . , qρ).

Then LG(Y ) is given in the torus SpecCq[x±1
1 , . . . , x±1

N ] by equations∑
s∈Ej

αsXs

 = 1, j ∈ [1, l],

with superpotential w =
∑
s∈E0

αsXs, where αi =
∏
q
ri,j
j for some integers ri,j .

Let us mention that given a Laurent monomial Ui in variables uj , j ∈ [1, N+
ρ], that does not depend on a variable ui one has

(3.7) Ω(u1, . . . , u
±1
i · Ui, . . . , uN+ρ) = ±Ω(u1, . . . , ui, . . . , uN+ρ).

This means that

(3.8) I0
Y =

∫
δ′

±Ω(y1, . . . , yρ) ∧ Ω(x1, . . . , xN )∏ρ
i=1(1− yi)

∏l
j=0

(
1−

(∑
s∈Ej αsX̃s

))
for some (N + ρ)-cycle δ′.

Consider an integral ∫
σ

dU

U
∧ Ω0

for some form Ω0 and a cycle σ = σ′ ∩ {|U | = ε} for some cycle σ′ ⊂ {U = 0}.
It is well known that (see, for instance, [1, Theorem 1.1]) that

1

2πi

∫
σ

dU

U
∧ Ω0 =

∫
σ′

Ω0|U=0

if both integrals are well defined (in particular the form Ω0 does not have a
pole along {U = 0}).

We denote

Ω0|U=0 = Res U

(
dU

U
∧ Ω0

)
.

Taking residues of the form on the right hand side of (3.8) with respect to
yi one gets

I0
Y =

∫
δ′′

±Ω(x1, . . . , xN )∏l
j=0

(
1−

(∑
s∈Ej αsXs

))
for some N -cycle δ′′.

Moreover, one can introduce a new parameter t and scale ui → tui for i ∈ E0.
Fix a class of symplectic form ω and a divisor class D =

∑
ωiHi associated
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with it. One can check that after a change of coordinates qi = eωitκi the initial
integral restricts to the integral

(3.9)

∫
δ1

±Ω(x1, . . . , xN )∏l
j=1

(
1−

(∑
s∈Ej γsXs

))
·
(
1− t

(∑
i∈E0

γiXi

)) = IY,ω

for some monomials γi in eωj and for some N -cycle δ1 homologous to a cycle

δ0
1 = {|xi| = εi | i ∈ [1, N ]}.

In particular, for ω = 0 one has γi = 1. The same specialization defines
the anticanonical Givental’s Landau–Ginzburg model of Y , which is given by
equations ∑

s∈Ej

Xs

 = 1, j ∈ [1, l],

with superpotential w =
∑
s∈E0

Xs.

Consider a non-toric varietyX that has a small (that is, terminal Gorenstein)
toric degeneration T . Let Y be a Fano complete intersection in X. Consider
a nef-partition for the set of rays of the fan of T corresponding to (degener-
ations of) hypersurfaces cutting out Y . Let LG(Y ) be a result of applying
the procedure discussed above for Givental’s integral defined for T and the
nef-partition in the same way as in the case of complete intersections in toric
varieties. Batyrev in [2] suggested LG(Y ) as a Landau–Ginzburg model for
Y . Moreover, at least in some cases Givental’s integral and Landau–Ginzburg
model (associated to anticanonical class) can be simplified further by making
birational changes of variables and taking residues. Thus Givental’s Landau–
Ginzburg models give weak ones after such transformations. In Section 10 we
demonstrate both of these ideas for complete intersections in projective spaces
or Grassmannians of planes.

4. Complete intersections in Grassmannians

The picture described in Section 3 can be generalized to complete intersec-
tions in Grassmannians. The difference is that Grassmannians are not toric.
However they have small toric degenerations, i.e., degenerations to terminal
Gorenstein toric varieties, see [43]. The mirror construction for complete in-
tersections in Grassmannians can be derived from crepant resolutions of these
degenerations. In this section we describe some constructions from [3] and [4]
for a Grassmannian G = Gr(n, k + n).

Fix two integers n and k such that n, k > 2. We define a quiver Q0 as a set
of vertices

Ver(Q0) = {(i, j) | i ∈ [1, k], j ∈ [1, n]} ∪ {(0, 1), (k, n+ 1)}
and a set of arrows Ar(Q0) described as follows. All arrows are either vertical
or horizontal. For any i ∈ [1, k − 1] and any j ∈ [1, n] there is one vertical
arrow 〈(i, j) → (i + 1, j)〉 that goes from the vertex (i, j) down to the vertex
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(i+ 1, j). For any i ∈ [1, k] and any j ∈ [1, n− 1] there is one horizontal arrow
〈(i, j) → (i, j + 1)〉 that goes from the vertex (i, j) to the right to the vertex
(i, j + 1). We also add an extra vertical arrow 〈(0, 1) → (1, 1)〉 and an extra
horizontal arrow 〈(k, n)→ (k, n+ 1)〉 to Ar(Q0), see Figure 1.

(0, 1)

(1, 1)

(2, 1)

(3, 1)

(1, 2)

(2, 2)

(3, 2) (3, 3)

Figure 1. Quiver Q0 for the Grassmannian Gr(2, 5)

Now we describe a toric degeneration P = P (n, k + n) of G in its Plücker
embedding. The arrows of Q0 correspond to rays of a fan ΣP of P , so we
identify them; relations for the primitive vectors on the rays of ΣP correspond
to cycles in Q0 if we identify vertices (0, 1) and (k, n+ 1). The cones of ΣP of
dimension at least 2 are cones over faces of a convex hull of generators of rays
of ΣP . A degeneration P is a Fano toric variety corresponding to ΣP .

The variety P is not smooth but terminal Gorenstein. It admits (some)

crepant resolution that we denote by P̃ . All relations on rays of P (or P̃ ) are
combinations of basic ones described as follows. For any i ∈ [1, k − 1] and
j ∈ [1, n− 1] we have a box relation

〈(i, j)→ (i+ 1, j)〉+ 〈(i+ 1, j)→ (i+ 1, j + 1)〉
= 〈(i, j)→ (i, j + 1)〉+ 〈(i, j + 1)→ (i+ 1, j + 1)〉;

besides that, we have one roof relation

0 = 〈(0, 1)→ (1, 1)〉+ 〈(1, 1)→ (1, 2)〉+ · · ·+ 〈(1, n− 1)→ (1, n)〉
+ 〈(1, n)→ (2, n)〉+ · · ·+ 〈(k − 1, n)→ (k, n)〉+ 〈(k, n)→ (k, n+ 1)〉,

see Figure 2. These relations, considered as elements of the Picard group of

P̃ , form a basis in it. The roof relation is a pull-back to P̃ of a generator
of the Picard group of P . We introduce variables qi, i ∈ [1, (k − 1)(n − 1)],
corresponding to box relations, and a variable q corresponding to the roof
relation.
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relation
box

roof relation

Figure 2. Relations

Now we describe a nef-partition corresponding to a complete intersection in
the Grassmannian G. For a fixed s ∈ [1, k − 1] the s-th horizontal basic block
is a set of all arrows 〈(s, j)→ (s+ 1, j)〉 with j ∈ [1, n]. Similarly, for a fixed
s ∈ [1, n−1] the s-th vertical basic block is a set of all arrows 〈(i, s)→ (i, s+1)〉
with i ∈ [1, k]. We also define the 0-th horizontal basic block as the set that
consists of a single arrow 〈(0, 1)→ (1, 1)〉, and we define the n-th vertical basic
block as the set that consists of a single arrow 〈(k, n)→ (k, n+ 1)〉.

A sum of divisors in P associated to rays corresponding to arrows in any
horizontal or vertical basic block is linearly equivalent to a generator of the
Picard group of P , see [3, Proposition 4.1.4]. Thus given a complete inter-
section in G one can choose a nef-partition that consists of collections of rays
corresponding to arrows of appropriate numbers of vertical or horizontal basic
blocks.

The constant term of I-series of P̃ is

I = I0
P̃

(q, q1, . . . , q(k−1)(n−1)).

In [3, Conjecture 5.2.3] it was conjectured that

ĨG0 (q) = I(q, 1, . . . , 1).

This is proved for n = 2 in [5, Proposition 3.5] and for any n > 2 in [32].
Consider a smooth Fano complete intersection Y in G. Let LG0(Y ) be

a Givental’s Landau–Ginzburg model constructed for P̃ and a nef-partition
associated Y . Denote it’s Givental’s integral by I0

Y . In discussion after Con-
jecture 5.2.1 in [4] it is explained that, assuming the latter assertion, one has

ĨY0 = I0
Y ,

which can be viewed as an analog of Theorem 3.8 in this particular non-toric
case.
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Further in Section 5 we will study the case of complete intersections in a
Grassmannian of planes. For this case there is an explicit formula for constant
term of regularized I-series (and thus for Givental’s integral). Let

γ(r) =
∑
i∈[1,r]

1

i
.

Theorem 4.1 ([5, Proposition 3.5]). Let

Y = Gr(2, k + 2) ∩ Y1 ∩ · · · ∩ Yl
be a smooth Fano complete intersection with deg Yi = di,

∑
di < k+2. Denote

d0 = k + 2−
∑

di.

Then

ĨY0 =
∑
d>0

∏l
i=0(d0di)!

d!k+2
· (−1)d

2

·
d∑
r=0

(
d

r

)k+2(
(k + 2) (d− 2r) (γ(r)− γ(d− r))− 2

)
· td0d.

Summarizing, one can deal with a Grassmannian and a complete intersection
therein just replacing the Grassmannian by its small toric degeneration and
applying Givental’s procedure to it.

Now we write down explicitly this picture after getting rid of relations as it
is described in Section 3. The superpotential for G itself is the polynomial

a1,1 +
∑

i∈[1,k−1],
j∈[1,n]

ai+1,j

ai,j
+

∑
i∈[1,k],
j∈[1,n−1]

ai,j+1

ai,j
+

1

ak,n

in variables ai,j , i ∈ [1, k], j ∈ [1, n], see [13, B25].
Consider the following Laurent polynomials:

(4.1)

T1 = a1,1,

Ti+1 =
∑
j∈[1,n]

ai+1,j

ai,j
, i ∈ [1, k − 1],

Tk+j =
∑
i∈[1,k]

ai,j+1

ai,j
, j ∈ [1, n− 1],

Tk+n =
1

ak,n
.

For any arrow

α = 〈(i, j)→ (i′, j′)〉 ∈ Ar(Q0)

we define h(α) and t(α) as the vertices (i, j) and (i′, j′), respectively. One can
see that Laurent monomials appearing in (4.1) are of the form ah(α)/at(α) for
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some α ∈ Ar(Q0), and Laurent polynomials listed in (4.1) are of the form∑
α∈B

ah(α)

at(α)
,

where B ⊂ Ar(Q0) is some basic block.
Consider a smooth Fano complete intersection

Y = G ∩ Y1 ∩ · · · ∩ Yl
with deg(Yp) = dp. Choose a splitting [1, k + n] = E0 t E1 t · · · t El with
|Ep| = dp, p ∈ [1, l], so that |E0| = k + n −

∑
dp. Define Σp =

∑
i∈Ep Ti,

p ∈ [0, l]. Then the equations of anticanonical Givental’s Landau–Ginzburg
model for Y are

(4.2) Σp = 1, p ∈ [1, l],

and the superpotential is Σ0.

5. Main theorem

Now we choose a specific nef-partition we are going to use in our main
theorem, i.e., in Theorem 5.3 below. Informally, for any hypersurface we take
a union of a suitable number of consecutive basic blocks. To make it more
precise we introduce some additional terminology.

A horizontal block of size d is a union of d consecutive basic horizontal
blocks. A vertical block of size d is a union of d consecutive basic vertical
blocks. A mixed block of size d is a union of d1 consecutive basic horizontal
blocks including the (k − 1)-th one and d2 consecutive basic vertical blocks
including the first one, where d1 + d2 = d. By a block we will mean either a
horizontal block, or a vertical block, or a mixed block.

