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ABSTRACT. Ever since their introduction, skew PBW (Poincaré-Birkhoff-Witt) extensions
of rings have kept growing in importance, as researchers characterized their properties
(such as primeness, Krull and Goldie dimension, homological properties, etc.) in terms of
intrinsic properties of the base ring, and studied their relations with other fields of math-
ematics, as for example quantum mechanics theory. Many rings and algebras arising in
quantum mechanics can be interpreted as skew PBW extensions. Our aim in this paper is
to study skew PBW extensions of Baer, quasi-Baer, principally projective and principally
quasi-Baer rings, in the case when the base ring R is not assumed to be reduced. We just
impose some mild compatibleness over the base ring R, and prove that these properties
are stable over this kind of extensions.

1. Introduction and Preliminary Definitions

Throughout this paper, R denotes an associative ring with unity. Recall from
Kaplansky [18] and Clark [9] that R is a Baer (resp., quasi-Baer) ring if the right
annihilator of every non-empty subset (resp., ideal) of R is generated, as a right
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ideal, by an idempotent. Baer rings are introduced by Kaplansky to abstract var-
ious properties of von-Neumann algebras and complete -regular rings. Clark uses
the quasi-Baer concept to characterize when a finite-dimensional algebra with unity
over an algebraically closed field is isomorphic to a twisted matrix units semigroup
algebra. Another generalization of Baer rings are the p.p.-rings. A ring R is called
right (resp., left) p.p. if the right (resp., left) annihilator of each element of R is
generated by an idempotent (or equivalently, rings in which each principal right
(resp., left) ideal is projective). In [6], Birkenmeier et al. define a ring to be called a
right (resp., left) principally quasi-Baer (or simply right (resp., left) p.q.-Baer) ring
if the right annihilator of each principal right (resp., left) ideal of R is generated by
an idempotent.

Pollingher and Zaks [24], showed that the class of quasi-Baer rings is closed
under n X n matrix rings and under n x n upper (or lower) triangular matrix rings.
It follows from this results that quasi-Baer condition is a Morita invariant property.
For further works on quasi-Baer rings we direct the reader to consult the papers
[4, 5,6, 7,8,9, 11, 12, 13, 21, 22, 24].

There is considerable interest in studying if and how certain properties of rings
are preserved under various ring-theoretic extensions. Armendariz [1] seems to be
the first to consider the behavior of a polynomial rings over a Baer ring by obtaining
the following result (recall that a ring is reduced if it has no nonzero nilpotent
elements): For a reduced ring R, the polynomial ring R[x| is a Baer ring if and
only if R is a Baer ring [1, Theorem B|. Armendariz provided an example to show
that the reduced condition was not superfluous. Note that if R is a reduced ring,
then R is Baer if and only if R is quasi-Baer. A generalization of Armendariz’s
result for several types of polynomial extensions over Baer and quasi-Baer rings,
are obtained by various authors, [4, 5, 7, 11, 13, 14, 17] . In [7] Birkenmeier et al.
showed that the quasi-Baer condition is preserved by many polynomial extensions.
Also, Birkenmeier et al. [4] showed that a ring R is right p.q.-Baer if and only if
RJx] is right p.q.-Baer.

Let ¢ be an endomorphism of R and ¢ be an o-derivation of R (so J is an
additive map satisfying 6(ab) = §(a)b + o(a)d(b)), the general (left) Ore extension
RJx; 0, 6] is the ring of polynomials over R in the variable x, with coefficients written
on the left of x and with termwise addition, subject to the skew-multiplication rule
ar = o(r)x + d(r) for r € R. If ¢ is an injective endomorphism of R, then we say
R[z;0,0] is an Ore extension of injective type. If o is an identity map on R or § = 0,
then we denote R[x;0,0] by Rx;d] and R[x; 0], respectively.

According to Krempa [19], an endomorphism o of a ring R is called to be rigid
if ac(a) = 0 implies a = 0 for @ € R. A ring R is said to be o-rigid if there exists
a rigid endomorphism o of R. Note that any rigid endomorphism of a ring is a
monomorphism and o-rigid rings are reduced by Hong et al. [17]. Properties of
o-rigid rings have been studied in Krempa [19], Hirano [16] and Hong et al. [17].
In [17] Hong et al. studied Ore extensions of quasi-Baer rings over o-rigid rings.

Hashemi and Moussavi [11], used a condition of being (o, d)-compatible for an
endomorphism ¢ and a o-derivation § of R. A ring R is called o-compatible if for
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each a,b € R, ab = 0 & ao(b) = 0. Moreover, R is said to be d-compatible if for
each a,b € R, ab= 0= ad(b) = 0. If R is both o-compatible and J-compatible, we
say that R is (o, §)-compatible. In this case, clearly the endomorphism o is injective.
Thus the o-compatible ring is a generalization of o-rigid ring to the more general
case where R is not assumed to be reduced. Under these conditions, they proved
that a ring R is quasi-Baer (resp., p.q.-Baer) if and only if R[x;0,d] is quasi-Baer
(resp., p.q.-Baer). Further work on Ore extensions over Baer and quasi-Baer rings
appeared in [11, 12, 13, 19, 21, 22].

Another ring-theoretic extensions of a ring R are the Poincaré-Birkhoff-Witt
(PBW for short) were defined by Bell and Goodearl [3]. The skew Poincaré-Birkhoft-
Witt (skew PBW for short) extensions introduced by Gallego and Lezema [10] are
a generalization of PBW extensions, which are more general than Ore extensions of
injective type. These extensions include several algebras which can not be expressed
as Ore extensions (universal enveloping algebras of finite Lie algebras, diffusion al-
gebras, etc.). More exactly, it has been shown that skew PBW extensions contain
various well-known groups of algebras such as some types of Auslander-Gorenstein
rings, some skew Calabi-Yau algebras, quantum polynomials, some quantum uni-
versal enveloping algebras, etc. (see [10, 25]).

Since all aforementioned extensions of a ring R are particular cases of the skew
PBW construction, hence any result on this construction has its counterpart in each
of the mentioned classes, and these counterparts follow immediately from a single
proof. This connection is a good reason to study the ring theoretical properties
of the skew PBW extensions. So, it is natural to ask when the properties like
Baerness, quasi-Baernes, p.q.-Baerness and principally projectivness of a ring R
can be extended to the skew PBW extensions. Reyes [27], studied the behavior of
skew PBW extensions over a Baer, quasi-Baer, p.p. and p.q.-Baer ring, when R is
assumed to be rigid (and hence is reduced) ring.

In this paper, we study skew Poincaré-Birkhoff-Witt extensions of Baer, quasi-
Baer, p.p. and p.q.-Baer rings, over a general non-reduced ring R. We just impose
some compatibleness over the base ring R, and prove that these properties are stable
over this kind of extensions.

For a nonempty subset U of R, rg(U) and £g(U) denote the right and left
annihilators of U in R, respectively (if it is clear from the context, the subscript
will be omitted).

2. Definitions and Basic Properties of Skew PBW Extensions

We start by recalling the definition of (skew) PBW extensions and present some
key properties of these rings.

Let R and A be rings. According to Bell and Goodearl [3], we say that A is a
Poincaré-Birkhoff-Witt extension (also called a PBW extension) of R, denoted by
A:= R(z1,...,x,), if the following conditions hold:

(1) RC 4
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(2) There exist elements z1,...,z, € A such that A is a left free R-module,
with basis the basic elements Mon(A) := {z* = z{* - 2% | a = (aq, ...,
ap) € Ngt.

(3) &;r —rz; € Rforeachr € Rand 1 <i<n.
4) zzj —zjx; € R+ Rxi+ -+ Rayp, forany 1 <4,j < n.

Definition 2.1.([10, Definition 1]) Let R and A be rings. We say that A is a skew
PBW extension of R (also called a o-PBW extension) if the following conditions
hold:

(1) RC 4

(2) There exist elements zy,...,z, € A such that A is a left free R-module,
with basis the basic elements Mon(A) := {z® = z{* - 28" | o = (aq, ...,
ay) € Npt.

(3) Foreach 1 <4 <n andany r € R\ {0}, there exists an element ¢; , € R\ {0}
such that x;r —¢; ,z; € R.

(4) For any elements 1 < ¢,j < n there exists ¢; ; € R\ {0} such that z;z; —
Ci jTiTj € R+ Rx1+ -+ Rx,.

Under these conditions we will write A := o(R) (z1,...,Zn).

Clearly any PBW extension is a skew PBW extension. Observe that if o is
an injective endomorphism of the ring R and ¢ is a o-derivation, then the skew
polynomial ring R[z;o0,4] is a trivial skew PBW extension in only one variable,
o(R) (z). Many important class of rings and algebras are skew PBW extensions,
for example:

Example 2.2. Skew polynomial ring of derivation type R[z;d], Ore extension of
derivation type R[r1;d1] - R[xn;dy], Ore algebra of derivation type R = k[ty,. ..,
tm], Weyl algebra A, (k), Extended Weyl algebra B, (k), Universal enveloping al-
gebra of Lie algebra g, U(g), Quantum plane O,(k™), The algebra of g-differential
operators Dy [z, y], are particular examples of skew PBW extensions. A detailed
list of examples of skew PBW extensions is presented in [10, 20, 25, 26].

Now we give some examples of skew PBW extensions which can not be expressed
as Ore extensions (a more complete list can be found in [20, 25]).

Example 2.3.

(1) Let k be a commutative ring and g a finite dimensional Lie algebra over k
with basis {z1,...,2,}; the universal enveloping algebra of g, denoted by
U(g), is a PBW extension of k (see [20]). In this case, z;r — rz; = 0 and
Ty —xjr; = [, %) € g =k+kx1+---+kx,, foranyr € kand 1 <1¢,j <n.
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(2) The universal enveloping ring U(V, R, k) introduced by Passman [23], where
R is a k-algebra, and V is a k-vector space which is also a Lie ring containing
R and k as Lie ideals with suitable relations. The enveloping ring U(V, R, k)
is a finite skew PBW extension of R if dimy(V/R) is finite.

(3) Diffusion algebras arise in physics as a possible way to understand a large
class of 1-dimensional stochastic process. A diffusion algebra A, is generated
by {D;,z; | 1 <i<n} over k with relations

Tilj = TjTs, IiDj = Djl’i, 1 S i,j S n.