(a) (b) (c)

(d) (e)

Figure 3. Blocks for the Grassmannian Gr(2, 4)
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Example 5.1. Figure 3 represents several examples of blocks in a quiver cor-
responding to the Grassmannian Gr(2, 4). Namely, Figures 3(a), 3(b) and 3(c)
represent horizontal blocks, that are the first basic horizontal block, the 0-th
basic horizontal block and a horizontal block of size 2, respectively. Figure 3(d)
represents a mixed block of size 3. Finally, Figure 3(e) represents the first basic
vertical block.

The set of vertices of a block B is the set Ver(B) ⊂ Ver(Q0) such that for
any v ∈ Ver(B) there is an arrow α ∈ B with either t(α) = v or h(α) = v. We
say that an arrow α ∈ Ar(Q0) is an inner arrow of a block B, if t(α) ∈ Ver(B)
and h(α) ∈ Ver(B), while α 6∈ B. We denote the set of inner arrows for B
by In(B).

An admissible quiver Q is a subquiver of Q0 with a set of vertices Ver(Q) =
Ver(Q0), and a non-empty set of arrows Ar(Q) = Ar(Q0)\B, where B is either
a horizontal or a mixed block, and B contains the arrow 〈(0, 1) → (1, 1)〉. In
particular, if Q is an admissible quiver and B′ ⊂ Ar(Q0) is a block, then

B′′ = B′ ∩Ar(Q)

is again a block. Note also that if Q is an admissible quiver such that Ar(Q)
contains the arrow 〈(0, 1)→ (1, 1)〉, then Q = Q0.

Let V = {x1, . . . , xN} be a finite set. We denote the torus

SpecC[x±1
1 , . . . , x±1

N ] ∼= (C∗)N

by T(V ). Note that x1, . . . , xN may be interpreted as coordinates on T(V ).
A triplet is a collection (Q, V,R), where Q is an admissible quiver, V is a

finite set of variables, R is a map from the set Ver(Q) to the set of rational
functions in the variables of V .

A rational function associated to a triplet (Q, V,R) and a non-empty subset
C ⊂ Ar(Q) is the rational function in the variables of V defined as

FQ,V,R,C =
∑
α∈C

R (h(α))

R (t(α))
.

A hypersurface HQ,V,R,C ⊂ T(V ) associated to (Q, V,R) and C is defined by
the equation FQ,V,R,C = 1. A rational function associated to a triplet (Q, V,R)
is the rational function in the variables of V defined as

FQ,V,R = FQ,V,R,Ar(Q) =
∑

α∈Ar(Q)

R (h(α))

R (t(α))
.

A change of variables that agrees with a triplet (Q, V,R) and with a block
B is a rational map

ψ : T(V ′) 99K T(V ),

where V ′ is a set of variables such that |V ′| = |V | − 1, the closure of the image
of T(V ′) with respect to ψ is the hypersurface

HQ,V,R,B ⊂ T(V ),
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and ψ gives a birational map between T(V ′) and HQ,V,R,B . By a small abuse of
terminology we will sometimes omit either a triplet or a block when speaking
about a change of variables that agrees with something. We will sometimes also
refer to automorphisms of tori as changes of variables, but in such situations
we will not mention any triplets or blocks.

Let ψ be a change of variables that agrees with a triplet (Q, V,R) and with
a block B. A transformation of a triplet (Q, V,R) associated to ψ is a triplet
(Q′, V ′, R′), where Q′ ⊂ Q is a quiver with Ver(Q′) = Ver(Q) and

Ar(Q′) = Ar(Q) \B,

the set V ′ is a set of variables such that |V ′| = |V |−1, and R′(i, j) = ψ∗R(i, j).

Remark 5.2. Let (Q, V,R) be a triplet, B be a block, and ψ be a change of
variables that agrees with the triplet (Q, V,R) and with the block B. Let
(Q′, V ′, R′) be a transformation of a triplet (Q, V,R) associated to ψ. Then
ψ∗FQ,V,R,B = 1 and

ψ∗FQ,V,R = FQ′,V ′,R′ + 1.

Now we can reformulate the description of Landau–Ginzburg models for
complete intersections in Grassmannians discussed in Section 4 in terms intro-
duced above. Let

V0 = {ai,j}, i ∈ [1, k], j ∈ [1, n].

Put R0(i, j) = ai,j for i ∈ [1, k], j ∈ [1, n], and R0(0, 1) = R0(k, n+ 1) = 1. Let

Y = G ∩ Y1 ∩ · · · ∩ Yl
be a smooth Fano complete intersection. Let B1, . . . , Bl be disjoint horizontal,
mixed or vertical blocks such that Bi, i ∈ [1, l], is a block of size deg Yi. Put

C = Ar(Q0) \
(
∪i∈[1,l]Bi

)
.

Then a variety that is a complete intersection of hypersurfaces HQ0,V0,R0,Bi ,
i ∈ [1, l], in T(V0) equipped with a function FQ0,V0,R0,C as superpotential is a
Landau–Ginzburg model of Y suggested in [4], cf. equations (4.2). Theorem 5.3
states that for given d1, . . . , dl there is a choice of blocks B1, . . . , Bl and a
sequence of l changes of variables such that the Landau–Ginzburg model in is
fact birational to a torus, and a birational equivalence can be chosen so that
the superpotential becomes a Laurent polynomial on this torus.

Theorem 5.3. Let n = 2. Consider the triplet (Q0, V0, R0). Let d1, . . . , dl
be positive integers such that for some i0 ∈ [0, l] one has d1, . . . , di0 > 1 and
di0+1 = · · · = dl = 1. Suppose that∑

di < k + 2.

Then there exist blocks B1, . . . , Bl, a sequence of triplets

(Qi, Vi, Ri), i ∈ [1, l],
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and a sequence of changes of variables

ψi : T(Vi) 99K T(Vi−1), i ∈ [1, l],

such that

• the size of the block Bi is di;
• one has Bi ∩Bj = ∅ for i 6= j, i, j ∈ [1, l];
• the change of variables ψi agrees with the triplet (Qi−1, Vi−1, Ri−1) and

the block Bi;
• the triplet (Qi, Vi, Ri) is a transformation of the triplet (Qi−1, Vi−1,
Ri−1) associated to ψi;
• the rational function

FQi,Vi,Ri = (ψi ◦ · · · ◦ ψ1)∗FQ0,V0,R0

is a Laurent polynomial in variables of Vi.

In particular, the rational function FQl,Vl,Rl is a Laurent polynomial in 2k − l
variables.

We will prove Theorem 5.3 in Section 9. In order to do this we will deal
separately with changes of variables that agree with horizontal, mixed and
vertical blocks in Sections 6, 7 and 8, respectively. In most of the cases (except
for a relatively easy Lemma 6.9) a change of variables will be performed in
two steps. First we will choose some variable (which we will later refer to
as weight variable), and make a monomial change of coordinates multiplying
each variable by a suitably chosen power of the weight variable. After this we
will exclude another variable (which we will later refer to as main variable)
using the equation of the hypersurface associated to the triplet and the block,
and check that after the corresponding substitution the Laurent polynomial
associated to the triplet remains a Laurent polynomial. One effect that still
looks surprising to us is that the case of a horizontal block of size 1 (i.e., of
a basic horizontal block) is treated differently from the case of a horizontal
block of size at least 2, so that the assertions of Lemmas 6.9 and 6.8 appear
to be different indeed. Finally, since the proofs of the lemmas in Sections 6, 7
and 8 look rather messy, we illustrate them in Sections 11 and 12 by a large
(and hopefully representative) sample of examples; we suspect that this may
be more instructive than reading the proofs themselves.

6. Horizontal blocks

In this section we write down changes of variables that agree with horizontal
blocks for Grassmannians Gr(2, k + 2).

We start with introducing some additional auxiliary notions.

Definition 6.1. Let V be some collection of variables. Let W ⊂ V be a subset,
and Λ: W → Z be an arbitrary function. Let µ be a Laurent monomial in the
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a

a1,1

a2,1

a3,1

a1,2

a2,2

1 a

Figure 4. Starting triplet for the Grassmannian Gr(2, 5)

variables of V . We define the Λ-degree of µ as

degΛ(µ) =
∑
a∈W

Λ(a) · dega(µ).

By a total degree of µ with respect to the variables of W we mean the Λ-degree
of µ for the function Λ ≡ 1, i.e., the sum of degrees of µ with respect to the
variables of W .

Definition 6.2. Let s ∈ [1, k]. Put

W∅,∅,s = {ai,j | i ∈ [1, s], j ∈ [1, 2]}
if s < k, and put

W∅,∅,k = {ai,1 | i ∈ [1, k]} ∪ {ai,2 | i ∈ [1, k − 1]}.
We define

Λ∅,∅,s : W∅,∅,s → Z
as Λ∅,∅,s(ai,2) = i − s for i ∈ [1, s] and Λ∅,∅,s(ai,1) = i − s + 1 for i ∈ [1, s],
i 6= s− 1. Finally, we put Λ∅,∅,s(as−1,1) = 1.

Now we start to describe our changes of variables.

Lemma 6.3. Suppose that n = 2. Let (Q, V,R) be a triplet, and B ⊂ Ar(Q)
be a horizontal block such that the arrow 〈(0, 1) → (1, 1)〉 is contained in B.
Suppose that V is a set of variables

V = {ai,1 | i ∈ [1, k]} ∪ {ai,2 | i ∈ [1, k − 1]} ∪ {a},
and the following conditions hold:

(i) one has R(k, 2) = 1;
(ii) R(0, 1) = R(k, 3) = a;
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(iii) for i ∈ [1, k], j ∈ [1, 2], (i, j) 6= (k, 2) one has R(i, j) = ai,j, see
Figure 4.

Then there exists a change of variables ψ that agrees with the triplet (Q, V,R)
and with the block B with the following properties. Let (Q′′, V ′′, R′′) be the
transformation of the triplet (Q, V,R) associated to ψ, and let s be the largest
number such that (s, 1) ∈ Ver(B). We can assume that V ′′ is a set of variables

V ′′ = {a′′i,1 | i ∈ [1, k]} ∪ {a′′i,2 | i ∈ [1, k − 1]}.

Then ψ∗FQ,V,R is a Laurent polynomial in the variables of V ′′ and the following
assertions hold:

(I) the quiver Q′′ does not contain vertical arrows α such that h(α) = (i, j)
for i ∈ [1, s], j ∈ [1, 2];

(II) one has R′′(k, 2) = 1;
(III) for (i, j) with i ∈ [s, k], j ∈ [1, 2], (i, j) 6= (k, 2), one has R′′(i, j) = a′′i,j ;

(IV) for any i ∈ [1, s− 2] one has R′′(i, 1) = a′′i,1 · R̄′′(i);
(V) one has R′′(s− 1, 1) = R̄′′(i);

(VI) for any i ∈ [1, s− 1] one has R′′(i, 2) = a′′i,2 · R̄′′(i);
(VII) the rational function R′′(k, 3) is a Laurent polynomial in the variables

of V ′′ such that R′′(k, 3) does not depend on variables a′′i,j with i ∈
[s+1, k], j ∈ [1, 2], and each of its Laurent monomials has non-negative
degree in each of the variables a′′s,j, j ∈ [1, 2];

(VIII) if s < k, then the total degree of any Laurent monomial of R′′(k, 3)
with respect to variables a′′i,2, i ∈ [1, s], is non-positive; if s = k, then
the total degree of any Laurent monomial of R′′(k, 3) with respect to
variables a′′i,2, i ∈ [1, k − 1], is non-positive;

(IX) the Λ∅,∅,s-degree of any Laurent monomial of R′′(k, 3) equals 1.

Proof. If the block B consists of a single arrow 〈(0, 1)→ (1, 1)〉, then equation
FQ,V,R,B = 1 is equivalent to a = a1,1. In this case we use the latter equation
to exclude the variable a, and make a change of variables

ai,j = a′′i,j , i ∈ [1, k], j ∈ [1, 2], (i, j) 6= (k, 2).