CijDiDj — le‘DjDi = LUjDi — SUZ‘DJ‘, 1< j, Cij,Cji € K*.
Thus, A = o(k[z1,...,2,]) (D1,...,Dy) (see [20]).

Proposition 2.4.([10, Proposition 3]) Let A be a skew PBW extension of R. For
each 1 < i < n, there exists an injective endomorphism o; : R — R and a 0;-
derivation §; : R — R such that x;r = o;(r)x; + 0;(r), for each r € R.

Let A be a skew PBW extension of R. According to [10, Definition 4], A is
called bijective if o; is bijective for each 1 < ¢ < n, and ¢; ; is invertible for any
1<i<j<n.

Definition 2.5.([10, Definition 6]) Let A be a skew PBW extension of R with
endomorphisms o;, 1 <7 < n and o;-derivations J; as in Proposition 2.4.

(1) For o = (aq,...,ap) € N, 0% := o] -+ 02, 6% := 67 -+ 00, o] == a1 +
oty 8= (B1,...,0n) € NG; then a+ 8 := (a1 + S1,- -, an + Bn).

(2) For X = z® € Mon(A),exp(X) := « and deg(X) := |a|. The symbol >

will denote a total order defined on Mon(A) (a total order on Nf}). For an
element x* € Mon(A), exp(z®) := a € Ny. If 2@ = 2% but 2 # 2, we write
% = 2P,
Every element f € A can be expressed uniquely as f = ag+a1 X1+ - -+ X,
with a; € R\{0}, and X,,, > --- = X;. With this notation, we define Im(f) :=
Xm, the leading monomial of f;lc(f) := am, the leading coefficient of f;
It(f) := amXm, the leading term of f; exp(f) := exp(X,,), the order of f;
and E(f) := {exp(X;) | 1 <14 < t}. Note that deg(f) := max{deg(X;)}_,.
Finally, if f = 0, then Iim(0) := 0,1c(0) := 0,1¢{(0) := 0. We also consider
X > 0 for any X € Mon(A).

Remark 2.6.([10, Remark 2])

(1) Since that Mon(A) is a R-basis for A, the elements ¢;, and ¢; ; in the Defi-
nition 2.1 are unique.

(2) If r =0, then ¢; o = 0. Moreover, in Definition 2.1(4), ¢;; = 1.
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(3) Let i < j, there exist ¢;;,¢;; € R such that z;x; — ¢;;zjz; € R+ Rxi +
-+ Rz, and zjz; — ¢; jo;2; € R+ Ry + - - - + Ry, but since Mon(A4) is a
R-basis then 1 = ¢;;¢; 5, i.e., for every 1 < i < j < n, ¢; ; has a left inverse
and c¢;; has a right inverse.

(4) Each element f € A\ {0} has a unique representation in the form f =
ap+ a1 X1+ -+ amXy, with a; € R\ {0} and X, € Mon(A4), 1 <i<m.

Skew PBW extensions can be characterized in the following way.

Theorem 2.7.([10, Theorem 7]) Let A be a polynomial ring over R with respect to
{z1,...,2,}. Aisaskew PBW extension of R if and only if the following conditions
are satisfied:

(1) For each xz* € Mon(A) and every 0 # r € R, there exist unique elements
rq 1= 0%(r) € R\ {0}, par € A, such that x%r = rox® + po,r, where po, =0
or deg(pa,r) < |a| if par # 0. If v is left invertible, so is 4.

(2) For each x®, 2P € Mon(A) there exist unique elements co.3 € R and pa,g € A
such that x%2P = cq gx®P + po 5, where cq g is left invertible, pos = 0 or

deg(pa,ﬁ) < |a + B| ifpoz,ﬁ # 0.

We remember also the following facts from [10, Remark 8.
Remark 2.8.
(1) A left inverse of ¢, g will be denoted by c;ﬁ. We observe that if &« = 0 or
B =0, then c,,3 = 1 and hence C,oe,ﬁ =1

(2) From Theorem 2.8, we get also that if A is a bijective skew PBW extension,
then ¢, g is invertible for any «, 5 € Nj.

In the next Remark we will look more closely at the form of the polynomials
Da,r and po g which appear in Theorem 2.7.

Remark 2.9.([27, Remark 2.10])
(1) Let x,, be a variable and v, an element of Ny. Then we have

Qp
(2.1) zorr = oy (r)agr + Y ahr 36, (o) )zl o ==idpg

j=1
and so

e = o (1) + ol ()

+ 37?:"72571 (on(r))zn + x%"73§n(‘7121 (r))xi

o 2O (022 ()22 T2 4 G (00T ()22 T 00 = idg.
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Note that

Danr = T~ 15, (r)

+ap" _25n(0n (r))xn
+ a0, (07 (1)),

where py,, » = 0 or deg(pa,, ) < |an|if pa, » # 0. It is clear that exp(pq,, ») <
ay,. Again, using (2.1) in every term of the product z8r above, we obtain

[eY e
CCnn’l" = O'n" (T)"Ezn
an—1

+on T On(m)ann T + Z A C AN CON A

ap—2

M G D PR S <v~>>>)xzrl] o

+|oan G + Y xz"3j5n<az;1<én<ai<r>>>>xz;1} 22

ot [ou (005 ) + 80 (0 (o5 )] @5 4 8o (a7

which shows that

Qn

le(Pa, ) = Y onn P (Balof (1))

p=1

In this way, we can see that l¢(pa,, ,) involves elements obtained evaluating
on and §, in the element r of R.

(2) Let a = (a,...,an) € Nj, 7 € R and z* = 27" --- 2%, Then
et wy? - apagrr = ot (- (o (r))a e - apn
F Pay,og? ((o8m () T2" T TR
27 Py 028 (e (o3m () T3 T

a1 (2 a4 (0%

T I T2 Pag,oft (o (onn () Ta T
aq ,,02 Qp—2

ot wy? x5 o,y oan () TR

aq n
+txy 'xn—l Pa,,r-

Considering the leading coefficients of 25?2 - - - 221 we can write this term
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Qn

=0yt (e (op(r)at e ay
de8(Py; 522 (. (02m (1))

+ ZG?I”(Mof1(032(o§‘3(-~-(a$i‘"(r)))))))]ml R SR

deg(p,,, ,o3

QA (. )
&[S ot e Pt <o§3<~~<az"<r>>»>>>] R R

Lp=1
a3 P p—1 ay o1 [ 3 PNe2) deg(p‘lsﬂzq(“'(G'f:"(r))))

+ zo (63(a5 (o5 (- (o5 (M) | &5 a2,

Lp=1

xZu; S 4

Ay —1
o DR A A Gl :”11p(dn_1<an:§<os"<r>>>>>>>] R e

L p=1

deg(p, | o9n(y) an

Infl n

Qn

o n— Qg — (o7 n d an T

o DN R O G (o O (o 1(r>>>))>>] g3 an s Pen”)

Lp=1

+ other terms of degree less than deg(p,,, 522 (.. (o%n(r)))) +ag+ -+ an

+ other terms of degree less than a1 + deg(pa%ogg,('_'(USH(T)))) tag+-+an
+ other terms of degree less than a1 + a2 + deg(p%y%a‘; (er(o2m (r)))) + aq

+ - Fan

+ other terms of degree less than a3 + -+ + ap—2 + deg(panil,gﬁn(,«)) + an
+ other terms of degree less than ay + « -+ + an—1 + deg(pa,, ,r)-

Therefore we can see that the polynomials p,, ;o2 (...(san (1)))s Pag 023 (- (027 (1))

pag,a;"*( (ggn(r))), v sPay 1,087 (r)» a0d pa,, » in the expression above for the

[ed
term " x3? -z, " 2 r, involve elements obtained evaluating o’s and d’s

in the element r of R.
(3) Let X; :=a{" - alin, Y; := xfﬂ ™ and ay, bj € R. Then

a; Xib;Y) = a;o® (b;)a*z® + aipa“,of*ﬂ(m(o?:“ O ki B

L pQin .55
T Doy 0588 (% (b)) T T

;1 ) Qig QG Bj
+ aay ey Pazgm ((ofin (b)) Ta o T

Qi1 L. Xi(n-2) Xin B]
+ -t a ey “Tin—2) Payn_1y,0%m (b;)Tn'" T

pQil QXi(n—1) 51'
+ iy Li(n—1) Pain,b;



(X,A)-Compatible Skew PBW Extension Ring 409

As we saw above, the polynomials Pay 022 ((03m (1)) Pas,a§® (a5 (1))

Pars 0% (o0 (1)) -+ 1 Pavn 1,097 () a0 Pa, r, involve elements of R obtained
evaluating o; and 6; in the element 7 of R. So, when we compute every
summand of a;X;b;Y; we obtain products of the coefficient a; with several

evaluations of b; in ¢’s and ¢’s depending of the coordinates of ;.

3. (¥, A)-Compatible Skew PBW Extension Rings

Throughout this section, let A = o(R) (x1,...,2,) be a skew PBW extension of
aring R. Let A :={d1,...,d,} be the ¥ := {o1,...,0,} derivations as mentioned
in the proposition 2.4. According to Reyes [27], X is called a rigid endomorphisms
family if ac®(a) = 0 implies a = 0 for each ¢ € R and o € Nf, where o% is as
mentioned in the Definition 2.5. A ring R is called X-rigid if there exists a rigid
endomorphisms family ¥ of R. Since Ore extensions of injective type are particular
examples of skew PBW extensions, the concepts of Baer, quasi-Baer, p.p. and
p-q.-Baer are interesting for the ring theoretical study of skew PBW extensions.
Hence, in this section we generalize the results presented in [27], with the purpose
of establishing necessary and sufficient conditions to guarantee that these concepts
are stable under skew PBW extensions.

Definition 3.1. Let A = o(R) (z1,...,%,) be a skew PBW extension of a ring
R. Let A :={d1,...,0,} be the ¥ := {oy,...,0,} derivations as mentioned in the
proposition 2.4. We say that R is X-compatible if for each a,b € R and a € N,
ab =0 < ac®(b) = 0. Moreover, R is said to be A-compatible if for each a,b € R
and a € Njj, ab = 0 = ad*(b) = 0, where ¢ and §“ are as mentioned in the
Definition 2.5. If R is both X-compatible and A-compatible, we say that R is (X, A)-
compatible.