Put

V ′′ = {a′′i,1 | i ∈ [1, k]} ∪ {a′′i,2 | i ∈ [1, k − 1]}.

We define ψ : T(V ′′) 99K T(V ) to be the change of variables from ai,j to a′′i,j .
We define the quiver Q′′ so that Ver(Q′′) = Ver(Q) and Ar(Q′′) consists of
all arrows of Ar(Q) except for the arrow 〈(0, 1) → (1, 1)〉. Finally, we put
R′′(i, j) = ψ∗R(i, j). Now the assertion of the lemma is obvious. Therefore,
we assume that the size of the block B is greater than 1, so that s > 2.

Abusing notation a little bit, we assign ak,2 = R(k, 2) = 1; we do not
mean that ak,2 is a variable in this case (in particular, we will ignore it while
computing total degrees with respect to any collection of variables), but this
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helps us to keep formulas more neat. Equation FQ,V,R,B = 1 is equivalent to

(6.1)
a1,1

a
= 1−

∑
α∈B,

α6=〈(0,1)→(1,1)〉

R (h(α))

R (t(α))
= 1−

∑
i∈[1,s−1], j∈[1,2]

ai+1,j

ai,j
.

We choose as−1,1 to be the weight variable and a to be the main variable.
To start with, we make the following change of variables of V . We put

as−1,1 = a′s−1,1 and we put

(6.2) ai,j = a′i,j ·
(
a′s−1,1

)wt(i,j)
, a′ = a ·

(
a′s−1,1

)wt(0,1)

for the following choice of weights wt(i, j), (i, j) 6= (s − 1, 1). For any (i, j)
with i ∈ [1, s], j ∈ [1, 2], and for (i, j) = (0, 1) we put

(6.3) wt(i, j) = s− i.
For any (i, j) with i ∈ [s+1, k], j ∈ [1, 2], we put wt(i, j) = 0. In particular, this
gives wt(k, 2) = 0, so that we can define a′k,2 = ak,2 = 1. Also, (6.3) implies

that wt(s− 1, 1) = 1, although we don’t mean to use wt(s−1, 1) in (6.2). Note
that for any arrow α ∈ B one has

wt
(
t(α)

)
= wt

(
h(α)

)
+ 1,

and for any α ∈ In(B) one has wt(t(α)) = wt(h(α)). In particular, the weight
of any non-trivial Laurent monomial appearing on the right hand side of (6.1)
equals −1.

Put
V ′ = {a′i,1 | i ∈ [1, k]} ∪ {a′i,2 | i ∈ [1, k − 1]} ∪ {a′}.

Define a collection of variables W ′∅,∅,s and a function

Λ′∅,∅,s : W ′∅,∅,s → Z

replacing the variables ai,j by a′i,j in Definition 6.2. We rewrite (6.1) as

(6.4)
a′1,1

a′ · a′s−1,1

= 1− 1

a′s−1,1

·

a′s,1 +
1

a′s−2,1

+
∑

i∈[1,s−1], j∈[1,2]
(i,j)6=(s−1,1),(s−2,1)

a′i+1,j

a′i,j


if s > 2, and as

(6.5)
1

a′ · a′1,1
= 1− 1

a′1,1
·

(
a′2,1 +

a′2,2
a′1,2

)
if s = 2. Note that the total degree with respect to variables a′i,2, i ∈ [1, s], of
any Laurent monomial appearing on the right hand side of (6.4) and (6.5) is
non-positive; actually, one can make a more precise observation: the total de-
gree with respect to variables a′i,2, i ∈ [1, s], of any Laurent monomial appearing
on the right hand side of (6.4) and (6.5) is zero if s < k and is non-positive
if s = k (the latter exception appearing because we ignore ak,2 = 1 when we
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compute the total degree). Similarly, one can check that the Λ′∅,∅,s-degree of
any non-trivial Laurent monomial appearing on the right hand side of (6.4)
and (6.5) equals 1.

Put δ′ = a′1,1 if s > 2, and put δ′ = 1 if s = 2. By (6.4) and (6.5) we have

(6.6)
δ′

a′ · a′s−1,1

= 1− 1

a′s−1,1

· P
′

M ′
=
M ′ · a′s−1,1 − P ′

M ′ · a′s−1,1

.

Here P ′ is a polynomial that depends only on the variables a′i,j with i ∈ [1, s],
j ∈ [1, 2], except for a′s−1,1, and

M ′ =
∏

(i,j)∈V

a′i,j ,

where

V = {(i, j) | i ∈ [1, s− 1], j ∈ [1, 2], (i, j) 6= (s− 1, 1)}.
As above, the total degree with respect to variables a′i,2, i ∈ [1, s], of any
Laurent monomial of the ratio P ′/M ′, and thus of any Laurent monomial
appearing on the right hand side of (6.6), is non-positive. Similarly, the Λ′∅,∅,s-
degree of any Laurent monomial of the ratio P ′/M ′, and thus of any Laurent
monomial appearing on the right hand side of (6.6), equals 1.

We rewrite (6.6) as

(6.7) a′ =
M ′ · δ′

M ′ · a′s−1,1 − P ′
.

Now we put

(6.8) a′′s−1,1 =
M ′ · a′s−1,1 − P ′

M ′
,

and we put a′′i,j = a′i,j for all i ∈ [1, k], j ∈ [1, 2], such that (i, j) 6= (s− 1, 1) (in
particular, this gives a′′k,2 = a′k,2 = 1). Then

(6.9) as−1,1 = a′s−1,1 =
M ′′ · a′′s−1,1 + P ′′

M ′′
,

where P ′′ and M ′′ are obtained from P ′ and M ′ by replacing the variables a′i,j
by the corresponding variables a′′i,j , so that M ′′ is the monomial

M ′′ =
∏

(i,j)∈V

a′′i,j .

Again we observe that the total degree with respect to variables a′′i,2, i ∈ [1, s], of
any Laurent monomial of the ratio P ′′/M ′′, and thus of any Laurent monomial
appearing on the right hand side of (6.9), is non-positive. Similarly, we define
a collection of variables W ′′∅,∅,s and a function

Λ′′∅,∅,s : W ′′∅,∅,s → Z
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replacing the variables ai,j by a′′i,j in Definition 6.2, and observe that the Λ′′∅,∅,s-
degree of any Laurent monomial of the ratio P ′′/M ′′, and thus of any Laurent
monomial appearing on the right hand side of (6.9), equals 1.

We can rewrite (6.7) as

(6.10) a′ =
δ′′

a′′s−1,1

,

where δ′′ = a′′1,1 if s > 2, and δ′′ = 1 if s = 2. We see that

degΛ′′∅,∅,s
(δ′′) = 2− s.

By (6.2) and (6.9) one has

(6.11) ai,1 = a′i,1 ·
(
a′s−1,1

)s−i
= a′′i,1 ·

(
M ′′ · a′′s−1,1 + P ′′

M ′′

)s−i
for any i ∈ [1, s], i 6= s− 1. Also, (6.2) implies that

(6.12) ai,2 = a′i,2 ·
(
a′s−1,1

)s−i
= a′′i,2 ·

(
M ′′ · a′′s−1,1 + P ′′

M ′′

)s−i
for any i ∈ [1, s]. Finally, (6.2) and (6.10) imply that

(6.13) a = a′ ·
(
a′s−1,1

)s
=

δ′′

a′′s−1,1

·
(
M ′′ · a′′s−1,1 + P ′′

M ′′

)s
.

Once again we notice that the total degree with respect to variables a′′i,2, i ∈
[1, s], of any Laurent monomial appearing on the right hand side of (6.13) is
non-positive. Also, we see that the right hand side of (6.13) does not depend on
variables a′′i,j with i ∈ [s+ 1, k], j ∈ [1, 2], and each of its Laurent monomials
has non-negative degree in each of the variables a′′s,j , j ∈ [1, 2]. Similarly, we
compute

degΛ′′∅,∅,s

(
δ′′

a′′s−1,1

)
= 1− s,

and see that the Λ′′∅,∅,s-degree of any Laurent monomial appearing on the right
hand side of (6.13) equals 1.

Equation (6.13) allows us to exclude the variable a. Now we are going to
show that after making this exclusion and changing variables ai,j to a′′i,j the
Laurent polynomial FQ,V,R remains a Laurent polynomial.

Let α = 〈(i, 1) → (i, 2)〉 be an inner arrow for B. Suppose that i 6= s − 1.
Then

(6.14)
R (h(α))

R (t(α))
=
ai,2
ai,1

=
a′i,2
a′i,1

=
a′′i,2
a′′i,1

.

If α = 〈(s− 1, 1)→ (s− 1, 2)〉, then

(6.15)
R (h(α))

R (t(α))
=
as−1,2

as−1,1
=
a′s−1,2 · a′s−1,1

a′s−1,1

= a′s−1,2 = a′′s−1,2.



1550 V. PRZYJALKOWSKI AND C. SHRAMOV

Put

V ′′ = {a′′i,1 | i ∈ [1, k]} ∪ {a′′i,2 | i ∈ [1, k − 1]}.
We define

ψ : T(V ′′) 99K T(V )

to be the change of variables from ai,j to a′′i,j . We define the quiver Q′′ so
that Ver(Q′′) = Ver(Q) and Ar(Q′′) = Ar(Q) \ B. Finally, we put R′′(i, j) =
ψ∗R(i, j).

Denote by αf the arrow 〈(k, 2) → (k, 3)〉. Denote by C the set of ar-
rows α ∈ Ar(Q) \ {αf} such that h(α) = (i, j) for some i ∈ [s+ 1, k], j ∈ [1, 2].
Then the set Ar(Q) is a disjoint union of the sets B, In(B), C and {αf}.

One has

ψ∗FQ,V,R

= ψ∗

 ∑
α∈Ar(Q)

R (h(α))

R (t(α))


= ψ∗

∑
α∈B

R (h(α))

R (t(α))
+

∑
α∈In(B)

R (h(α))

R (t(α))
+
∑
α∈C

R (h(α))

R (t(α))
+
R (h(αf ))

R (t(αf ))


= 1 + ψ∗

 ∑
α∈In(B)

R (h(α))

R (t(α))
+
∑
α∈C

R (h(α))

R (t(α))
+
R (h(αf ))

R (t(αf ))

 .

If α ∈ In(B), then ψ∗
(
R(h(α))
R(t(α))

)
is a Laurent monomial in the variables of

V ′′ by (6.14) and (6.15).
If α ∈ C, then

ψ∗
(
R (h(α))

R (t(α))

)
= ψ∗

(
ah(α)

at(α)

)
=
a′′h(α)

a′′t(α)

by conditions (ii) and (iii), because the variables ai,j with i ∈ [s, k], j ∈ [1, 2],
were not changed when passing from V to V ′ and further to V ′′.

Finally one can notice that

ψ∗
(
R (h(αf ))

R (t(αf ))

)
= ψ∗R(k, 3) = ψ∗a

is a Laurent polynomial in the variables of V ′′ by (6.13).
Therefore, we see that ψ∗FQ,V,R is a Laurent polynomial in the variables of

V ′′.
Note that assertion (I) of the lemma holds by definition of Q′′. The variables

ai,j ∈ V with i ∈ [s, k], j ∈ [1, 2], were not changed when passing from V to V ′

and further to V ′′. From this we conclude that assertions (II) and (III) of the
lemma hold. Assertions (IV), (V) and (VI) hold due to equations (6.11), (6.9)
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and (6.12), respectively. Finally, validity of assertions (VII), (VIII) and (IX)
follows from (6.13). �

Remark 6.4. In Lemma 6.3 we worked with a hypersurface given by equation

1− FQ,V,R,B = 0.

However, in the proof of Proposition 10.5 we will need to analyze a tubular
neighborhood of the latter hypersurface, i.e., to work with an equation 1 −
FQ,V,R,B = U . In this situation equation (6.7) takes the form

(6.16) a′ =
M ′ · δ′

(1− U) ·M ′ · a′s−1,1 − P ′
.