The definition is quite natural, in the light of its similarity with the notion of
Y-rigid rings, where in Lemma 3.5, we will show that R is X-rigid if and only if
R is ¥-compatible and reduced. Thus the X-compatible ring is a generalization of
Y-rigid ring to the more general case where R is not assumed to be reduced.

In the following, we give some examples of skew PBW extension A = o(R)
(x1,...,Tn) which R satisfies the (X, A)-compatible conditions.

Example 3.2.

(1) ([12, Example 1.2 ]) Let § be an o-derivation of R and R be an o-rigid ring.
Let

Cc

b
Rs = a d||abc,deR
0

o O Qe

S|

be a subring of T5(R). The endomorphism o of R is extended to the endo-
morphism @ : R3 — R3 defined by &((a;;)) = (0(a;;)) and the o-derivation §
of R is also extended to ¢ : R3 — Rj3 defined by d((ai;)) = (d(ai;)) which §
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is an d-derivation of Rs. Then R is a (7, 0)-compatible ring. Note that any
skew polynomial ring R3 [x;EiéL with & injective, is a skew PBW extension.
In this case we have Rs[z;7,0] = 7(R3) (x).

(2) Let R be a domain and o be the automorphism on the polynomial ring Rz, y]
in two indeterminates x,y, given by o(z) = y and o(y) = x. Then R[z,y] is
a o-rigid ring. Hence by Lemma 3.5, R[z,y| is a o-compatible ring. Also any
skew polynomial ring R[z, y][z; o], with o bijective, is a bijective skew PBW
extension. In this case we have R|x,y][z; 0] = o(R[z,y]) (2).

(3) Let k be a field, the k-algebra A,(qi,...,q,) is generated by z1,...,z,,
Y1,--.,Yn and subject to the relations:

Vit =Y, 1 F ]
vizi = qiviyi + 1,  1<i<mn,
where ¢; € k — {0}. We observe that A,(q1,...,¢,) is isomorphic to the

iterated skew polynomial ring k[z1, ..., 2,][y1;01,01] - .. [Yn; On, On] Over the
commutative polynomial ring k[x1, ..., z,]:

Thus
An(qry .. qn) Zoklz, ..., z0]) (Y1, -, Yn) -

Also it is easy to see that k[x1,...,2,] is a (2, A)-compatible ring.

In the following, we mention some properties of (3, A)-compatible rings.
Lemma 3.3. Let R be a (X, A)-compatible ring. Then we have the following:
(1) If ab=0 then ac®(b) = 0*(a)b =0 for each o € Nj.
(2) If ab =0 then ad”(b) = §°(a)b =0 for each 3 € Nj.
(3) If ab =0 then ac®(6°(b)) = ad?(c*(b)) = 0 for each o, B € NE.
(4) If ac?(b) = 0%(a)b = 0 for some 6 € N?, then ab = 0.
Proof. (1) It is sufficient to prove that if ab = 0, then ao¢(b) = o+(a)b = 0 for
every 1 <t <mn. If ab =0, then o¢(a)o;(b) = 0 and hence by Y-compatibility of R,
o1(a)(b) =0 for every 1 <t <mn.
2) Similar to above, it is sufficient to prove that if ab = 0, then ad;(b) =

(
d¢(a)b = 0 for every 1 <t < n. If ab = 0, then by (1) and A-compatibility of R,
a¢(a)d:(b) = 0. Hence 0;(a)b = §:(ab) — or(a)ds(b) = 0.
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(3) It follows from (1) and (2).

(4) Suppose that ac?(b) = 0 for some § € Np. Then by (1) we have o%(ab) =
o%(a)o?(b) = 0. Since o is injective, ab = 0. Similarly, one can see that if
o%(a)b = 0 for some § € Ni, then ab = 0. O

Corollary 3.4. Let A =o(R) (x1,...,zy) be a skew PBW extension of a ring R.
If R is (X, A)-compatible and ab = 0 for a,b € R, then ax®bx® = 0 in A for every
a, B e Nj.

Proof. Tt follows from Lemma 3.3 and Remark 2.9. a

Lemma 3.5. Let X be a family of endomorphisms and A be the X-derivations of a
ring R. Then R is (X, A)-compatible and reduced if and only if R is S-rigid.

Proof. We only need to prove that for each an endomorphism o; and o¢-derivation &,
R is (0, 0;)-compatible and reduced if and only if R is oy-rigid for every 1 <t < n.
Let R be a (oy,d;)-compatible and reduced for every 1 < t < n and r € R such
that ro(r) = 0. Then we have o.(r)o(r) = 0 for every 1 < t < n by Lemma
3.3. Since oy is a monomorphism for every 1 < ¢ < n and R is reduced, r = 0.
Conversely, let R be a o4-rigid ring for every 1 < ¢ < n. Since o4-rigid rings are
reduced, ab = 0 if and only if ba = 0. Then ao(b)o(ac(b)) = acy(ba)o2(b) = 0
and also X-rigidity of R yields aoy(b) = 0 for every 1 < ¢ < n. Similarly, one can
see that ba = 0 implies that o¢(a)b = 0 for every 1 < t < n. Now suppose that
ac¢(b) = 0, then baoy(ba) = 0 for every 1 < ¢ < n and hence ab = ba = 0, Since R is
os-rigid. On the other hand, from ab = 0 we have §;(ba) = 6:(b)a + o+(b)d:(a) = 0
for every 1 <t < n. Multiplying o,(b)d;(a) from right-hand side of the above, we
have (0,(b)d;(a))? = —6;(b)acy(b)d;(a) = 0 for every 1 <t < n. Since R is reduced,
o1(b)d1(a)) = 0, so d:(b)a = 0 and hence ad;(b) = 0 for every 1 <t < n. O