In the rest of this section, as well as in Sections 7 and 8, we will have to
keep track of the history of changes of variables performed up to some point.
This will be done with the help of the following definitions.

Definition 6.5. Let n = 2. Let Q be an admissible quiver, and let r ∈ [1, k].
We say that (M,W, γ), where γ ∈ [1, r] andM andW are subsets of [1, γ−1],
is a block history of (Q, r) if the following conditions hold:

• one has W = ∅ if and only if γ = 1 (so that one also has M = ∅ in
this case);

• if W 6= ∅, then |M| = |W| − 1, and one has M = {m1, . . . ,m|M|}
and W = {w0, w1, . . . , w|M|} with

w0 < w0 + 1 = m1 < w1 < · · · < w|M|−1 + 1 = m|M| < w|M| < w|M| + 1 = γ.

Definition 6.6. Let r ∈ [1, k], and let (M,W, γ) be a block history of (Q, r).
Put

WM,W,γ,r = {ai,1 | i ∈ [1, r]} ∪ {ai,2 | i ∈ [1, γ − 1] \M} ∪ {ar,2}
if r < k, and put

WM,W,γ,k = {ai,1 | i ∈ [1, k]} ∪ {ai,2 | i ∈ [1, γ − 1] \M}}
if r = k. For any i < maxW (i.e., for any i < γ − 1) we put w(i) = min{w ∈
W | w > i}. We define a function

ΛM,W,γ,r : WM,W,γ,r → Z
as follows. If i ∈ W, then we put ΛM,W,γ,r(ai,1) = 1 and ΛM,W,γ,r(ai,2) = −1.
If i 6∈ W and i < γ − 1, then we put

ΛM,W,γ,r(ai,1) = i− w(i)

and
ΛM,W,γ,r(ai,2) = i− w(i)− 1.

If γ 6 i 6 r, then we put ΛM,W,γ,r(ai,1) = 1. Finally, if r < k, then we
put ΛM,W,γ,r(ar,2) = 0.

If the variables of the set WM,W,γ,r are clearly labeled by some set of indices
{(i, j)} we will sometimes write ΛM,W,γ,r(i, j) instead of ΛM,W,γ,r(ai,j).
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Note that Definition 6.2 is a particular case of Definition 6.6 forM =W = ∅
and γ = r = s.

The following elementary observation will be rather useful for the remaining
lemmas of this section.

Remark 6.7. Let V be a set of variables, and F be a Laurent polynomial in the
variables of V . Let V ′ be some other set of variables. Consider a rational map
ψ : T(V ′) 99K T(V ). Let W ⊂ V and W ′ ⊂ V ′ be some subsets of variables.
Choose two functions Λ: W → Z and Λ′ : W ′ → Z. Suppose that the rational
function ψ∗F is a Laurent polynomial in the variables of V ′. Suppose that for
any a ∈ W the rational function ψ∗a is a Laurent polynomial in the variables
of V ′, and for any Laurent monomial µ′ of ψ∗a one has

degΛ′(µ
′) = degΛ(a).

Then for any Laurent monomial µ of F one has

degΛ′(ψ
∗µ) = degΛ(µ).

Now we return to our changes of variables.

Lemma 6.8. Suppose that n = 2. Let (Q, V,R) be a triplet, and B ⊂ Ar(Q)
be a horizontal block such that the arrow 〈(0, 1) → (1, 1)〉 is not contained in
B. Let r be the smallest number such that (r, 1) ∈ Ver(B). Suppose that the
size of the block B is greater than 1, so that B is not a basic block.

Suppose that there is a block history (M,W, r), i.e., one with γ = r in the
notation of Definition 6.5, of (Q, r) such that V is a set of variables

V = {ai,1 | i ∈ [1, k]} ∪ {ai,2 | i ∈ [1, k − 1] \M}.
Suppose that there are rational functions R̄(i), i ∈ [1, r− 1], in the variables of
V such that the following conditions hold:

(i) the quiver Q does not contain vertical arrows α such that h(α) = (i, j)
for i ∈ [1, r], j ∈ [1, 2];

(ii) one has R(k, 2) = 1 (in what follows, we assign ak,2 = R(k, 2) = 1,
abusing notation a little bit);

(iii) for (i, j) with i ∈ [r, k], j ∈ [1, 2], (i, j) 6= (k, 2), one has R(i, j) = ai,j ;
(iv) for any i ∈ [1, r − 1] \W one has R(i, 1) = ai,1 · R̄(i);
(v) for any i ∈ W one has R(i, 1) = R̄(i);

(vi) for any i ∈ [1, r − 1] \M one has R(i, 2) = ai,2 · R̄(i);
(vii) for any i ∈M one has

R(i, 2) =
ai+1,2

aw(i),1
· R̄(i),

where w(i) = min{w ∈ W | w > i};
(viii) the rational function R(k, 3) is a Laurent polynomial in the variables of

V such that R(k, 3) does not depend on variables ai,j with i ∈ [r+1, k],
j ∈ [1, 2], and each of its Laurent monomials has non-negative degree
in each of the variables ar,j, j ∈ [1, 2];
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(ix) the total degree of any Laurent monomial of R(k, 3) with respect to
variables ai,2, i ∈ [1, r] \M, is non-positive;

(x) the ΛM,W,r,r-degree of any Laurent monomial of R(k, 3) equals 1.

Then there exists a change of variables ψ that agrees with the triplet (Q, V,R)
and with the block B with the following properties. Let (Q′′, V ′′, R′′) be the
transformation of the triplet (Q, V,R) associated to ψ, and let s be the largest
number such that (s, 1) ∈ Ver(B). Then ψ∗FQ,V,R is a Laurent polynomial in
the variables of V ′′. Moreover, there is a block history (M′′,W ′′, s) of (Q′′, s)
with M′′ =M∪ {r} such that V ′′ is a set of variables

V ′′ = {a′′i,1 | i ∈ [1, k]} ∪ {a′′i,2 | i ∈ [1, k − 1] \M′′},
and conditions (i)–(x) hold after replacing Q, V , R, M, W and r by Q′′, V ′′,
R′′, M′′, W ′′ and s, respectively.

Proof. The proof is similar to that of Lemma 6.3, with the only difference that
we choose ar,2 to be the main variable and as−1,1 to be the weight variable. �

Lemma 6.9. Suppose that n = 2. Let (Q, V,R) be a triplet, and B ⊂ Ar(Q)
be a basic horizontal block such that the arrow 〈(0, 1)→ (1, 1)〉 is not contained
in B. Let r be the smallest number such that (r, 1) ∈ Ver(B), so that B is the
r-th basic horizontal block with r > 1.

Suppose that there is a block history (M,W, γ) of (Q, r) such that V is a
set of variables

V = {ai,1 | i ∈ [1, k]} ∪ {ai,2 | i ∈ [1, γ − 1] \M} ∪ {ai,2 | i ∈ [r, k − 1]}.
Suppose that there are rational functions R̄(i), i ∈ [1, γ− 1], in the variables of
V such that the following conditions hold:

(i) the quiver Q does not contain vertical arrows α such that h(α) = (i, j)
for i ∈ [1, r], j ∈ [1, 2];

(ii) one has R(k, 2) = 1 (in what follows, we assign ak,2 = R(k, 2) = 1,
abusing notation a little bit);

(iii) for (i, j) with i ∈ [r, k], j ∈ [1, 2], (i, j) 6= (k, 2), one has R(i, j) = ai,j ;
(iv) for any i ∈ [1, γ − 1] \W one has R(i, 1) = ai,1 · R̄(i);
(v) for any i ∈ W one has R(i, 1) = R̄(i);

(vi) for any i ∈ [1, γ − 1] \M one has R(i, 2) = ai,2 · R̄(i);
(vii) for any i ∈M one has

R(i, 2) =
ai+1,2

aw(i),1
· R̄(i),

where w(i) = min{w ∈ W | w > i};
(viii) for any i ∈ [γ, r − 1] one has

R(i, 1) = ar,1 + ar−1,1 + · · ·+ ai,1;

(ix) for any i ∈ [γ, r − 1] one has

R(i, 2) =
ar,2·(ar,1+ar−1,1)·(ar,1+ar−1,1+ar−2,1)···(ar,1+ar−1,1+···+ai,1)

ar−1,1·ar−2,1···ai,1 ;
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(x) the rational function R(k, 3) is a Laurent polynomial in the variables of
V such that R(k, 3) does not depend on variables ai,j with i ∈ [r+1, k],
j ∈ [1, 2], and each of its Laurent monomials has non-negative degree
in each of the variables ar,j, j ∈ [1, 2];

(xi) the total degree of any Laurent monomial of R(k, 3) with respect to the
variables ai,2, i ∈ [1, γ − 1] \M, is non-positive;

(xii) the ΛM,W,γ,r-degree of any Laurent monomial of R(k, 3) equals 1.

Then there exists a change of variables ψ that agrees with the triplet (Q, V,R)
and with the block B with the following properties. Let (Q′, V ′, R′) be the
transformation of the triplet (Q, V,R) associated to ψ. Then ψ∗FQ,V,R is a
Laurent polynomial in the variables of V ′. Moreover, V ′ is a set of variables

V ′ = {a′i,1 | i ∈ [1, k]} ∪ {a′i,2 | i ∈ [1, γ − 1] \M} ∪ {a′i,2 | i ∈ [r + 1, k − 1]},
and conditions (i)–(xii) hold after replacing Q, V , R, and r by Q′, V ′, R′, and
r + 1, respectively, and keeping M, W and γ the same as before.

Proof. The proof is similar to the proof of Lemma 6.3. Here we choose ar,2 to
be the main variable, and do not need a weight variable at all. �

7. Mixed blocks

In this section we deal with changes of variables that agree with mixed blocks
for Grassmannians Gr(2, k + 2).

Lemma 7.1. Suppose that n = 2. Let (Q, V,R) be a triplet, and B ⊂ Ar(Q)
be a mixed block such that the arrow 〈(0, 1) → (1, 1)〉 is contained in B and
the arrow 〈(k, 2) → (k, 3)〉 is not contained in B. Suppose that V is a set of
variables

V = {ai,1 | i ∈ [1, k]} ∪ {ai,2 | i ∈ [1, k − 1]} ∪ {a},
and the following conditions hold:

(i) one has R(k, 2) = 1;
(ii) R(0, 1) = R(k, 3) = a;
(iii) for i ∈ [1, k], j ∈ [1, 2], (i, j) 6= (k, 2) one has R(i, j) = ai,j, see

Figure 4.

Then there exists a change of variables ψ that agrees with the triplet (Q, V,R)
and with the block B such that for the transformation (Q′′, V ′′, R′′) of the triplet
(Q, V,R) associated to ψ the rational function ψ∗FQ,V,R is a Laurent polynomial
in the variables of V ′′.

Proof. The proof is similar to the proof of Lemma 6.3. Here we choose a to be
the main variable and ak−1,2 to be the weight variable. �

Lemma 7.2. Suppose that n = 2. Let (Q, V,R) be a triplet, and B ⊂ Ar(Q) be
a mixed block such that the arrow 〈(0, 1)→ (1, 1)〉 is not contained in B. Let r
be the smallest number such that there is a vertical arrow 〈(r, 1)→ (r+1, 1)〉 ∈
B.
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Suppose that there is a block history (M,W, r), i.e., one with γ = r in the
notation of Definition 6.5, of (Q, r) such that V is a set of variables

V = {ai,1 | i ∈ [1, k]} ∪ {ai,2 | i ∈ [1, k − 1] \M}.