Lemma 3.6. Let R be a (£, A)-compatible ring and A = o(R) (x1,...,2p) be a
skew PBW extension of a ring R. If f =ag+a1 X1+ +amXm €A, r € R and
fr=0, then a;r =0 for each i.

Proof. Consider f =ag+ a1 X1 + -+ + amXm, where a; € R, 1 < i <m, a,, #0,
with X; = 2% = 27" .- 2% and X,,, = X1 > -+ > X1. By Theorem 2.7 (1)
we have

fr=(ao+ a1 Xy + -+ amXp)r

= “lower terms” + @, X7

=...+ am[o—am (T)xam _’_pam’r}’

= ...+ ampam,r + amo—am (T').Tam,
where p,,, » = 0 or deg(pa,,.r) < |@m| if pa,,» # 0. From the fr = 0 we have
amo®(r) = 0 and X-compatibility gives a,,7 = 0. By Remark 2.9, we can see
that the polynomial p, ., , involve elements obtained evaluating o’s and ¢’s in the
element r of R. Since R is (X, A)-compatible and using Lemma 3.3, we obtain

ampPa,, » = 0. Hence (ag + a1 X1+ -+ + am—1Xm—1)r = 0. By above argument and
using induction on |a,,|, we obtain a;r = 0 for all ¢ > 0. ]
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Definition 3.7. Let A = o(R) (z1,...,z,) be a skew PBW extension of a ring
R. Let A :={01,...,0,} be the ¥ := {01,...,0,} derivations as mentioned in the
proposition 2.4.

(1) We say R satisfies the (x) condition if whenever fAg = 0 for elements
f=a+aXi+ - +anX, and g = by + b Y1 + -+ + bY; € A, then
alXZRb]Y; =0 for all Z,j

(2) We say that R is a (3, A)-Armendariz ring, if for elements f = ag + a1 X1 +
o amX;y and g =bo + b1 Y1 + -+ 0 Y, € A, fg = 0 implies a; X;0;Y; =0
for all ¢, j.

Lemma 3.8. Let R be a reduced (3,A)-compatible ring. Then R is (X%,A)-
Armendariz.

Proof. Let f =ap+ a1 X1+ -+ anXym and g = bg+01Y1 + -+ bY; € A=
o(R) (x1,...,2,) such that fg = 0. Since each reduced (X, A)-compatible ring

is 3-rigid and by [27, Proposition 3.6], we have a;b; = 0 for each i, j. Therefore
a; X;b;Y; = 0 for each i, j, by Corollary 3.4. O

For a ring R, put rAnng(2f) = {rg(U)|U C R} and £Anng(2%) = {(r(U)|U C
R}.

Proposition 3.9. Let R be a (X, A)-compatible ring and A = o(R) (x1,...,%,) be
a skew PBW extension of a ring R. Then the following statements are equivalent:

(1) R is (3,A)-Armendariz;
(2) ¥ :rAnng(2%) — rAnna(24); S — SA is bijective;
(3) ¢ : LANNR(2R) — LAnnA(24); V — AV is bijective.

Proof. (1) = (2). For aelement f =ap+ a1 X1 + -+ anXm € A, f* denotes the
set of coefficients of f and for a subset S of A, S* denotes the set Ufes f*. Let S
be a subset of A and let f € S. Since R is (X, A)-compatible (£, A)-Armendariz
ring, ra(f) = ra(f*) = re(f*)A. Hence ra(S) = Negralf) = Npesralf’) =
rr(f*)A.

(2) = (1). Let f=ap+a1 X1+ -+ anX,, € A. By hypothesis, ra(f) =IA
for some right ideal I of R. If g = bg + b1Y1 + - -- + b, Y; € A satisfies fg = 0 then
g € IA, and hence by, by,...,by € I Cra(f). Then a;b; = 0 for every i, j. Therefore
a; X;b;Y; = 0 for every 1, j, Since R is (3, A)-compatible.

Similarly we can prove (1) < (3). O
Corollary 3.10. Let R be a (X, A)-compatible ring and A = o(R) {x1,...,2,) be
a skew PBW extension of a ring R. If R is (X, A)-Armendariz, then R is Baer
(resp., p.p.) if and only if A is Baer (resp., p.p.).

Proof. Tt follows from Proposition 3.9. a

Corollary 3.11.(]27, Theorem 3.9 and 3.12]) Let R be a X-rigid ring. Then R is
Baer (resp., p.p.) if and only if the skew PBW extension A = o(R) (x1,...,x,) is
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Baer (resp., p.p.).
Proof. Since Y-rigid rings are reduced and (X, A)-compatible, the proof follows
from Lemma 3.8 and Corollary 3.10. a

Following [15], for a ring R, put rAnng(id(R)) = {rr(U)|U is an ideal of R}
and {Anng(id(R)) = {{r(U)|U is an ideal of R}.

Proposition 3.12. Let R be a (2, A)-compatible ring and A = o(R) (x1,...,Ty) be
a skew PBW extension of a ring R. Then the following statements are equivalent:

(1) R satisfies condition (x);
(2) ¥ :rAnng(id(R)) — rAnna(id(A)); S — SA is bijective;
(3) ¢ :LAnnRr(id(R)) = (Anna(id(A)); V — AV is bijective.

Proof. (1) = (2). Let S € rAnng(id(R)). Then there exists an ideal I of R such
that S = rg(I). So by Lemma 3.3, r4(AIA) = SA. This shows that ¢ is a well
defined mapping. Suppose that V € rAnn(id(A)), then there exists an ideal J of
A such that V' = r4(J). We show that rz(J; R) = V1 R, where V; and J; are the set
of coefficients of elements of V and J in A. Let f =ag+ a1 X1+ -+ anX;, € J
and g = bo+b01Y1 + -+ 0,Y; € V =ra(J). Then fAg = 0. Since R satisfies
condition (*) we have a;Rb; = 0 for all a;,b;. Thus (J1R)(V1R) = 0, and hence
Vi C rr(J1R). On the other hand, (¥, A)-compatibility gives, rg(J1R) C Vi R.
Thus rr(J1R) = V1R, and therefore V = r4(J) = (V1 R)A.

(2) = (1). Assume that fAg = 0, where f = ag + a1 X1 + -+ + a X, and
g="by+bY1+ -+ bY: € A Then for an ideal I of R, g € ra(AfA) = IA.
Hence bg, b1,...,b; € I and so fRb; =0 for j =0,...,¢. Therefore by Lemma 3.6,
a;Rb;j =0fori=0,...,mand j=0,...,%.

Similarly we can prove (1) < (3). O

We recall the definition of a right s-unital ideal from [?]. An ideal I of R is said
to be right s-unital if, for each a € I there is an x € I such that ax = a. If an ideal
I of R is right s-unital, then for any finite subset F' of I, there exists an element
e € I such that ze = x for all z € F.

Theorem 3.13. Let A = o(R) (x1,...,2,) be a bijective skew PBW extension of a
ring R. If R is (3, A)-compatible ring, then the following statements are equivalent:

(1) £r(Ra) is a right s-unital ideal of R for any element a € R;

(2) La(Af) is a right s-unital ideal of A for any element f € A.
In this case R satisfies condition (x).

Proof. (1) = (2). First we prove that R satisfies condition (). Consider f =
ap+a X1+ -+ anXm, g=bo+01Y1+---+b:Y; €I, wherea; € R, 1 <i<m,
am # 0, with X; = 2% = 7" .- 2% X, > X,,_1 = --- > X3, and b; € R,
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1<j<t b #0, withY; =z =z xp, Y=Y = - = Y], Assume
that (ao +G1X1 S +ame)A(b0 +b1Y1 +---+ btyvt) = 0, with ai7bj € R. Then

(3.1) (ap +a1 X1+ -+ amXy)R(bo + b1Y1 +--- + b,Y;) =0,

and hence
“other terms of order less than” + a,, X,,Rb;Y; = 0.

Thus by Theorem 2.7 and (3.1), we get

U Xon Rb:Y: = @y [09 (Rb)Z%™ + por,. R, JT7

= apom (Rbt)xamxﬁt + ampumbetxﬁt

am+PBe Bt

= amo-am (Rbt) [COMYL 7Bt'1: + pamrvﬁt] + a"LpamaRbtx

= amo® (Rby)ca,, 3,2°" P + a0 (Rby)pa,, 8, + GmPa kb, T

Bt

where pq,, rp, = 0 or deg(pa,.,rb,) < |oml| if pa,, ,re, # 0 and pa,, s = 0 or
deg(pa,,.8.) < lom + Be| if pa,, 5, # 0. Since A is bijective by Remark 2.8, from the
equality le(fAg) = amo® (Rb;)cq,,,5, = 0 we obtain a,,0®™(Rb;) = 0 and hence
amRb; = 0, since R is (X, A)-compatible. So that a,, € ¢r(Rb;). Also by Remark
2.9, we can see that the polynomial p,,, , involve elements obtained evaluating o’s
and ¢’s in the element r of R. Thus (¥, A)-compatibility gives

(3.2) AmPa,,,Rb, = 0

Since ¢r(Rb;) is right s-unital, there exists e; € £g(Rb;) such that a,e; = ap,. If
we replace R by e;R in (3.1) and using (3.2), then we get amo®™(e;Rbi—1) = 0.
Thus