Suppose that there are rational functions R̄(i), i ∈ [1, r − 1], in the variables
of V such that the following conditions hold:

(i) the quiver Q does not contain vertical arrows α such that h(α) = (i, j)
for i ∈ [1, r], j ∈ [1, 2];

(ii) one has R(k, 2) = 1;
(iii) for (i, j) with i ∈ [r, k], j ∈ [1, 2], (i, j) 6= (k, 2), one has R(i, j) = ai,j ;
(iv) for any i ∈ [1, r − 1] \W one has R(i, 1) = ai,1 · R̄(i);
(v) for any i ∈ W one has R(i, 1) = R̄(i);
(vi) for any i ∈ [1, r − 1] \M one has R(i, 2) = ai,2 · R̄(i);

(vii) for any i ∈M one has

R(i, 2) =
ai+1,2

aw(i),1
· R̄(i),

where w(i) = min{w ∈ W | w > i};
(viii) the rational function R(k, 3) is a Laurent polynomial in the variables of

V such that R(k, 3) does not depend on variables ai,j with i ∈ [r+1, k],
j ∈ [1, 2], and each of its Laurent monomials has non-negative degree
in each of the variables ar,j, j ∈ [1, 2];

(ix) the total degree of any Laurent monomial of R(k, 3) with respect to
variables ai,2, i ∈ [1, r] \M, is non-positive.

Then there exists a change of variables ψ that agrees with the triplet (Q, V,R)
and with the block B such that for the transformation (Q′′, V ′′, R′′) of the triplet
(Q, V,R) associated to ψ the rational function ψ∗FQ,V,R is a Laurent polynomial
in the variables of V ′′.

Proof. The proof is similar to the proof of Lemma 6.3. Here we choose ar,1 to
be the main variable and ak,1 to be the weight variable. �

8. Vertical blocks

In this section we deal with changes of variables that agree with vertical
blocks for Grassmannians Gr(2, k + 2) and make some concluding remarks on
the changes of variables that agree with various kinds of blocks.

Lemma 8.1. Suppose that n = 2. Let (Q, V,R) be a triplet, and B ⊂ Ar(Q)
be a vertical block such that the arrow 〈(k, 2) → (k, 3)〉 is not contained in B
(i.e., B is the first basic vertical block).

Suppose that there is a block history (M,W, γ) of (Q, k) such that V is a
set of variables

V = {ai,1 | i ∈ [1, k]} ∪ {ai,2 | i ∈ [1, γ − 1] \M}.
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Suppose that there are rational functions R̄(i), i ∈ [1, γ − 1], in the variables
of V such that the following conditions hold:

(i) the quiver Q does not contain vertical arrows;
(ii) one has R(k, 2) = 1;
(iii) one has R(k, 1) = ak,1;
(iv) for any i ∈ [1, γ − 1] \W one has R(i, 1) = ai,1 · R̄(i);
(v) for any i ∈ W one has R(i, 1) = R̄(i);
(vi) for any i ∈ [1, γ − 1] \M one has R(i, 2) = ai,2 · R̄(i);

(vii) for any i ∈M one has

R(i, 2) =
ai+1,2

aw(i),1
· R̄(i),

where w(i) = min{w ∈ W | w > i};
(viii) for any i ∈ [γ, k − 1] one has

R(i, 1) = ak,1 + ak−1,1 + · · ·+ ai,1;

(ix) for any i ∈ [γ, k − 1] one has

R(i, 2) =
(ak,1+ak−1,1)·(ak,1+ak−1,1+ak−2,1)···(ak,1+ak−1,1+···+ai,1)

ak−1,1·ak−2,1···ai,1 ;

(x) the rational function R(k, 3) is a Laurent polynomial in the variables of
V such that the ΛM,W,γ,k-degree of any Laurent monomial of R(k, 3)
is non-negative.

Then there exists a change of variables ψ that agrees with the triplet (Q, V,R)
and with the block B such that for the transformation (Q′′, V ′′, R′′) of the triplet
(Q, V,R) associated to ψ the rational function ψ∗FQ,V,R is a Laurent polynomial
in the variables of V ′′.

Proof. The proof is similar to the proof of Lemma 6.3. Here we define the main
and the weight variables as follows. If γ < k, we put u = k. If γ = k, then
W 6= ∅, and we put u = minW (so that u 6= γ by definition of block history).
In both cases we choose au,1 to be the weight variable and aγ,1 to be the main
variable. The weights (cf. (6.3)) are defined as

(8.1) wt(i, j) = ΛM,W,γ,k(i, j)

for
(i, j) ∈ {(i, 1) | i ∈ [1, k]} ∪ {(i, 2) | i ∈ [1, γ − 1] \M}. �

We conclude this section by a couple of general remarks concerning the
proofs of Lemmas 6.3, 6.8, 6.9, 7.1, 7.2 and 8.1.

Remark 8.2. Let n = 2, let (Q, V,R) be a triplet, and let B ⊂ Ar(Q) be a
block such that a quiver with the set of vertices coinciding with Ver(Q) and
the set of arrows Ar(Q) \B is admissible.

Suppose that (Q, V,R) is a result of an application of Lemma 6.3 to a triplet

(Q̂, V̂ , R̂) and some horizontal block B̂ ⊂ Ar(Q̂) with the properties described
in the assumptions of Lemma 6.3. Then (Q, V,R) andB satisfy the assumptions
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of Lemmas 6.8, 6.9, 7.2 or 8.1 depending on whether B is a horizontal block of
size at least 2, a basic horizontal block, a mixed block or a vertical block.

Similarly, suppose that (Q, V,R) is a result of an application of Lemma 6.8 to

some triplet (Q̂, V̂ , R̂) and some horizontal block B̂ ⊂ Ar(Q̂). Then (Q, V,R)
and B satisfy the assumptions of Lemmas 6.8, 6.9, 7.2 or 8.1 depending on
whether B is a horizontal block of size at least 2, a basic horizontal block, a
mixed block or a vertical block.

Finally, suppose that (Q, V,R) is a result of an application of Lemma 6.9.
Then (Q, V,R) and B satisfy the assumptions of Lemmas 6.9, 7.2 or 8.1 depend-
ing on whether B is a basic horizontal block, a mixed block or a vertical block.
Note that we are not able to apply Lemma 6.8 to a result of an application of
Lemma 6.9.

We will use these observations during the inductive proof of Theorem 5.3
below.

Remark 8.3. A reader may have an impression that our choice of main variables
and weight variables in the proofs of Lemmas 6.3, 6.8, 7.1, 7.2 and 8.1 is rather
arbitrary. This is true to some extent, and some choices could be maid in some
other way. Nevertheless, at least part of our choices is inevitable, and some of
the others are done due to our attempts to optimize the computations. First,
when we choose a main variable for some block we want that the corresponding
vertex is not simultaneously a tail of some arrow of the block and a head of
some other arrow of the block. Thus one of the very few unnecessary things
here is the choice of the variable a instead of a1,2 as a main variable in the
proof of Lemma 6.3. We did this because we wanted to unify the case when
the size of the block equals 1 and the case when the size of the block exceeds 1,
and also, more importantly, to obtain a bit more uniform set of variables after
this first change.

Furthermore, the weight of a weight variable with respect to itself is 1, and
our method of expressing a main variable requires that for any arrow α of
the block one has wt(t(α)) = wt(h(α)) + 1. Therefore, when working with
a horizontal block B in the proof of Lemma 6.8 we choose a weight variable
in the second line from below in Ver(B); this allows us to leave the variables
corresponding to the last row of Ver(B) unaffected by the change of coordinates,
so that the further changes of coordinates remain relatively simple, and so
that we do not have a contradiction with assigning the weight to ak,2 = 1
if (k, 2) ∈ Ver(B). Also, in this case we choose a weight variable in the first
column rather than in the second column of Ver(B) to avoid dealing with
more cases that would arise if the block B could contain an arrow between the
vertices corresponding to a main variable and a weight variable.

Similarly to this, when we choose a weight variable in the proof of Lemma 7.1,
we choose it in the second column to avoid dealing with more cases that would
arise if there could be an arrow in the block B between the vertices correspond-
ing to the main variable a and a weight variable. Besides this, we are forced
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to choose the weight variable in the (k− 1)-th row since the weight of ak,2 = 1
with respect to anything is 0.

In the proof of Lemma 7.2 our main variable corresponds, as explained
above, to the unique vertex (i, j) ∈ Ver(B) that is not simultaneously a tail
of some arrow of the block and a head of some other arrow of B, and such
that the corresponding rational function R(i, j) is a variable. On the other
hand, the choice of the weight variable is dictated by the requirement that
the distance between the corresponding vertex and the vertex (k, 2) ∈ Ver(B)
along the arrows of B should equal 1. This leaves us with a choice between the
variables ak,1 and ak−1,2, with no big difference between these cases.

Finally, in the proof of Lemma 8.1 we choose aγ,1 to be the main variable
since it is the only one that we actually managed to express via the remaining
variables in the most general case. The choice of the weight variable au,1 is
mostly defined by the function ΛM,W,γ,k. In principle, u can be replaced by
any number from the set W, or by any number from the set [γ + 1, k].

Remark 8.4. Our proofs of Lemmas 7.2 and 8.1 rely on different degree con-
ditions (cf. condition (ix) of Lemma 7.2 and condition (x) of Lemma 8.1). We
did not manage to unify them, but we suspect that it may be possible if one
uses some other degree function.

9. Proof of the main theorem

In this section we prove Theorem 5.3 using preliminary computations per-
formed in Sections 6, 7 and 8.

Proof of Theorem 5.3. Define an auxiliary triplet (Q̃0, Ṽ0, R̃0) as follows. Put

Q̃0 = Q0 and

Ṽ0 = {ãi,1 | i ∈ [1, k]} ∪ {ãi,2 | i ∈ [1, k − 1]} ∪ {a}.

Define

R̃0(k, 2) = 1, R̃0(0, 1) = R̃0(k, 3) = a,

and R̃0(i, j) = ãi,j for i ∈ [1, k], j ∈ [1, 2], (i, j) 6= (k, 2). Let

ψ̃0 : T(Ṽ0)→ T(V0)

be a monomial change of variables given by

ãi,j =
ai,j
ak,n

, a =
1

ak,n
.

It is easy to check that

ψ̃∗0(FQ0,V0,R0
) = FQ̃0,Ṽ0,R̃0

.

We choose the blocks B1, . . . , Bl in the following way.
If
∑
di 6 k, then we consecutively choose B1, . . . , Bl to be horizontal blocks

of size d1, . . . , dl situated as high as possible.
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If
∑
di = k+ 1 and dl > 2, then we consecutively choose B1, . . . , Bl−1 to be

horizontal blocks of size d1, . . . , dl−1 situated as high as possible. After this we
choose Bl to be a mixed block of size dl, so that Bl covers all the remaining
vertical arrows of Ar(Q0), and all horizontal arrows of Ar(Q0) except for the
arrow 〈(k, 2)→ (k, 3)〉. In particular, if l = 1 and d1 = k + 1, then we choose
B1 to be the mixed block that consists of all arrows of Ar(Q0) except for the
arrow 〈(k, 2)→ (k, 3)〉.

Finally, if
∑
di = k + 1 and dl = 1, then we choose B1, . . . , Bl−1 to be

horizontal blocks of size d1, . . . , dl−1 situated as high as possible in the quiver
Q0. This means that the union B1 ∪ · · · ∪Bl−1 covers all vertical arrows of
Ar(Q0). After this we choose Bl to be the first basic vertical block.

In other words, we always choose B1, . . . , Bl so that the blocks Bi and Bj
are disjoint for any i 6= j, i, j ∈ [1, l], and for any i ∈ [1, l] the quiver Qi with
Ver(Qi) = Ver(Q0) and

Ar(Qi) = Ar(Q0) \ (B1 ∪ · · · ∪Bi)
is admissible. Note also that the arrow 〈(k, 2)→ (k, 3)〉 is not contained in any
of the blocks Bi.

We proceed to define the rational maps ψi. If B1 is a mixed block define

ψ̃1 by Lemma 7.1 and put ψ1 = ψ̃1 ◦ ψ̃0; in this case ψ1 is the only change of
variables we need.