(33) ametRbt—l - amRbt—l = OmPa,,,Rbs_1 — 07

since R is (X, A)-compatible. Therefore a,, € {g(Rb;)Nlr(Rbi—1). Since {r(Rbi_1)
is right s-unital, there exists h € ¢r(Rb;—1) such that a,,h = a,,. Hence a,,d(h) =0
and a,,0°(h) = a,, for all s > 0 by Lemma 3.3. If we take e;_; = e;h, then we have
amh = a,, and e;_1 € Lp(Rb;) NLr(Rbi—1). Similar above, replacing R by e;—1 R in
(3.1), and using (3.2), (3.3) and (X, A)-compatibility of R, we obtain a,, Rb;_2 =0
and hence a,, € {r(Rb;)Nlr(Rbi—1)NLR(Rb;—2). Continuing in this way, we obtain
amRb, =0fork =0,...,t. Hence we get (ag+a1 X1+ -+ amXom)A(bog+b1 Y1+ - -+
bi—1Y;_1) = 0, since R is (X, A)-compatible. Using induction on |, + ;| we obtain
a;Rb; = 0 for all 4, j. Hence a;X;Rb;Y; = 0 for all ¢, 7, by (X, A)-compatibility of
R. Therefore R satisfies condition (x). Let f = ap + a1 X1 + -+ 4+ an X, and
g ="bo+bY1 +--+bY, € La(Af). Then bjRa;, = 0 for all 4,j. Since ¢r(a;)
is right s-unital, there exists e; € r(a;) such that b; = bje; for j = 0,...,¢t. Put
e = epé1 ...e, then b; = bje for j = 0,...,¢. Hence bjo®(e) = b; and b;d(e) =0
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for s >0 and j = 0,...,¢, by Lemma 3.3. Hence e € £4(Af) and also ge = g.
Therefore £4(Af) is right s-unital.

(2) = (1). Let a be an element of R. Since R is (3, A)-compatible, {g(Ra) C
£4(Aa). Hence for any b € {g(Ra), there exists a element h € A such that bh = b.
Let ag be the constant term of h. Then bag = b and by (3, A)-compatibility of R,
ag € Lr(Ra). This implies that £g(Ra) is right s-unital. a

Since quasi-Baer (left p.q.-Baer) rings satisfy the hypothesis of Theorem 3.13,
hence we have the following.

Corollary 3.14. Let R be a (X, A)-compatible ring and A = o(R) (x1,...,2,) be
a bijective skew PBW extension of a ring R. Then R is quasi-Baer (resp., left p.q.-
Baer) if and only if A is quasi-Baer (resp., left p.q.-Baer). In this case R satisfies
condition (x).

The next examples show that without (3, A)-compatibility conditions, Corol-
lary 3.14 is not true in general.

Example 3.15.([22, Example 3.1]) Let Z and Q be the ring of integers and rational
numbers, respectively. Suppose S = [],., Q; with Q; = Q for each i € Z and R be
the ring generated by @,., Q; and 1g, where Q; = Q for each i € Z. Then R is a
reduced p.q.-Baer ring. Let o : R — R be the map given by o((a;)icz) = (@i+1)icz.
Then o is an automorphism of R. Since (0,1,0,...,0,1)(1,0,1,...,1,0) = 0 but
(0,1,0,...,0,1)0(1,0,1,...,1,0) = (0,1,...,0,1) # 0, the ring R is not
o-compatible and also the skew PBW extension Rlx;o] is neither right nor left
p-q.-Baer ring.

Example 3.16.([2, Example 11]) There is a ring R and a derivation § of R such
that R[z;d] is a Baer (hence quasi-Baer) ring, but R is not quasi-Baer. In fact,
let R = Zs[t]/(t?) with the derivation § such that §(f) = 1 where £ = t + (t?) in
R and Zs|t] is the polynomial ring over a field Zs of two elements. Consider skew
PBW extension of derivation type R[x;d]. Note that since 7 =0 but (t) # 0,
the J-compatibility condition fails here. If we set e;; = tx,e15 = f,e21 = tx? + 2
and exs = 1+ tx in R[x;d], then they from a system of matrix units in R[z;d].
Now the centralizer of these matrix units in R[z;d] is Za[x?]. Therefore R[z;d] =
M3 (Zs[2?]) = Ma(Zs)[y], where Ma(Zs)[y] is the polynomial ring over Mz (Z2). So
RJz; ¢] is a Baer ring but R is not quasi-Baer.

Corollary 3.17.([12, Corollary 2.8]) Let R be a (o,0)-compatible ring and o be an
automorphism of a ring R . Then R is quasi-Baer (resp., left p.q.-Baer) if and only
if R[x;0,0] is quasi-Baer (resp., left p.q.-Baer).

Corollary 3.18.([27, Theorems 3.10 and 3.13]) Let R be a X-rigid ring. Then R
is quasi-Baer (resp., left p.q.-Baer) if and only if bijective skew PBW extension
A=0(R)(x1,...,2n) is quasi-Baer (resp., left p.q.-Baer).

Proof. Since Y-rigid rings are (X, A)-compatible and R is a X-rigid ring, this follows
from Corollary 3.14. m|
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We conclude by noting that, the class of (X, A)-compatible rings which satisfies
condition () are independent of the class of quasi-Baer rings. In fact, there exists
a non quasi-Baer (X, A)-compatible ring R which satisfies condition (x) (see [12,
Example 2.12]).
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