If B1 is a horizontal block define ψ̃1 by Lemma 6.3. Put ψ1 = ψ̃1 ◦ ψ̃0. We
put W1 = ∅ and γ1 = 1 if d1 = 1, and we put W1 = {w} and γ1 = w + 1,
where aw,1 is the weight variable used in the proof of Lemma 6.3, if d1 > 1;
we also put M1 = ∅. Note that (M1,W1, γ1) is a block history of (Q1, γ1).
Then we consider the remaining horizontal blocks Bi one by one and define
changes of variables ψi and block histories (Mi,Wi, γi) by Lemmas 6.8 or 6.9,
depending on whether the size of Bi exceeds 1 or equals 1. Note that due to
our choice of the blocks we will first have to apply Lemma 6.8 several times,
and then Lemma 6.9 several times. If

∑
di 6 k, then this is all we need. If∑

di = k+ 1, then we conclude with a construction of ψl applying Lemma 7.2
or Lemma 8.1, depending on whether the block Bl is mixed or vertical.

Our final observation is that in the process described above we can always
perform the next required step due to compatibility of conditions and assertions
of Lemmas 6.3, 6.8, 7.2 and 8.1 pointed out in Remark 8.2. �

10. Periods

In this section we check that Givental’s integral gives the so called main
period for complete intersections in projective spaces and Grassmannians of
planes. To do this we start from an integral of the form of the left hand side
of (3.9) over an indefinite cycle δ1 (that we will specify later). Then we take
residues several times obtaining integrals over cycles δi such that δi−1 is a
boundary of a tubular neighborhood of δi. After taking all residues we define
a cycle we integrate over and define all other cycles one by one. It turns out
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that the cycle δ1 we recover in this way is homologous to a standard cycle δ0
1

we used in (3.9).

Definition 10.1. Let f be a Laurent polynomial in m variables x1, . . . , xm.
Let Ω(x1, . . . , xm) be a standard logarithmic form defined in (3.5). The integral

If (t) =

∫
|xi|=εi

Ω(x1, . . . , xm)

1− tf
=

∞∑
j=0

tj ·
∫
|xi|=εi

f jΩ(x1, . . . , xm) ∈ C[[t]]

is called the main period for f , where εi are arbitrary positive numbers.

Remark 10.2. Let φj be the constant term of f j . Then If (t) =
∑
φjt

j .

The analog of the series If (t) for iterated Laurent series over rings was
studied by algebraic methods, for instance, in [17], [18], and [19]. The follow-
ing theorem (which is a mathematical folklore, see [34, Proposition 2.3] or [6,
Theorem 3.2] for the proof) justifies this definition.

Theorem 10.3. Let f be a Laurent polynomial in m variables. Let P be
a Picard–Fuchs differential operator for a pencil of hypersurfaces in a torus
provided by f . Then one has P [If (t)] = 0.

Consider a smooth complete intersection Y ⊂ PN of hypersurfaces of degrees
d1, . . . , dl. Denote

d0 = N + 1−
∑

di.

Assume that d0 > 1, that is Y is a Fano variety. Anticanonical Givental’s
Landau–Ginzburg model for Y is given in a torus

(C∗)N ∼= SpecC[a±1
i,j , y

±1
s ], i ∈ [1, l], j ∈ [1, di], s ∈ [1, d0 − 1],

by equations

(10.1) ai,1 + · · ·+ ai,di = 1, i ∈ [1, l],

with superpotential

w = y1 + · · ·+ yd0−1 +
1∏

ai,j
∏
yi
.

The subvariety cut out by equations (10.1) after change of variables given
by

xi,j =
ai,j
ai,di

, i ∈ [1, l], j ∈ [1, di − 1]

is birational to a torus

(C∗)m ∼= SpecC[x±1
i,j , y

±1
s ], i ∈ [1, l], j ∈ [1, di − 1], s ∈ [1, d0 − 1],

where m = N − l. The superpotential w gives a Laurent polynomial

fY =

∏l
i=1(xi,1 + · · ·+ xi,di−1 + 1)di∏l

i=1

∏di−1
j=1 xi,j

∏d0−1
j=1 yj

+ y1 + · · ·+ yd0−1

which is a toric Landau–Ginzburg model for Y , see [36, §3.2] and [22].
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Proposition 10.4. One has

IY =

∫
|xi,j |=εi,j
|ys|=εs

Ω(x1,1, . . . , xl,dl−1, y1, . . . , yd0−1)

1− tfY
.

Proof. Consider an integral

I =

∫
δ1

Ω(a1,1, . . . , al,dl , y1, . . . , yd0−1)∏l
i=1 (1− (ai,1 + . . .+ ai,di)) ·

(
1− t ·

(
1∏

ai,j
∏
ys

+
∑
ys

))
for some N -cycle δ1, cf. (3.9).

Put

xi,j =
ai,j
ai,di

, i ∈ [1, l], j ∈ [1, di − 1].

Then one has

I =

∫
δ′1

±Ω(x1,1, . . . , x1,d1−1, . . . , xl,1, . . . , xl,dl−1, a1,d1 , . . . , al,dl , y1, . . . , yd0−1)∏l
i=1

(
1−

(∑di−1
j=1 xi,j + 1

)
· ai,di

)
·
(

1− t ·
(

1∏
xi,j

∏
a
di
i,di

∏
ys

+
∑
ys

))
for some N -cycle δ′1.

Finally put

Qi = 1−

di−1∑
j=1

xi,j + 1

 · ai,di , i ∈ [1, l],

so that

ai,di =
1−Qi∑di−1

j=1 xi,j + 1
.

After this we have

I =

∫
δ′′1

±Ω(x1,1, . . . , xl,dl−1, Q1, . . . , Ql, y1, . . . , yd0−1)∏l
i=1 (1−Qi) ·

(
1− t ·

( ∏l
i=1(xi,1+···+xi,di−1+1)di∏l

i=1(1−Qi)l
∏di−1

j=1 xi,j
∏d0−1
s=1 ys

+ y1 + · · ·+ yd0−1

))
for some N -cycle δ′′1 . Taking residues with respect to variables Qi, possibly
reordering and renaming variables one gets

I =

∫
∆

Ω(x1,1, . . . , xl,dl−1, y1, . . . , yd0−1)

1− tfY
for some m-cycle ∆.

Put ∆ = {|xi,j | = εi,j , |ys| = εs} and define cycles δ2, . . . , δl+1 = ∆ so that
δi−1 is a boundary of a tubular neighborhood of δi for i ∈ [3, l + 1], and δ′′1 is
a boundary of a tubular neighborhood of δ2. One can check that δ′′1 , and thus
also δ1 is homologous to a cycle

δ0
1 = {|ai,j | = εi,j , |ys| = εs}

which completes the proof. �
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Now we check that Givental’s integral gives the main period for complete
intersections in Grassmannians of planes as well.

Proposition 10.5. Consider a smooth Fano complete intersection

Y = Gr(2, k + 2) ∩ Y1 ∩ · · · ∩ Yl
and a nef-partition corresponding to the choice of blocks from the proof of Theo-

rem 5.3. Let I0
Y be Givental’s integral for this nef-partition, and f̂Y = FQl,Vl,Rl

be a Laurent polynomial in m = 2k − l variables x1, . . . , xm given by Theo-

rem 5.3. Put fY = f̂Y − l. Then

I0
Y =

∫
|xi|=εi

Ω(x1, . . . , xm)

1− tfY
.

Proof. We choose blocks B1, . . . , Bl as in the proof of Theorem 5.3 and put

B0 = Ar(Q0) \
(
∪i∈[1,l]Bi

)
.

Note that one has fY = ψ∗FQ0,V0,R0,B0
where ψ : T(Vl) 99K T(V0) is the change

of variables given by Theorem 5.3. Consider an integral

I =

∫
δ1

Ω(ai,j)∏l
s=1(1− FQ0,V0,R0,Bi) · (1− tFQ0,V0,R0,B0

)

over an indefinite 2k-cycle δ1, cf. (3.9). Applying the monomial change variables
described in the beginning of the proof of Theorem 5.3 we obtain an integral

I =

∫
δ′1

±Ω(a, ãi,j)∏l
s=1(1− FQ̃0,Ṽ0,R̃0,Bi

) · (1− tFQ̃0,Ṽ0,R̃0,B0
)

for some 2k-cycle δ′1.
We follow changes of variables from the proof of Theorem 5.3. Consider a

form

Ω =
Ω(a1, . . . , ap) · F (a1, . . . , ap)

1− FQ,V,R,B
,

where FQ,V,R,B depends on some variables ai and a function F (a1, . . . , ap) is
chosen so that

I =

∫
δj

Ω

1− tf
for some Laurent polynomial f and some p-cycle δj . Denote 1 − FQ,V,R,B
by U . Depending on whether the block B is a horizontal block containing
the arrow 〈(0, 1) → (1, 1)〉, a horizontal block of size at least 2 not contain-
ing the arrow 〈(0, 1)→ (1, 1)〉, a basic horizontal block not containing the ar-
row 〈(0, 1)→ (1, 1)〉, a mixed block containing the arrow 〈(0, 1)→ (1, 1)〉, a
mixed block not containing the arrow 〈(0, 1)→ (1, 1)〉, or the first basic vertical
block, we follow changes of variables described in Lemmas 6.3, 6.8, 6.9, 7.1, 7.2,
or 8.1 respectively.

Suppose that we are not in the situation described in Lemma 6.9. Let a1

be a main variable and a2 be a weight variable for the change of variables for
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the change of variables that agrees with (Q, V,R) and B. The latter can be
decomposed in several changes of variables. The first change of variables is
monomial so by equation (3.7) a standard logarithmic form in new variables
is equal to a standard logarithmic form in the initial variables ai. If we are in
the situation described in Lemma 6.9, then we do not change variables on this
step and choose a2 to be the variable ar,1 in the notation of Lemma 6.9.

Keeping the same notation for changed variables for simplicity the form Ω
can be written down as

da1

a1
∧ da2

a2
∧ Ω(a3, . . . , ap) · F (a1, . . . , ap)

U
.

We put

a1 =
T

(1− U) · a2 − S
for certain Laurent polynomials S and T in a3, . . . , ap, cf. (6.16).

After the this substitution the form Ω is

da1

a1
∧ da2

a2
∧ Ω(a3, . . . , ap) · F (a1, . . . , ap)

U

=
(
(1− U) · a2 − S

)
· d
(

1

(1− U) · a2 − S

)

∧ da2

a2
∧

Ω(a3, . . . , ap) · F
(

1
(1−U)a2−S , a2, . . . , ap

)
U

=
−1

(1− U) · a2 − S
· dU
U
∧ da2 ∧ Ω(a3, . . . , ap) · F

(
1

(1−U)a2−S , a2, . . . , ap

)
.

After taking a residue with respect to U we get

Res UΩ =
−1

a2 − S
· da2 ∧ Ω(a3, . . . , ap) · F

(
1

a2 − S
, a2, . . . , ap

)
.

We put

a2 = R · b+ S

for some Laurent polynomial R in a3, . . . , ap, cf. (6.9). Now our new variables
are b, a3, . . . , ap. After this substitution we get

Res UΩ =
−1

a2 − S
· da2 ∧ Ω(a3, . . . , ap) · F

(
1

a2 − S
, a2, . . . , ap

)
=
−1

R · b
· d (R · b+ S) ∧ Ω(a3, . . . , ap) · F

(
1

R · b
, R · b+ S, a3 . . . , ap

)
= −db

b
∧ Ω(a3, . . . , ap) · F

(
1

R · b
, R · b+ S, a3 . . . , ap

)
.

Thus

I =

∫
δj

Ω

1− tf
=

∫
δj+1

−Ω(b, a3, . . . , ap) · F (b, a3 . . . , ap)
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for some (p− 1)-cycle δj+1, where

F (b, a3 . . . , ap) = F

(
1

R · b
, R · b+ S, a3 . . . , ap

)
.

Applying this procedure step by step l times following the proof of The-
orem 5.3, we define cycles δ2, . . . , δl+1 = ∆ so that δi−1 is a boundary of a
tubular neighborhood of δi for i ∈ [3, l + 1], and δ′1 is a boundary of a tubular
neighborhood of δ2 and arrive to an integral∫

∆

Ω(x1, . . . , xm)

1− tfY
for some Laurent polynomial fY in some variables x1, . . . , xm. Put ∆ = {|xi| =
εi} and recover the cycles δ′1, δ2, . . . , δl. One can check that δ′1, and thus also
δ1 is homologous to a cycle

δ0
1 = {|ai,j | = εi,j}

which completes the proof. �

Corollary 10.6. The proof of Theorem 5.3 provides weak Landau–Ginzburg
models for complete intersections in Grassmannians of planes.

Proof. Let Y be a complete intersection in a Grassmannian of planes and let
fY be a Laurent polynomial given by Theorem 5.3. In other words a family
of hypersurfaces in a torus corresponding to fY is relatively birational to anti-
canonical Givental’s Landau–Ginzburg model for Y . By [4] and [5, Proposition
3.5] Givental’s integral for (Y, ωY ), where ωY is an anticanonical form, equals

ĨY . On the other hand, by Remark 10.2 it is a constant terms series of fY , i.e.,
a main period of Y . �

11. Hyperplane sections

In this section we apply Theorem 5.3 to obtain explicit formulas for Laurent
polynomials corresponding to Fano varieties that are sections of Grassman-
nians of planes by several hyperplanes. We will use notation introduced in
Theorem 5.3. Keeping in mind Remark 3.4 and Proposition 10.5, we will be
more interested in the shifted Laurent polynomials FQl,Vl,Rl − l than FQl,Vl,Rl
themselves.

Lemma 11.1. Suppose that n = 2, l 6 k and d1 = · · · = dl = 1. Consider the
triplet (Q0, V0, R0). Let Bi, i ∈ [1, l], be the (i − 1)-th basic horizontal block.
Then there is a sequence of triplets (Qi, Vi, Ri), i ∈ [1, l], and a sequence of
changes of variables

ψi : T(Vi) 99K T(Vi−1), i ∈ [1, l],

such that the change of variables ψi agrees with the triplet (Qi−1, Vi−1, Ri−1)
and the block Bi, the triplet (Qi, Vi, Ri) is a transformation of the triplet
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(Qi−1, Vi−1, Ri−1) associated to ψi, one has

Vl = {ai,1 | i ∈ [1, k]} ∪ {ai,2 | i ∈ [l, k − 1]},
and the following conditions hold:

(i) the quiver Ql does not contain vertical arrows α such that h(α) = (i, j)
for i ∈ [1, l], j ∈ [1, 2];

(ii) one has R(k, 2) = 1;
(iii) for (i, j) with i ∈ [l, k], j ∈ [1, 2], (i, j) 6= (k, 2), one has Rl(i, j) = ai,j ;
(iv) for any i ∈ [1, l − 1] one has

Rl(i, 1) = al,1 + al−1,1 + · · ·+ ai,1;

(v) for any i ∈ [1, l − 1] one has

Rl(i, 2) =
al,2·(al,1+al−1,1)·(al,1+al−1,1+al−2,1)···(al,1+al−1,1+···+ai,1)

al−1,1·al−2,1···ai,1

if l < k, and

Rk(i, 2) =
(ak,1+ak−1,1)·(ak,1+ak−1,1+ak−2,1)···(ak,1+ak−1,1+···+ai,1)

ak−1,1·ak−2,1···ai,1

if l = k.
(vi) one has

Rl(k, 3) = R(1, 1) = al,1 + al−1,1 + · · ·+ a1,1.

Proof. Arguing as in the proof of Theorem 5.3, we start with the standard

triplet (Q0, V0, R0) and obtain a triplet (Q̃0, Ṽ0, R̃0) as described in the proof of
Theorem 5.3. Then we apply Lemma 6.3 with s = 1 once, and apply Lemma 6.9
with γ = 1 and M =W = ∅ consecutively l − 1 times. �

Applying Lemma 11.1, we immediately obtain.

Corollary 11.2. In the notation of Lemma 11.1 suppose that l 6 k− 1. Then
one has

FQl,Vl,Rl − l

(11.1)

=
∑

i∈[1,l−1]

al,2 · (al,1 + al−1,1) · · · (al,1 + · · ·+ ai+1,1)

al−1,1 · · · ai,1
+

∑
i∈[l,k−1]

ai,2
ai,1

+
1

ak,1

+
∑

i∈[l,k−2]
j∈[1,2]

ai+1,j

ai,j
+

ak,1
ak−1,1

+
1

ak−1,2
+ al,1 + al−1,1 + · · ·+ a1,1.

Corollary 11.3. In the notation of Lemma 11.1 suppose that l = k. Then one
has

FQk,Vk,Rk − k(11.2)

=
∑

i∈[1,k−1]

(ak,1 + ak−1,1) · · · (ak,1 + · · ·+ ai+1,1)

ak−1,1 · · · ai,1
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+
1

ak,1
+ ak,1 + ak−1,1 + · · ·+ a1,1.

Now we proceed to the case corresponding to a Fano variety that is a section
of the Grassmannian Gr(2, k + 2) by k + 1 hyperplanes.

Lemma 11.4. Suppose that n = 2, l = k + 1 and d1 = · · · = dk+1 = 1.
Consider the triplet (Q0, V0, R0). Let Bi, i ∈ [1, k], be the (i − 1)-th basic
horizontal block, and let Bk+1 be the first basic vertical block. Then there is
a sequence of triplets (Qi, Vi, Ri), i ∈ [1, k + 1], and a sequence of changes of
variables

ψi : T(Vi) 99K T(Vi−1), i ∈ [1, k + 1],

such that the change of variables ψi agrees with the triplet (Qi−1, Vi−1, Ri−1)
and the block Bi, the triplet (Qi, Vi, Ri) is a transformation of the triplet
(Qi−1, Vi−1, Ri−1) associated to ψi, one has

Vk+1 = {ai,1 | i ∈ [2, k]}
and

FQk+1,Vk+1,Rk+1
− (k + 1)(11.3)

=

(
ak,1 ·

(1 + ak−1,1) · · · (1 + ak−1,1 + · · ·+ a2,1)

ak−1,1 · · · a2,1

+
∑

i∈[1,k−1]

(1 + ak−1,1) · · · (1 + · · ·+ ai+1,1)

ak−1,1 · · · ai,1

+
∑

i∈[2,k−1]

(1 + ak−1,1) · · · (1 + . . .+ ai+1,1)

ak−1,1 · · · ai,1
+ 1


×
(

1 + ak−1,1 + · · ·+ a2,1 +
1

ak,1

)
.

Proof. We obtain changes of variables ψ1, . . . , ψk from Lemma 11.1. Then
we make a change of variables ψk+1 that agrees with the triplet (Qk, Vk, Rk)
and the block Bk−1 applying Lemma 8.1 with γ = 1 and M = W = ∅.
Equation (11.3) follows by direct computation. �

Remark 11.5 (cf. Problem 13.3). One can easily see that families of hyper-
surfaces given by equations (11.1), (11.2) and (11.3) can be compactified to
singular Calabi–Yau hypersurfaces by multiplying by denominators and ho-
mogenizing.

Problem 11.6 (cf. Problem 13.4). Prove that the compactifications men-
tioned in Remark 11.5 admit crepant resolutions. In other words, prove that
these weak Landau–Ginzburg models are weak ones. In addition prove that
the corresponding toric varieties admit smoothings to hyperplane sections of
Grassmannians, that is, prove that equations (11.1), (11.2) and (11.3) give
toric Landau–Ginzburg models.
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12. Examples

In this section we provide several sporadic examples that illustrate our com-
putations performed in Sections 6, 7 and 8. We will use notation introduced
in Theorem 5.3. Keeping in mind Remark 3.4 and Proposition 10.5, we will be
more interested in the shifted Laurent polynomials FQl,Vl,Rl − l than FQl,Vl,Rl
themselves, just as in Section 11. Weak Landau–Ginzburg models for threefold
examples (coinciding with ours up to monomial changes of variables) can be
found in [36] and [6], where they are obtained by different methods.

Example 12.1. The following computation corresponds to a quadric threefold,
which we treat as a hyperplane section of the Grassmannian Gr(2, 4).

Let k = n = 2, l = 1 and d1 = 1 in the notation of Theorem 5.3. In this
case equation (11.1) gives

FQ1,V1,R1
− 1 =

a1,2

a1,1
+

1

a2,1
+
a2,1

a1,1
+

1

a1,2
+ a1,1.

This polynomial is, up to monomial change of variables, the toric Landau–
Ginzburg model for quadric threefold written down in [24, Example 2.2].

Example 12.2. The following computation corresponds to a Fano fourfold of
index 3 that is a section of the Grassmannian Gr(2, 5) by two hyperplanes.

Let n = 2, k = 3, l = 2 and d1 = d2 = 1. In this case equation (11.1) gives

FQ2,V2,R2 − 2 =
a2,2

a1,1
+
a2,2

a2,1
+

1

a3,1
+
a3,1

a2,1
+

1

a2,2
+ a2,1 + a1,1.

Example 12.3. The following computation corresponds to a smooth quadric
surface, which we treat as an intersection of two hyperplanes in the Grassman-
nian Gr(2, 4). The same result was known earlier; actually, it is just a simplified
Givental’s Landau–Ginzburg model for the quadric surface treated as a toric
variety P1 × P1, see Section 3.

Let n = k = 2, l = 2 and d1 = d2 = 1. In this case (11.2) gives

FQ2,V2,R2
− 2 =

1

a1,1
+

1

a2,1
+ a2,1 + a1,1.

Example 12.4. The following example provides another computation that
corresponds to a smooth quadric surface. Similarly to Example 12.3, we treat
the quadric surface as an intersection of two hyperplanes in the Grassmannian
Gr(2, 4), and we use variable changes that agree with various blocks to obtain
the result, but unlike Example 12.3 (or rather Lemma 11.1 where the actual
computation is performed) we do not follow exactly the procedure prescribed
by the proof of Theorem 5.3. Our point here is that our procedure is not the
only one, and sometimes not even the shortest one, to obtain the answer.

We have n = k = 2. We start with the standard triplet (Q0, V0, R0) and

obtain a triplet (Q̃0, Ṽ0, R̃0) as described in the proof of Theorem 5.3. Then we
make variable changes that agree with the 0-th horizontal basic block, which
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consists of a single arrow 〈(0, 1) → (1, 1)〉, and with the second vertical basic
block, which consists of a single arrow 〈(2, 2) → (2, 3)〉. This gives us two
equations ã = ã1,1 and ã = 1, which we use to exclude variables ã and ã1,1.
This gives us a triplet (Q, V,R) such that Ar(Q) consists of the arrows 〈(1, 1)→
(1, 2)〉, 〈(2, 1) → (2, 2)〉, 〈(1, 1) → (2, 1)〉 and 〈(1, 2) → (2, 2)〉, one has V =
{a1,2, a2,1}, and

R(0, 1) = R(1, 1) = R(2, 2) = R(2, 3) = 1, R(1, 2) = a1,2, R(2, 1) = a2,1.

We compute

FQ,V,R − 2 = a1,2 + a2,1 +
1

a1,2
+

1

a2,1
.

More than this, one can start from the triplet (Q0, V0, R0) itself, and utilize
the same two blocks to obtain equations a1,1 = 1 and a2,2 = 1. Using these
equations to exclude variables a1,1 and a2,2 we obtain exactly the same result
as above.

Example 12.5. The following computation corresponds to a Fano threefold
of anticanonical degree 40 and index 2 that is a section of the Grassmannian
Gr(2, 5) by three hyperplanes (see e. g. [23, §3.4]). Due to [14], this variety
has a terminal Gorenstein toric degeneration. One can see that the Laurent
polynomial that we get is given by a procedure discussed in Section 3. In fact
it is a toric Landau–Ginzburg model, see [36, Theorem 18].

Let n = 2, k = 3, l = 3 and d1 = d2 = d3 = 1. In this case (11.2) gives

FQ3,V3,R3 − 3 =
a3,1 + a2,1

a2,1 · a1,1
+

1

a2,1
+

1

a3,1
+ a3,1 + a2,1 + a1,1.

Example 12.6 (cf. [33, Example 1.2]). The following computation corresponds
to a Fano fourfold of index 2 that is a section of the Grassmannian Gr(2, 6) by
four hyperplanes.

Let n = 2, k = 4, l = 4 and d1 = d2 = d3 = d4 = 1. In this case
equation (11.2) gives

FQ4,V4,R4 − 4

=
(a4,1 + a3,1) · (a4,1 + a3,1 + a2,1)

a3,1 · a2,1 · a1,1
+
a4,1 + a3,1

a3,1 · a2,1
+

1

a3,1
+

1

a4,1

+ a4,1 + a3,1 + a2,1 + a1,1.

In [40] the relative compactification of a family of hypersurfaces in (C∗)4 given
by this Laurent polynomial is computed. This computation confirms expecta-
tions of Homological Mirror Symmetry in this case.

Example 12.7. The following computation corresponds to a Fano fivefold of
index 2 that is a section of the Grassmannian Gr(2, 7) by five hyperplanes.

Let n = 2, k = 5, l = 5 and d1 = d2 = d3 = d4 = d5 = 1. In this case (11.2)
gives

FQ5,V5,R5
− 5
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=
(a5,1 + a4,1) · (a5,1 + a4,1 + a3,1) · (a5,1 + a4,1 + a3,1 + a2,1)

a4,1 · a3,1 · a2,1 · a1,1

+
(a5,1 + a4,1) · (a5,1 + a4,1 + a3,1)

a4,1 · a3,1 · a2,1
+
a5,1 + a4,1

a4,1 · a3,1
+

1

a4,1
+

1

a5,1

+ a5,1 + a4,1 + a3,1 + a2,1 + a1,1.

Example 12.8. The following computation corresponds to a del Pezzo surface
of degree 5 that is a section of the Grassmannian Gr(2, 5) by four hyperplanes.

Let n = 2, k = 3, l = 4 and d1 = d2 = d3 = d4 = 1. In this case
equation (11.3) gives

FQ4,V4,R4
− 4 =

(
a3,1 ·

1 + a2,1

a2,1
+

1

a2,1
+ 1

)
·
(

1 + a2,1 +
1

a3,1

)
.

Example 12.9. The following computation corresponds to a Fano threefold
of anticanonical degree 14 and index 1 that is a section of the Grassmannian
Gr(2, 6) by five hyperplanes (see [23, §12.2]).

Let n = 2, k = 4, l = 5 and d1 = d2 = d3 = d4 = d5 = 1. In this case
equation (11.3) gives

FQ5,V5,R5
− 5

=

(
a4,1 ·

(1 + a3,1) · (1 + a3,1 + a2,1)

a3,1 · a2,1
+

1 + a3,1

a3,1 · a2,1
+

1

a3,1
+ 1

)
×
(

1 + a2,1 + a3,1 +
1

a4,1

)
.

Example 12.10. The following computation corresponds to a three-dimen-
sional complete intersection of two quadrics (one of which we treat as the
Grassmannian Gr(2, 4)).

Let n = k = 2, l = 1 and d1 = 2. Following the proofs of Theorem 5.3 and
Lemma 6.3, we arrive to a triplet (Q1, V1, R1) such that

V1 = {a1,1, a1,2, a2,1},
and

FQ1,V1,R1
− 1 = a1,2 +

1

a2,1
+

1

a1,1
·
(
a1,1 + a2,1 +

1

a1,2

)2

.

Example 12.11. The following computation corresponds to a two-dimensional
complete intersection of two quadrics, which we treat as a section of the Grass-
mannian Gr(2, 4) by a quadric and a hypersurface.

Let n = k = 2, l = 2, d1 = 2 and d2 = 1. Following the proofs of Theorem 5.3
and Lemmas 6.3 and 8.1, we arrive to a triplet (Q2, V2, R2) such that

V2 = {a1,1, a1,2}
and

FQ2,V2,R2 − 2 = R2(2, 3) = (a1,1 + a1,2) ·
(

1 +
1

a1,1
+

1

a1,2

)2

.
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Example 12.12. The following computation corresponds to a three-dimen-
sional complete intersection of a quadric (which we treat as the Grassmannian
Gr(2, 4)) and a cubic.

Let n = k = 2, l = 1 and d1 = 3. Following the proofs of Theorem 5.3 and
Lemma 7.1, we arrive to a triplet (Q1, V1, R1) such that

V1 = {a1,1, a1,2, a2,1}
and

FQ1,V1,R1
− 1 = R1(2, 3) =

a1,1

a1,2
·

(
a1,2 +

a2
2,1 + a1,1 · a2,1 + a1,1 + a2,1

a1,1 · a2,1

)3

.

Example 12.13. The following computation corresponds to a Fano fourfold
of anticanonical degree 160 and index 2 that is a section of the Grassmannian
Gr(2, 5) by a quadric and a hyperplane (see e. g. [10]).

Let n = 2, k = 3, l = 2, d1 = 2 and d2 = 1. Following the proofs of
Theorem 5.3 and Lemmas 6.3 and 6.9, we arrive to a triplet (Q2, V2, R2) such
that

V2 = {a1,1, a1,2, a2,1, a3,1},
and

FQ2,V2,R2
−2=a1,2+

1

a2,1
+

1

a3,1
+

1

a1,1
·
(
a1,1 + a2,1 + a3,1+

1

a1,2
+

a3,1

a1,2 · a2,1

)2

.

Example 12.14. The following computation corresponds to a Fano threefold
of anticanonical degree 10 and index 1 that is an intersection of the Grassman-
nian Gr(2, 5) with a quadric and two hyperplanes (see e. g. [23, §5.1], [9]).

Let n = 2, k = 3, l = 3, d1 = 2 and d2 = d3 = 1. Following the proofs of
Theorem 5.3 and Lemmas 6.3, 6.9 and 8.1, we arrive to a triplet (Q3, V3, R3)
such that

V3 = {a1,1, a1,2, a3,1}
and

FQ3,V3,R3
− 3 = R3(3, 3) =

a3,1 + a1,2 + 1

a1,1
·
(
a1,1 +

1

a3,1
+ 1 +

1

a1,2
+
a3,1

a1,2

)2

.

Example 12.15. The following computation corresponds to a Fano fourfold of
anticanonical degree 20 and index 1 that is an intersection of the Grassmannian
Gr(2, 5) with two quadrics.

Let n = 2, k = 3, l = 2 and d1 = d2 = 2. Following the proofs of Theorem 5.3
and Lemmas 6.3, 6.9 and 7.2, we arrive to a triplet (Q2, V2, R2) such that

V2 = {a1,1, a1,2, a2,2, a3,1}
and

FQ2,V2,R2 − 2

= R2(3, 3)
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=
1

a1,1
·

(
a1,1 +

(
1 + a2,2

a3,1
+
a2,2

a1,2

)
·
(
a3,1 +

1 + a1,2 · a2,2 + a2,2

a2,2

)2
)2

.

Remark 12.16. Changes of variables described in Theorem 5.3 and choices of
basic blocks for them are not unique ones that give Laurent polynomials. How-
ever in all cases we know all these Laurent polynomials for a given variety differ
by cluster mutations, that is they correspond to families of hypersurfaces that
are fiberwise birational and have a common (Calabi–Yau) compactification. It
would be interesting to find out if this is true in general?

13. Discussion

Changes of variables discussed in Sections 6, 7, 8, and 9 can be made for
complete intersections in all Grassmannians Gr(n, k + n). Moreover, in [4,
Lemma 3.2.2] and [4, Theorem 3.2.13] the natural generalization of maximal
nef-partition from Grassmannians to partial flag varieties is suggested. So we
expect that our proof of Theorem 5.3 can be generalized to these cases.

Problem 13.1 (see [11] and [42]). Following Theorem 5.3 and Proposition 10.5
show the existence of weak Landau–Ginzburg models for all complete intersec-
tions in Grassmannians and, more generally, partial flag varieties.

Let us mention that to solve Problem 13.1 it is not enough to represent
Givental’s type Landau–Ginzburg models by Laurent polynomials. One should
keep track of a particular type of change of variables in the spirit of Proposi-
tion 10.5 to check that under them the periods are preserved (cf. [42, Proposi-
tion 4.4]). However our experience shows that checking that a period condition
is preserved for explicitly described birational transformations does not cause
any difficulties.

In Theorem 5.3 we used a specific nef-partition to construct a Laurent poly-
nomial. However sometimes one can use another nef-partitions and get a Lau-
rent polynomial as well. In Example 12.4 we use other nef-partition to get the
same result as one gets by Theorem 5.3. In some examples we consider one
can get, using different nef-partitions, different Laurent polynomials. However
they are mutationally equivalent to ones we get by Theorem 5.3.

Question 13.2. Is this always the case?

One more motivation for this question is given by [30]; the similar result
is announced in [7, Theorem 5.1] as a part of T. Prince’s Thesis. That is,
there are different methods that, under some assumptions, allow one to obtain
Laurent polynomials for Givental’s Landau–Ginzburg models. In [30] and in
T. Prince’s Thesis the resulting Laurent polynomials are proved to be actually
independent on a choice of a nef-partition: Laurent polynomials obtained from
different nef-partitions are relatively birational. In other words, they differ by
mutations (cf. [33, Example 1.1]).
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According to a private communication with A. Harder, the families of hy-
persurfaces in tori given by Laurent polynomials we obtain in the proof of
Theorem 5.3 have relative compactifications that are general complete inter-
sections in toric varieties (cf. Remark 11.5). Moreover, they are Calabi–Yau
compactifications. These compactifications enable one to compute the number
of components of the unique reducible fibers of the compactifications.

Problem 13.3. Prove the existence of Calabi–Yau compactifications of weak
Landau–Ginzburg models for complete intersections in Grassmannians of planes
obtained in the proof of Theorem 5.3. In other words, prove that these models
are weak ones. If Problem 13.1 is solved, prove this for complete intersections
in arbitrary Grassmannians or, more generally, partial flag varieties.

Another natural problem is the following.

Problem 13.4 (cf. [11]). Prove that the toric varieties whose fan polytopes
are Newton polytopes of weak Landau–Ginzburg models for complete intersec-
tions in Grassmannians of planes obtained in the proof of Theorem 5.3 can be
smoothed to corresponding complete intersections. In other words, prove that
these models are toric ones. If Problem 13.1 is solved, prove this for com-
plete intersections in arbitrary Grassmannians or, more generally, partial flag
varieties.

Problem 13.1 can be generalized further. Many interesting higher-dimen-
sional Fano varieties are not complete intersections in Grassmannians or partial
flag manifolds but sections of non-decomposable vector bundles such as sym-
metric or skew powers of tautological vector bundle, see, for instance, [27], [28].

Question 13.5. How to describe their analogs of nef-partitions for Grassman-
nians or partial flag varieties for smooth Fano varieties that are sections of
non-decomposable vector bundles. Does the analog of Theorem 5.3 holds for
them? Can analogs of Problems 13.3 and 13.4 be solved for them?

Suppose that Problem 13.3 is solved. Let Y be a complete intersection of
dimension r in Grassmannian of planes and let LG(Y ) be its Calabi–Yau com-
pactification. Since birational smooth Calabi–Yau varieties are birational in
codimension one, the number of irreducible components in each fiber of LG(Y )
does not depend on a particular compactification. It is expected that there is
at most one reducible fiber of LG(Y ). Denote the number of its irreducible

components by k̂, and put kLG(Y ) = k̂ − 1. This number can be computed via
the approach mentioned above that was communicated to us by A. Harder.

Conjecture 13.6 (see [20] and [41, Conjecture 1.1]). Let r > 3. Then

kLG(Y ) = h1,r−1(Y ).

For r = 2 one has

kLG(Y ) = h1,1(Y )− 1.
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Problem 13.7. Prove Conjecture 13.6 for weak Landau–Ginzburg models for
complete intersections in Grassmannians of planes obtained in the proof of
Theorem 5.3. If Problem 13.1 is solved, prove this for complete intersections
in arbitrary Grassmannians or, more generally, partial flag varieties.
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